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Abstract. In the proposed paper we would like to test for the different reactions of the stock markets to
current financia criss. We will focus on the Central European stock markets, namely Czech, Polish,
Hungarian and compare them to German and U.S. benchmark stock markets.

Main method used for the analysis is the wavelet variance decomposition. Wavelet variance (or energy)
decomposes a variance of stochastic process on scae basis and hence is important tool for analysing financid
time series. The wavelet variance is a suitable alternative to the power spectrum analysis based on the Fourier
transform. Such scale decomposition help us to track the different energies on the tested stock markets and
their evolution in time.

The wavelet andysis of the tested stock markets shows different energies on scales during current financia
crisis. Results indicate that each of the tested stock markets reacted differently to the current financia crisis.
More important, Central European stock markets seem to have strongly different behaviour during the crisis.
This may be in contradiction to common regional and liquidity similarities, which would indicate more
common behaviour.

Keywords. Wavelet anaysis, multiresol ution anaysis, Centra European stock markets, financia crisis.

1. Introduction

Current stock market crisis offers applied researchers new possibilities for testing stock market behaviour from
different perspectives. In this short paper we take advantage of this occasion and use wavelet analysis so we can
seeif it isable to uncover more information about the stock markets.

Wavdet anaysisis a powerful mathematical tool for signal processing. Although wavelet analysis has recently
shown diverse applications in many fields of research, it has received little attention in econometric anaysis of
financial data. The few authors dealing with this area of research are Vuorenmaa, Tommi A. (2005), Vacha and
Vosvrda (2007) and Gallegati M., Gallegati M. (2007). In particular, the discrete wavelet transform is very
powerful in decomposing time series into an orthogonal set of components associated with both time and scales
(frequencies). Examining the relationship between high frequency and low-frequency fluctuations in stock
returns of different countries, we can investigate the different behaviour that cannot be extracted using common
econometric analysis. Moreover, an application of wavelet multiresolution analysis allows us to see even more
deeply into the market behaviour structure. Main purpose of this paper isto use this analysis for comparison of
Central European stock markets represented by Prague, Budapest, Warsaw and German indices, and U.S.
market. We will compare decomposed signals of these markets during the current financia crisis, moreover we
will compare evolution of their energies in time, which will allow us to see the possible differences in the
behaviour.

The paper is organized as follows. We begin with the methodology description where we present wavelet
andysis. Right after, we use the described methodology on the Centra European Stock markets data and
conclude theresults.
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(GAUK) under project 46108, and I ngtitutional Support by the Department of Education MSMT 0021620841 is gratefully acknowl edged.



2. Wavelet Analysis

This section briefly introduces wavelets and wavelet variance. Wavelets are small waves that begin at afinite
point in time and die out at a later finite point in time. This feature makes wavelike functions idedal for local
approximation and time scale decomposition of time series under investigation. The time scale decomposition
helps to recognize relationships between economic variables on the disaggregate (scale) leve rather than at an
aggregate level. Unlike the Fourier analysis, wavelets are suitable for detecting regime shifts, discontinuities and
frequency changes. These features makes wave ets powerful tool for investigating the financial markets during
current financia crisis. For a more comprehensive analysis of the topic see Gencay et a. (2002), Abramovich et
al. (1999), Percival, Walden (2000).

There are two wavelets which form a pair in awavelet family: father wavelets (.) and mother wavelets  (.).
The father wavelet (scaling function) integrates to unity and is used for the trend components; on the other hand,
the mother wavelet integrates to zero and is suitable for detection of al deviations from the trend. The mother
waveet is compressed or dilated in time domain, to generate cycles to fit the actual time series. The formal
definition of waveletsis
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where j isthe scale (or dilatation) and K is the trandation (or shift). Commonly, many types of wavelets can
be possibly used, including Haar wavelet, Mexican hat, Morlet wavel et, Daubechies wavel et etc.

Any time series x(t) can be built up as a sequence of projections onto father and mother wavelets indexed by
both j, the scale, and k, the number of trandations of the wavelet for any given scale, which is assumed to be
dyadic. The wavelet coefficients are approximated by integrals
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j=1,2,...,J, where J is the maximum scale. An important feature of a wavelet analysis is the possibility to
decompose a time series into its constituent multiresol ution components. The multiresolution analysis (MRA) of
atime seriesx(t) in L%R) isgiven by the following formula:
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where the basis functions b and jkt are assumed to be orthogonal. The sequence of terms S;, called

smooth and wavel et details D D, ..., D, representsa set of signals components that provide representations of
the signal at the different resolution levels.

2.1. Wavelet Variance

The waveet variance is a concise dternative to the power spectrum based on the Fourier transform and is
often easier to interpret than the frequency-based spectrum Percival, Walden (2000). For computation of the
wave et variance we use multiresolution components from time series decomposition. Such analysis helps us to
track an evolution of the energy contribution at various scales, which isrelated to traders' investment horizons.
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where the term energy means the sum of squared coefficients of a vector, i.e, [Nol xf Hx“ . In our
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analysis we are mainly focused on wavelet details vectors D;, D,, and D; which represents highest frequencies



and energies of the examined time series, because these three scales (highest frequencies) have major energy
contribution. For the MRA we use six scales decomposition (J=6) with the Daubechies "db8" wavelet filter.

3. Results

In this section we will apply the methodology of wavelet analysis described in previous text to areal world data
set consisting of Central European, German and U.S. stock market indices. We use the sample of 512 daily
prices from 20.12.2006 until 31.4.2009 of value-weighted indices PX, BUX, WIG, DAX and SP500,
representing an approximation of Prague, Budapest, Warsaw, German and U.S. stock markets. Graph 1 shows
normalized prices of al indices from the sample. The prices are normalized to [0,1] interval. Reader can notice
that the sample includes the current financial criss of 2008. As these markets has different holidays and trading
schedules, we use dummy variable for these days so we can exclude them from the analysisin order to be sure
that each observation corresponds to the same day in whole sample of all five tested indices. After matching the
daily observations we transform the prices into continuously compounded index returns.
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Graph 1: Prices of all series normalized to [0,1] interval

We begin the analysis with the discrete wavel et decomposition of all time series and the multiresolution analysis
(MRA) with use of the Wavelet package for Mathematica written by lan McLeod. Graph 2 depicts the returns
and the wavelet MRA of all five market indices. We use six-scale decomposition (J=6) from Equation 3 with
Daubechies "db8" wavelet filter. As we would like to compare all five indices, we use one illustrative plot.
Reader should note different range of y-axis for al decomposed signals, asit is crucia to understand that higher
frequencies, D; and D, represents much more energy than lower frequencies. It isinteresting that the volatility of
al dgnas substantially increased during the end of 2008 during the biggest drops of all stock markets. Thus we
pick the greatest 2-week loss of whole tested period in October 2008, more precisely 6.10.2008 - 21.10.2008,
and compare the contribution of each wavelet energy scale to the signal with the whole period of the sample.
Increased volatility of all frequencies during this period indicates very uncommon situation for all stock markets,
as all energies during this period seem to contribute to the signal much more than in other periods. Thus we will
follow with the anaysis of wavelet variance, which we use for analyzing the energies at different levels.

For the analysis of energies, we only compare D,, D,, and D as they contribute to most of the variance of the
signal. Lower frequencies are moreover long-term frequencies and have deniable contribution to the signal.
Graph 3 shows the sum of energies for wavelet detail vectors for whole tested period. During the whole period
the highest frequency D; clearly dominates for all countries. There are also significant differences between
markets. The highest percentage of D; hasthe US benchmark index SP500, followed by WIG and PX.

Graph 4 depicts the sum of energies for wavelet detail vectors D;, D,, and Ds for all five examined market
indices for the specific two-week large drop of October 2008 we have chosen because of the largest variance
across all frequencies. Main feature is higher percentage of energy on scale represented by D,. For BUX, DAX
and PX the energy on D, was dominating in the two-week crash period. WIG and SP500 have D; dominant even
in the short two-week period, but D, contributes with high percentage of variance aso. It is surprising result
mainly in comparison to the whole period.
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Graph 2: MRA of all series for whole tested period.

Hence Graphs 3 and 4 give a clear comparison of market behaviour during the whole examined period and the
short period of major market collapse. The highest frequency D, representing short-term variations has most
important contribution to the overall variance of the series during the whole period (53%, 46%, 54%, 47%, 60%
for PX, BUX, WIG, DAX and SP500 resp.), while D, which account for variations at a time scale of 4 days (2%)
has lower explanatory power (28%, 33%, 24%, 32%, 22% for PX, BUX, WIG, DAX and SP500 resp.), and Ds
(10%, 9%, 12%, 11%, 10% for PX, BUX, WIG, DAX and SP500 resp.), D4, Ds, D and Sg accounts for the rest
of the energy. This indicates that stock market movement is driven mainly by short-term fluctuations during the
crisis. In contrast, the magjor two-week drop during October 2008 shows very different behaviour as D; represents
the highest variance only for WIG and SP500. More precisdy, it is 39%, 9%, 57%, 23%, 51% for PX, BUX,
WIG, DAX and SP500 resp, while D, energy is much stronger for PX, and mainly BUX and DAX (50%, 71%,
27%, 66%, 37% for PX, BUX, WIG, DAX and SP500 resp.).

Thus during the period of the largest two week drop, stock markets behaviour changed significantly. Lower
frequency component D, plays more important role for all CEE countries except of WIG including DAX, thus
market is mostly driven by 4 days fluctuations. All markets reactions are also very different during this period.
We can conclude that the SP500 seems to be most efficient as the highest frequency component explains most of
the variance also during this period of large drops. On the other hand, component D, dso plays important rolein
comparison with whole period. In this manner WIG seems to behave similarly to SP500 and holds its efficiency
also during the two-week period. PX and BUX markets does not seem to hold efficiency during this short period,
as the highest energy contribution comes from 4 day frequency. Surprise is DAX as it also behaves strongly
inefficiently on the contrary to its counterpart SP500.
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We have to remind the reader that these differences between markets can also be caused to some extend by the
different structure of the tested indices. SP500 has very broad base of 500 stocks, while other indices contain
different industry stocks, thus this debate about efficiency should be addressed with caution, as more rigorous
analysis needsto be carried for stronger conclusion. Thisisalbeit not the purpose of this short paper. Overdl, the
higher D, contribution is probably caused by the very pessimistic mood at all world markets, when short-term
antici pations were negative.
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Graph 3: Wavelet Variance of D1, D2, D3 for all tested countries for whole tested
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Graph 4: Wavelet Variance of D1, D2, D3 for all tested countries for the period of
6.10.2008 - 21.10.2008

The last part of our analysis is devoted to testing the differences of energies contribution across the markets.
From the Graph 3 we concluded that the short-term variations represented by D, frequency play most important
role for al stock markets. Still, the question whether the stock markets are moving together during the crisis at
all frequency levels remainsto be answered.

For this we use variance equality tests, which evaluate the null hypothesis that the variancesin al subgroups are
equal againg the alternative that at least one subgroup has a different variance. For genera discussion on
variance testing see Conover et al. (1981). More precisdy we use Levene test, which is based on an analysis of
variance of the absolute difference from the mean. The F-statistic for the Levene test has an approximate F-
distribution with numerator degrees of freedom and denominator degrees of freedom under the null hypothesis of
equal variances in each subgroup (Levene, 1960).

Levene test strongly rejects (p < 0.01) the null hypotheses of equal variances of D, frequencies of all testes
markets, aswell asit strongly rejects the null hypotheses of equal variances for all other frequencies. Thisresult
tells usthat various frequencies across different countries are not the same. In other words, if we decompose the
tested stock markets usng MRA and compare the markets in the means of the frequencies, we arrive to the result
that they have significantly different variances; hence they have significantly different energy contributions. This
rigorously proves also our expectation from the Graph 3, where we could see the differences between
frequencies across the countries.

4. Conclusion

In this short paper we applied awavelet analysis for comparison of Prague, Budapest, Warsaw, German and U.S.
stock markets. We use multiresolution analysis to decompose tested stock market indices into different
frequency components. Moreover we compute variances of al freguencies, which represent energies
contributions, and we useit for comparing the markets.

Looking at wavelet multiresolution analysis of all five stock market returns we can immediately see increased
variance during the end of the year 2008 across all frequency components. This corresponds to the larges two-
week drop from the tested period. Thus we compute variances of all frequencies for the whole period as well as
for this short two-week period of large consecutive losses and we find out significant differences. For the whole
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period the highest frequency D, accounts for the highest energy in all five stock markets, while energy at lower
four-day D, frequency is much lower. On the contrary, the same analysis on the short two-week period of large
consecutive losses during October 2008 shows much different results. For PX, BUX and DAX markets, D,
frequency has the highest energy, which indicates that the stock markets became highly inefficient during this
period. For WIG and SP500 returns, D; still accounts for the highest energy, but also D, frequency remains at
high levels. Moreover, we found differences of various energies between the compared stock markets.

Hence we showed that behaviour of the five tested stock markets differ across various decomposition levels
during the current financial crisis. The view of a wavelet analysis allowed us to test the decomposed series and
see exactly the contributions of each scales to the energies of the markets. This short paper is a pilot study of
wave et energies of Central European Stock Markets.
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Abstract. We investigate the importance of cooperative behavior for economic growth in simulated
economies. Along with the other literature, the cooperative behavior and the ahility to enforce cooperation
are the key factors for long-term sustai nable economic growth in our simulations. Interestingly, the effect of
enforcement and punishment of piracy was not always positive: Introducing such mechanism caused
eimination of the most successful agents without the positive effects on cooperation and productive
economic activity. Hence, the income was lower for low enforcement rate than for the economies without any
mechani sm supporting cooperation. Similar effects occurred in the simulations of institutional change. In case
of a discontinuous change, a radica enforcement mechanism was implemented in one point of time and it
caused asharp fall of wealth. Nevertheless, after some time the positive effects of cooperation dominated and
economic growth emerged.

Keywords. Cooperation, iterated prisoner’s dilemma, economic growth, institutional change, agent-based
modeling

1. Introduction

Persisting cross-country differences in economic performance still pose a challenge to theories of economic
development. Traditionally, there was an implicit assumption that all countries have the same growth trajectories
and that the only difference between the devel oped and the underdevel oped countriesisin their current stage of
economic development.

The income gap, however, has not been closing but has widened even more during recent decades.
Conseguently, many researchers have started to ask whether there are any fundamental differences between rich
and poor countries that can account for such persistence in the income gap. Following the tradition of
ingtitutional economics, many researchers believe that the key might be in different ingtitutiona structures that
shape the direction and form of economic activity in these countries. For example, Douglass North, [4] argues
that the inability of societies to develop effective low-cost enforcement of contracts is the cause of long-lasting
stagnation and the current underdevelopment in many countries (on the role of trust and the culture of
cooperation see [5], for example).

The underlying hypothesis behind the institutionalist point of view is as follows:

Without enforcement of property rights, participation in some market activity is
discouraged by the prospect that anyone engaging in such activitiesisunlikely to receiveits full
benefits. Any expropriation of the proceeds of market activity by dishonest parties to a contract,
bandits, or corrupt government officials is therefore likely to reduce incentives and
opportunities for production, investment, and innovation ([2]).

Gradually, as the share of the population involved in productive activities decreases, a different set of
abilities and knowledge linked with predatory activities and piracy emerges and spreads through society.
Redistribution of wealth starts to dominate its creation and steady stagnation begins.

In this paper, we investigate the importance of the ability to enforce cooperation and for economic growth
and the effects of ingitutional change within a smulated economy using the framework of the agent based
computational economics. The paper is organized as follows. Section 2 contains a description of the simulations,
section 3 presents our results with constant ability to enforce cooperation and the last section discusses the
effects of institutional change.
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2. Simulation Design

The modd is constructed as follows. We assume an initial population of agents living in an environment
provided with aninitial level of natural resources. These resources are a source of energy for the agents. They
are assumed to be partially renewabl e and the speed of renewal influences how easy lifeis for the agentsin their
environment. They might be linked to grain or to any other potential resources for redistribution, for example.

To survive, agents need to acquire energy continuoudly. It can be acquired either from the environment
directly (utilizing pieces of resources) or through interactions with other agentsin order to produce or trade their
goods. In each period, agents are alowed to move one step around. If they fail to find any resources or any other
agent, one unit of their energy islost. Hence, all the agents effort is directed at getting enough energy to survive
and not to starve. If the conditions are good they reproduce, whereas if their energy falls below zero, they die.

All agents are allowed to live infinitively. The only condition they have to satisfy is that their energy must
aways be gtrictly positive. Three types of agents were generated in our model: cooperating producers, predators
and, finally, a number of random agents that mix the two basic strategies randomly (in 50% of the iterations they
behave like producers and in the remaining 50% they behave like predators). All agents insist on their strategy
for their whole lives. The population is growing at a rate that determines the number of new agents that invade
the environment every 100 periods. These new agents choose their strategy randomly, with the same probability
of choosing any of the set of strategies.

The interactions follow the simple Prisoner s Dilemma (PD) scheme. If producer meets another producer,
they cooperate and share their joint profit equally. If producer meets predator, predator expropriates the whole
production and findly if two predators mest, the result correspond to the Nash equilibrium of the PD game. The
success of each strategy is reflected in the number and scores of agents following that strategy. Those who are
unsuccessful lose their energy continuously and die out, whereas successful agents are able to acquire enough
energy in environments with almost all resources consumed. This results in population dynamics in which the
number of agents pursuing successful strategies steadily increases as both old and new agents survive. Therefore,
the population dynamics replace the learning at the individua level.

The simulations were run in the NetLogo environment ([6]). The code or a complete NetLogo file can be sent
by the author upon request. All simulations have taken about 1 minunte and 30 seconds.

The simulations differed in various aspects. Firgt, the initial population might differ in size and in the shares
of agents with their strategies. Furthermore, the environment might be either rich or poor in natural resources.
Finally, agents might be able to detect those who defect rather than cooperate (the predators), and punish them.
This was implemented as an exogenously given probability of detection here. In the case of detection, the
predator is punished by a penalty of 50 units of energy. This size was chosen arbitrarily; usually it was high
enough to cause the death of the punished agent.

3. The Results

In line with the intuition, growth occurred in simulations where cooperative behavior prevailed. Moreover,
cooperation prevailed only when enforcement of cooperative behavior and punishment of predators was present.
The relationship between welfare achieved and detection probability is summarized in Figures 1 and 2, which
show the average welfare after 10,000 iterations for different detection probability values. Box-plot
representation was chosen as it allows us to illustrate the distribution of the resulting values for all simulations
with identical settings (we ran 30 simulations each time; statistical significance of increasing or decreasing
changes of welfare with varying detection rate were tested usng the Wilcoxon rank-sum test).

The main finding is that, in genera, the effect of enforcement on welfare is positive and dtatistically
significant when energy from the environment is similar to the potential benefits of economic activity with other
agents. Interestingly, the dynamics from low income states to high income states are ambiguous for low
detection probabilities. Firgt, introducing an enforcement mechanism represented by the detection rate causes a
decrease in welfare, as the wealth of predators is lost and the share of producers is not much affected by the
change. On the other hand, amore radical increase of the detection rate has a clear positive effect on wealth.
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As a matter of fact these simulations generate a J-curve that changes into an S-curve with increasing
detection probability. The shape of the relationship between average wealth and the detection rate implies a
dilemma of punishing the most successful members of society, and thus at the very beginning the newly
established enforcement mechanism has a negative effect on welfare. This can complicate the shift from a
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closed-eyes palicy, regardless of the uncertainty about the future effects of such a shift and the endangered
status of the dites, which were mentioned before.

The relative importance of these two effects depends on the energy that can be acquired from the
environment. The evidence for a decreasing effect is stronger in poor environments than in good ones. In the
poor ones, the average wealth is rather small and the differences between old and new agents are not significant.
If the detection rate is small, the proportion of producers generated is highly volatile, because it isinfluenced by
new agents with predatory behavior. This volatility causes differences in the timing of growth and thus the
observed average scores after 10,000 iterations exhibit the fat tailsthat occur in Figure 1. The volatility decreases
when the detection probability exceeds 25%. This illustrates that communities living in an unpropitious
environment have to be stricter in enforcing cooperative behavior in order to succeed and prosper.

For more favorable conditions, the observed trajectories followed the pattern presented in Figure 2. At low
detection probabilities (2% for rich environment) cooperation starts to dominate piracy, athough rent-seeking
behavior is not eiminated. With a detection probability of 10% piracy dies out: after about 1,000 iterations the
proportion of cooperative behavior exceeds 90%, and from that point on the population of pirates consists almost
exclusively of new agents.

Our results were fairly robust over various parameterizations and even various initial distributions of agents.
For the purpose of this paper al the simulation started with the population of 30 agents with 10 of each strategy.
Details about the parameterization as well as discussion about the sensitivity analysis can be found in [1].

4. Institutional Change

The final simulations explore the process of ingtitutiona change. Suppose that the simulation starts without
any enforcement mechanism. After 1,000 periods, a new enforcement mechanism is introduced and from that
point on the external conditionsis set in order to favor production against piracy. At thistime, the average score
of al the strategies is till growing and the predators average payoff is about twice as high as the payoff of
producers and random agents. However, its growth rates are gradualy decreasing. Continuation of the same
institutional setup will lead to stagnation and productive activities will be diminated. Here, we abstract from
cognitive aspects such as How do they know that if they don t adopt any mechanism protecting producers they
will face long-lasting stagnation? (extensve discussion about this cognitive aspects of intended change of
behavior see in [3]) For simplicity, it is assumed that similarly to the external nature of the enforcement
mechanism, itsimplementation is given. Then the resulting dynamics are explored.

In line with the existing literature on ingtitutional change, two types of institutional change are considered.
The first case, presented in Figure 3, describes a radical discontinuous change. In this case, at time 1,000 the
detection probability jumps from 0% to 10%. In response to this change, non-cooperative predators face
important losses. Firgt they lose their wealth, and then their number decreases, too. Following this change, the
share of agents playing Cooperate increases from 55% to 80% within 500 iterations after the change
Nevertheless, the effects on output are devastating. In the particular smulation corresponding to Figures 3 and 4,
the average score falls from 231 to 179 in 100 periods because of the falling average score of agents playing

Defect and Random. The growth of producers income that could compensate for this fall starts after the
next 200 periods, around 300 iterations after the change. From that point on, both the average payoff of
producers and their number gradually increase. The total average score slowly recovers. After 800 iterations
following the ingtitutional change, the average score exceeds its previous level (at the time of the change).
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The second ingtitutional change was continuous. At time 1,000, a new rule was adopted and the detection
probability was increased to 1%. After 100 iterations, the Stuation was repeated and the detection probability
was increased again by 1% and so on up to the point when it reached 10%. The situation is shown in Figure 4.
During hundreds of iterations nothing happens and the simulated economy seems to follow its original path.
Also, the share of cooperation doesn t change significantly. Shortly after the detection rate increases to 3%, the
average output falls. Again, most of this fall is related to agents who follow predatory and random srategies.
Then a period of stagnation follows and the average output gradudly decreases between periods 1,500 and
2,100. Later on, the trend reverses and the economy switches to a growing trajectory. At this time, it is 200
periods after the detection rate achieved the fina rate of 10%, but at the same time the probability of cooperation
exceeds 80%.

Clearly, the shift to an economy based on production is quite costly. The costs are distributed unequally and
most of them are levied on predators, the former dites. One might object that this fall is not very redlistic
because it is a consequence of the rather simplistic assumptions of the model, namely, the inability of individuals
tolearn. On the other hand, learning and acquiring new knowledge takes some time, and at the organization level
itis often a difficult and costly process connected with various risks. Hence, it ishard to expect quick adjustment
to the new conditions. Moreover, the population dynamics together with the high number of iterations
compensate for the lack of learning at the individual level.

5. Conclusions

This paper addresses these aspects of production and predation, economic growth, and institutional change
explicitly within a framework of an agent-based economy. The main finding from the simulations is that no
matter what the external conditions (opportunities for redistribution) are, productive activities based on
cooperation among agents are the key source of growth. In some specific cases, production need not dominate
predation, but without producers the income of the other agents stagnates. On the other hand, the worse the
environment, the higher the need for cooperation for sustainable economic growth. However, the payoffs of the
interactions were supposed to follow the Prisoner s Dilemma game, hence some enforcement mechanism that
punishes predation was necessary to make production attractive and persist over time.

The simulations also show that the effects of adopting such an enforcement mechanism are mixed. For low
enforcement rates, the effect on income was even negative: the most successful agents were the predators and
they were punished. Yet the number of cooperative opportunities, expressed as the number of producers, was
still very low to generate income high enough to compensate for the predators loss. These results occurred in the
simulations where the ability to enforce cooperation was constant or time varying (simulations of institutional
change caused by an externa change in enforcement ability). Thus, the fears of change that might have been
perceived by the most successful agents, the elites, came true. The recovery came after a community of
producers emerged; the delay was influenced mostly by the speed of inflow of new agents. Nevertheless, the
effect of the change on producers income was positive right from the very beginning.
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Abstract. We investigate the role of nancial system to facilitate e cient allocation of resources into
perspective projects. Employing micro-level data on European rms in 1996-2005 period, we provide evi-
dence that rms in industries with the best growth opportunities use more external nance in nancially
more developed countries. Our results are robust to the choice of proxy for growth opportunities and to
controlling for technology determinants of external nance. Furthermore, we show that the importance of
technological factors decreases once growth opportunities are controlled for, which con rm hypothesis that
used measures of technological determinants of external nance are partly driven by growth opportunities.
Keywords. Financial development, external nance, allocation.

1 Introduction

The key role of a nancial system is to acquire information about investment opportunities and facilitate the
e cient allocation of resources into viable projects.® To perform this fundamental function, a nancial system
ought to identify rms with positive growth opportunities and channel external nance ( EF) towards these
rms.

Relying on industry-country data, recent empirical work presents an indirect evidence of such positive
capital allocation function provided by more developed nancial markets. [6] estimates the e ect of nancial
development (F D) on the elasticity of aggregate investment with respect to growth opportunities. [3] measure
the e ect of FD on growth of industries with positive opportunities.

In this paper, we employ micro-level data to directly measure the e ect of improved capital allocation
function of more developed nancial markets on rms. We show that the rms in industries with the best growth
opportunities use moreEF in more nancially developed countries. Speci cally, our regressions ask whether
rms operating in industries with positive productivity shocks were able to respond to these new opportunities
by increasing their external nancing in countries with high levels of nancial markets development. The focus
of our analysis is on manufacturing sectors of a homogenous set of European countries with highly synchronized
product markets where the key underlying assumption of global shocks to industry growth is arguably most
likely to hold.

Thanks to the access to the detailed balance sheet data, we approximate the actual amount of external
nancing used by rms which makes us able to directly test the ability of nancial markets to allocate external
resources to the projects with growth prospects. We thus improve upon [6], who uses gross xed capital formation
on industry-level as the dependent variable and, thus, he investigates overall impact of the nancial system on
the allocation of capital, irrespective of the source of nancing being external or internal.

Further, the proxy for industry growth opportunities [6] uses is actual growth of value added in a given
industry-country pair 4. In a country with perfectly developed nancial market, up to unanticipated shocks, the
realized growth fully re ects growth opportunities. If latent industry opportunities are positively autocorrelated,
then using current growth to approximate for future growth opportunities is justi ed. However, it is less clear if
this mechanism hold in countries where opportunities anticipated in the past aren’t re ected in current growth
due to nancial or labor market frictions, which cast doubts on the use actual growth in value-added as a proxy
for a future growth. Therefore we take a di erent approach and use two proxies for global component of industry-
level growth opportunities that are common across countries: (i) industry value-added growth in the US and
(ii) the change in global industry PE ratios. The former is based on the assumption that rms in nancially the
most developed countries, such as the US, are able to materialize growth opportunities caused by demand and
productivity shifts, which are partly global. The later is justi ed if nancial markets are su ciently integrated
to the extent that the common component of growth opportunities is priced in global industry portfolios®.

? Partial nancial support from GACR grant No. 402/09/1595 is gratefully acknowledged)

3 See survey by [4].

4 Using data available for US, he justi es the suitability of this proxy by its signi cant positive correlation with more
traditional measures of growth opportunities such as average Tobin’s Q, price-to-earnings ratio and sales growth.

5 See [2].
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We nd that FDimproves the allocation of capital by channeling external nance to rms that operate in
industries with high growth prospects. Both proxies yield estimates of similar economic signi cance and the
economic e ect is more than 4 times larger if we use the IV technique to correct for a measurement error in
growth counterfactuals.

We also contribute to the literature on nance-growth nexus. Its main argument is that technology employed
by rms is constant across industries and determines industry external nance dependence ([5]). We show that
the ability to provide EF to rms in industries with the best opportunities still holds when we control for
technology determinants ofEF interacted with nancial development. Furthermore, we nd that the importance
of technological determinants ofEF use decreases by about 10 to 50 % once growth opportunities are controlled
for. This suggests that the widely used measures of technological determinants &F dependence are partly
driven by growth opportunities that were nanced and hence realized in countries with high FD (such as the
us).

2 Methodology

Our aim is to test the hypothesis that nancial development improves allocation of capital by channeling external
nance towards rms in industries with best investment opportunities. Thus, our main regression speci cation
is X X

EFUsc = + FD . GO+ iDj + cDet+ Xiic + "fic ; 1)

1 Cc

where EF Uy stands for the average external nance use of rmf operating in industry i in country c for
period 1996-2005F D, denotes country-level measure of nancial development observed before our rm-level
sample period,GO; denotes proxy for industry-speci ¢ growth opportunities common that are common across
countries, D; is a xed e ect for industry i, D¢ is a xed e ect for country ¢ and Xy is a vector of rm-level
control variables.

We measure external nance use by yearly change in shareholder’s capital (equity) plus yearly change in
non-current liabilities (long term debt and other non-current liabilities) scaled by the total assets as of beginning
of the year. We represent rm’s external nance use the average of the annual measure over sample period.

We use period average US growth and global PE growth as proxies fd&O;. Due to unbalanced nature of
our rm-level panel, we adjust the period used to compute growth opportunities counterfactual for every rm
to match its period in the sample. Furthermore, we always control for a set of rm-level variables, measured as
of the rst year a rm enters the sample . By doing so, we aim to eliminate initial di erences in the within-
industry distributions of rms along characteristics that have potential impact on the use of external nance.
We always include full set of industry and country dummies into our speci cation.

Further, using our measure ofEFU we are ready to directly test if rms operating in industries that are pre-
destined for high dependence on external nance due to technological reasons are actually using more external
nance in more developed nancial markets. We estimate speci cation similar to 1, where GO; is replaced
by Technology, the industry-speci c technological determinant of external nance use. We consider three
candidates. First is external nance dependence (EFD), measured as in [5]. This is an all-encompassing measure
of dependence on external nance and it's based on assumption that in highly developed nancial market such as
US, the industry di erences in observed proportion of capital expenditures nanced from external sources re ect
underlying technological di erences among industries. Second is R&D Intensity, because R&D Investments are
often relatively large at the startup of rms or projects and they may be associated with longer gestation periods
as it is likely that pro ts from R&D materialize later. Lastly, Investment Lumpiness is a proxy for the degree
of mismatch between cash in ows and cash out ows$.

The proxies for technological determinants of nance are calculated on US data over the period under inves-
tigation and, thus, they may as well be capturing underlying growth opportunity shocks speci c to that period.
To verify this, we estimate speci cation where we interact nancial development with growth opportunities as
well as with technological proxies,

EF Ui = ;( 1 FD¢ XGOi + , FD. Technology
+ iDj + cDe+ Xific + "fic (2

i c

& We control for age, dummy for being quoted, stock of cash and measures of rm’s leverage, asset tangibility and size

" The R&D Intensity is approximated by the average share of R&D expenditures on capital expenditures of a median
rm in the US industry

8 Investment Lumpiness as the average number of investment "spikes" in US industry over given period. "Spike" is
de ned as a year in which capital expenditures exceed 30 % of xed assets.
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If technology proxies are signi cantly contaminated by the growth opportunity shocks, we would expect ; to
be smaller than their counterparts in speci cation without FD. GO;. The magnitude of this decrease should
be larger whenGQO; is approximated by US Growth, because it controls for US speci ¢ shocks which are absent
in global PE growth proxy.

3 Data

Firm-level panel data are obtained from 'TOP 200 thousand’ version of BvD Amadeus, which contains balance
sheet and income statement information for a large population of largest rms spanning whole Europe. The
rm coverage is incomplete before 1996 and after 2005 and therefore we use only observations from 1996-2005.
We exclude Romania from the sample due to large inconsistencies in the accounting data of its rms. Denmark
and Norway have only few rms in the nal sample and have been dropped too.

The value-added data for US used to compute our rst proxy for growth opportunities are taken from OECD
STAN database downloaded in 2009. We use index of volume of value added (VALK) for industries on 2-digit
level de ned by ISIC rev 3.1. The data for monthly series of global PE ratios are obtained from Datastream.
We use Compustat to compute industry-level technological determinants of the need and ability to raise€eF .

The country-level measures ofFD we use are private credit by deposit money banks and other nancial
institutions to GDP, stock market capitalization to GDP and stock market total value traded to GDP, which are
taken from World Bank Database described in [1]. Total capitalization is sum of credit to GDP and stock market
capitalization to GDP. We complement measures of nancial depth by a proxy for an institutional quality of
nancial markets as measured by an Accounting Standards index, which rates annual reports of companies in
1990 according to inclusion of 90 items in their balance sheets

4 Results

We present basic estimates of our main speci cation of equation 1 in Table 1. Our results suggest that nancial
development improves allocation of external nance by channeling it to industries with high growth prospects.
For example, if Bulgaria's banking sector were as developed as the one in Netherlands, the otherwise comparable
rms that operate in an industry ranked at 75th percentile by US growth would use 0.6 percentage points (on
average per annum) more external nance in proportion to their total assets relative to the rms that operate

in an industry ranked at 25th percentile. When we approximate growth opportunities by global PE growth,
we obtain the analogous estimate of 0.4 percentage points. Comparable economic e ects obtained for other
indicators of nancial development range between 0.13 to 0.56 percentage pointé. Further, If we use 2SLS*

to alleviate measurement error, the economic e ects increase more than 4 times.

In Panels C and D, we con rm that industries technologically dependent on external nance are actually
using more of it in nancially more developed countries. The results in Panel C con rm the hypothesis of the
existence of a common factor in US growth opportunities and technological determinants of EF. The estimated
coe cients on interactions of nancial development and R&D intensity and EFD drops to almost half once
interactions with US Growth are included. However, we actually observe drop in the estimated coe cient on
interaction of nancial development with US Growth, once corresponding interaction with Investment Lumpiness
is included in the speci cation.

When we consider Global PE Growth as a proxy for growth opportunities, as in Panel D, the estimated
coe cients on the interaction terms are statistically signi cant and very similar in magnitudes to their counter-
parts in Panel A of Table 1. The interactions of nancial development with technological determinants in the
joint speci cation remain statistically signi cant and the magnitude of the drop in the coe cients is less severe.
This evidence suggests that the role of nancial development with respect to allocation of external nancing
is two-fold. On the one hand it helps to channel external nance to industries which are presumably more
dependent on it due to technological reasons. On the other hand, more developed nancial markets are better
in providing nance to the industries with greater global growth opportunities.

5 Conclusion

In this paper, we study allocation function of nancial system. Using two alternative proxies for global industry-
speci ¢ component of growth opportunities, we show that comparable rms with positive growth opportunities

® The index is produced Center for International Financial Analysis and Research, Inc.
10 For the comparison, the sample mean and standard deviation of External Finance Use are 0.4 % and 3.8 %, respectively.
1 In this method, one proxy is used as the instrument for the other.
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Table 1. Financial Development and External Finance Use: Growth Opportunities

Total Private Market Market Accounting
Capitalization Credit Capitalization Value Traded Standards

Panel A: Growth Opportunities

FD * US Growth 0.027*** 0.053*** 0.038* 0.115%* 0.084
(0.01) (0.016) (0.02) (0.04) (0.054)
R? 0.078 0.077 0.077 0.078 0.076
N 25,419 25,544 25,419 25,419 22,239
FD * Global PE Growth 0.026*** 0.034*** 0.070%** 0.088** 0.043**
(0.008) (0.013) (0.018) (0.039) (0.019)
R2 0.078 0.077 0.078 0.077 0.076
N 26,526 26,665 26,526 26,526 23,196
Panel B: Technology determinants
FD * R&D Intensity 0.080*** 0.147** 0.098* 0.269** 0.111
(0.028) (0.06) (0.058) (0.12) (0.269)
R? 0.077 0.075 0.075 0.075 0.073
N 26,259 24,629 24,517 24,517 21,495
FD * Investment 0.247** 0.473%* 0.309*** 0.760*** 0.43
Lumpiness (0.058) (0.134) (0.12) (0.236) (0.504)
R? 0.078 0.077 0.077 0.077 0.075
N 26,514 26,653 26,514 26,514 23,187
FD * EFD 0.091** 0.158** 0.136 0.305* 0.502
(0.04) (0.074) (0.083) (0.183) (0.437)
R2 0.077 0.076 0.076 0.076 0.075
N 26,259 26,392 26,259 26,259 22,975
Panel C: US Growth vs. Technology
FD * US Growth 0.026** 0.050*** 0.035 0.111** 0.087
(0.011) (0.018) (0.023) (0.045) (0.06)
FD * R&D Intensity 0.048* 0.095* 0.05 0.127 -0.007
(0.025) (0.049) (0.051) (0.124) (0.274)
FD * US Growth 0.013 0.028 0.019 0.074* 0.078
(0.011) (0.018) (0.021) (0.043) (0.055)
FD * Investment 0.218*** 0.410%** 0.272* 0.599* 0.296
Lumpiness (0.061) (0.139) (0.112) (0.251) (0.509)
FD * US Growth 0.024** 0.047*** 0.033 0.104** 0.076
(0.011) (0.017) (0.021) (0.042) (0.055)
FD * EFD 0.056 0.094 0.092 0.158 0.388
(0.038) (0.064) (0.08) (0.192) (0.436)
Panel C: Global PE Growth vs. Technology
FD * Global PE Growth 0.027*** 0.035** 0.076*** 0.098** 0.047**
(0.008) (0.014) (0.019) (0.041) (0.021)
FD * R&D Intensity 0.063** 0.127* 0.048 0.205* 0.079
(0.028) (0.059) (0.055) (0.122) (0.27)
FD * Global PE Growth 0.022%* 0.027* 0.063*** 0.071* 0.043*
(0.008) (0.013) (0.019) (0.039) (0.019)
FD * Investment 0.218*** 0.440** 0.220** 0.667*** 0.384
Lumpiness (0.06) (0.137) (0.11) (0.24) (0.503)
FD * Global PE Growth 0.026*** 0.034* 0.071*** 0.092** 0.046**
(0.008) (0.013) (0.019) (0.041) (0.02)
FD * EFD 0.070* 0.131* 0.086 0.226 0.447
(0.039) (0.073) (0.081) (0.184) (0.435)

Note: The dependent variable is the time average of annual rm-level External Finance Use (EFU). All speci cations are linear regressions

with outliers removed (observations outside the 1-t0-99 percentile range of the dependent variable), include a constant, rm-level controls

and 3-digit ISIC industry and country dummies. In panels C and D, the R 2 and N are similar to their equivalents in panels A and B
and they’re not reported. *, **, and *** denote signi cance at the 10%, 5%, and 1% level, respectively, based on robust standard errors
clustered at the industry-country level, which are reported in brackets.
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are more likely to obtain external nance in countries with more developed nancial markets. Given that our
sample consists of relatively large and well-established rms which are shown to be less a ected by nancial
development, it is likely that economic signi cance of our result is even larger in overall population.

Our ndings complement existing literature which focused on the implications of nancial development on
capital expenditures and growth. However, the most important role of nancial system in the link from growth
opportunities through investment to growth, is to provide external nance, test of which is a primary question
of our paper. In light of the outlined mechanism, we plan to complement our analysis by a second step in which
we check whether the improved capital allocation function of more developed nancial markets leads to higher
corporate investment and growth precisely through more extensive use of external nance.

References

1. T. Beck, A. Demirg ucKunt, and R. Levine , A New Database on Financial Development and Structure, World
Bank Economic Review, 14 (2000), pp. 597{605.

2. G. Bekaer, C. Harvey, C. Lundblad, and S. Siegel , Global growth opportunities and market integration , The

Journal of Finance, 62 (2007), pp. 1081{1137.

3. R. Fisman and I. Love, Financial development and growth in the short and long run, NBER Working Papers 10236,
National Bureau of Economic Research, Inc, 2004.

4. R. Levine, Finance and growth: Theory and evidence, in Handbook of Economic Growth, P. Aghion and S. Durlauf,
eds., vol. 1, 2005, ch. 12, pp. 865{934.

5. R. Rajan and L. Zingales , Financial Dependence and Growth, The American Economic Review, 88 (1998), pp. 559{
586.

6. J. Wurgler,  Financial markets and the allocation of capital, Journal of Financial Economics, 58 (2000), pp. 187{214.

23



QUALITATIVE STABILITY OF STOCHASTIC PROGRAMS
WITH THIRD-DEGREE STOCHASTIC DOMINANCE
CONSTRAINT INDUCED BY MIXED-INTEGER LINEAR

RECOURSE

Martin Branda ?

Charles University in Prague
Faculty of Mathematics and Physics
Department of Probability and Mathematical Statistics
Sokolovska 83, Prague 8, 186 75, Czech Republic
branda@karlin.mff.cuni.cz
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1 Introduction

Stochastic dominance represents a very useful tool in decision making. It is related to the expected utility
theory, where stochasticaly dominating random variables are optimal with respect to a set of utility
functions with certain properties, [11]. Third degree stochastic dominance was introduced in [12] as a
natural extension of stochastic dominances of lower orders.

In this paper we extend some results valid for stochastic programs with rst and second degree
stochastic dominance constraints induced by mixed-integer linear recourse. These models were recently
introduced, studied and applied to power market in [4,5]. We study qualitative stability of the set of
feasible solutions de ned by third-degree stochastic dominance constraint induced by mixed-integer linear
recourse and the optimal value function with respect to weak convergence of underlying probability
measures. The results are based on theory of parametric programming [1] and convergence of probability
measures [2].

The paper is organized as follows. In Section 2 third-degree stochastic dominance is de ned. Basic
properties of mixed-integer value function are reviewed and extended in Section 3. In Section 4, optimiza-
tion model with third degree-stochastic dominance constraint induced by mixed-integer value function is
introduced and its stability is studied. Section 5 contains some concluding remarks and topics for future
research.

2 Third-degree stochastic dominance

To de ne stochastic dominance ofkth order, we need to consider the following auxiliary functions which

are derived from distribution function:
Z

FOO= R (Odi 8 2R k=23, )

where F>((l) = Fx is equal to the distribution function of the random variable X . Formal de nition of
third degree stochastic dominance follows.

De nition 1.
Let X;Y be two random variables on(; F;P) with distribution function Fyx ;Fy. We say that X domi-
nates Y in the sense of Third Degree Stochastic Dominance (TSD), denoted b¥ tsp Y, if and only
if
3 3/ . .
FOC) FP() 8 2R: @
? This work was supported by the grants GACR 402/09/H045 and GAUK ?/?/2.
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We say thatX strictly dominates Y in the sense of third degree stochastic dominance, denoted By tsp
Y,ifandonlyif X +1sp Y andY tsp X does not holds.

Let X be a random variable with nite second moment, i.e. EX? < 1. Then the auxiliary function
can be expressed as (see [6, Theorem 3.1])

4
1

FO()= [ Pdrx();

N
i

where we denote [ ] 2 = (maxfO; g) 2.

Let Us be a class of real-valued di erentiable functions with u® > 0, u®< 0, and u®> 0. Such
functions are usually refered as decreasing absolute risk aversion (DARA) utility functions. The relation
X 1sp Y is equivalent to the condition that Eu (X) [Eu(Y ) holds for all utility functions u 2 Uz for
which both expectations are nite, see [7, 8].

3 Mixed-integer value function

We consider the following mixed-integer value function with random right-hand side vector h (random
demand)

fo;h(! )=c'x+ (h( ) Tx);x2C 3)
with the second stage problem which is a parametric mixed-integer linear problem
(z)=min q'y+ Ty wy+wl0=z y22T; y°2 RT ;822 R; @

wherec2 R",q2 R™, 2 R™ are vectors,T(s n), W(s m), W{s m9 are matrices with mentioned
dimensions, and Z ; R, denote nonnegative integers and real numbers. The functiorf appears as
objective function in expectation in two-stage stochastic models with mixed-integer linear recourse, c.f. [9,
10].

We assume that matricesW; W ® have only rational entries,C  R" is a nonempty closed set (possibly
partly restrictedF\;o integers), the right-hand side vector h 2 R® is a random vector on a probability space
(; F;P)with kh(! )k?P(d! ) < 1. We denote = h! P the image measure on R which belongs
to the general class of Borel measureR (R ®). The function (z ) is real-valued on R® if we further assume
(see [9)):

(A1) complete recourse:W (ZT') + WO(RTO) =R,

(A2) dual feasibility: fu 2 R°:WTu q; WTu % 6=.

Previous assumptions ensure also that (x; h) is lower semicontinuous jointly in (x;h) on C R?, i.e. its
epigraph is closed. To handle the mixed-integer value function in optimization model with TSD we need
to show that its second moment is nite.

Propﬁsition 1. Let the assumptions (Al), (A2) be ful lled
and . khk® (dh) < 1. Then E jc'x+ (h( ) Tx)j? <1; 8x2C.

Proof. Our assumptions ensure that (0) = 0. Using this fact we obtain

z z
j(h Txj?(dh) = j(h Tx)  (0) ?(dh)
RS ZR®
ckh  Txk+ ¢ 2 (dh)
R’
= cGkh Txk®+2cikh Txk+ ¢ (dh)
74 7
=c¢  kh Txk?®(dh)+2c 1c;, kh Txk(dh)+ o
RS R

where the inequality follows from pseudo-Lipschitz continuity of the mixed-integer value function (4),
see [3], for some positive constants;;c,. Due to our assumptions the last expression is nite for any
x 2 C.
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4 Optimization model with third-degree stochastic dominance constraint
We consider the following optimization model
‘(5 )=minfg(x): x2C(; )g;

where g is a real valued objective function on R' and the set of feasible solutions is de ned by third
degree stochastic dominance constraint and depends on image probability measures

C(; )Y=tx2cC:f (x;h(")) tsp t(! )o:

The rpixed-integer value function f (x; h(! )) stands for the loss variable, andt(! ) is a random treshold

with — jt(! )j?P(d' ) < 1, in our settings a minimal acceptable income. Let = t! P denote the
image measure. According to previous section, the constrainff (x;h(! )) tsp t(! ) is equivalent to
z z
[ (f (xh)lZ (dh) [ 8% @ty 8 2R: ®)
RS R

One of the main results is stated in the following proposition. Reasonable behaviour of the set of
feasible solutions with respect to weak convergence of underlying image measures will lead to stability of
the optimal value function of our optimization problem.

Proposition 2. Let the assumptions (Al), (A2) be fullled. Then the set of feasible sglutionsC(; ) is
outer semicontinuous in any(; ), where 2P (R®),and 2P r(R) f 2P(R): R0 2 (dt) <

A%

Rg for some > 0, R > 0, i.e. for arbitrary admissible , 2 P(R®), , 2P g (R) such that , " ,
Y and x, ! x with X, 2 C( n; n) it follows that x 2 C(; ).

Proof. Let 2 R be arbitrary and xed, and denote f{x;h) =[ + f(x;h)]2. We see that the function
f~is nonnegative and lower semicontinuous jointly in both variables, thus we have
A Z

1 h) n(dh) liminf f{xi;h) n(dh)

RS RS k‘t
liminf  f(xx;h) n(dh); (6)
(31 RS

where the rst inequality follows from the de nition of lower semicontinuity of T ;h) and the second

inequality is a consequence of Fatou’s lemma. Using this result, we obtain
z z
f(x;h)dP (h) liminf fx;h) n(dh)
RS ni1 RS
lim in Ii|<n!11|nf Rsf“(Xk;h) n(dh)

liminf ~ f(xn:h) n(dh)
n'l 7 RS

H 2 .
lim R[ 5 n(do);
where the rst inequality is a consequence of Lemma 2.1 in [5], which states lower semicontinuity of
integral functional in itegrating measure, the second one follows from (6), the third one can be obtained
setting n = k, the fourth one follows from the denition of the setC( n»; ). The following convergence is
shown bellow and nishes the proof

z z

im [ 4 o= [ t7 (do: )
R R

nll

Without loss on generality, we choose an> Osuchthat (ft :[ t]2 = g)=0.We de ne the "cut-0"

function d (x) = x if jxjf < and d (x) = 0 otherwise. Since , !" , and the function d ([ 2)is
continuous and bounded, it holds
VA Z

im d (@ 492)n@d)= d( 4%) (duy
n'l R R

26



For the di erence of integrals holds
Z Y4 Y4
[ 893 (@) d( %) = [ 1% (db:

R R ftf t ]2 g

The same formula is valid if we use |, instead of . Hence

z z
limsup [ 13 a(dt) [ 1% (d
n!lZ R R 7
sup [ 1% n(dt)+ oo 13 (dt)
th T tl g th-[ tlg
sup (2 n(d)+ (1% (db
Nt g 7 ft:( t)2g
= sup t2 o (dt) + t2 (dt)
noft :tZZg ftit 2 2
sup t¥ (dt)+ t2* (dt):
n R R

Then, if we pass ! 1, we get the equality (7). This nishes the proof.

Similar results were obtained in [4, 5] for the set of feasible solutions with rst and second degree stochastic
dominance constraint.

Remark 1. A natural question arise: how to ensure thatP, " p implies , ™ and , " |, where the
image measures are dened by , = h' P,, ,=t! P,. The answer gives [2, Theorem 5.5]. LeDy,
and D, denote the sets of discontinuity points ofh() and t(). If P(Dn)=0and P(D;)=0then P, " P
implies the weak convergence of image measures " and , "

As an immediate consequence of Proposition 2 we obtain closedness of the set of feasible solutions.
Moreover, if we relax the integer conditions, the set of feasible solutions is convex. The later fact follows
again from the alternative description (5) of the set of feasible solutions and convexity of continuous value
function.

Finally, qualitative stability of the optimal value function can be get.

Proposition 3.  Let the function g be lower semicontinuous, and leC  R" be a compact set. Then the
optimal value function’(; ) is lower semicontinuous in each(; )2 P (R®) P .r (R) for which the
set of feasible solutionC(; ) is nonempty, i.e.

G) liminf (n;oa):

Proof. If * were not lower semicontinuous, there would exists sequenceg ™ . x,2C,andan
"> Osuchthatx, 2 C( n; n),and g(x,) ’'(; ) ". Obviously this implies x, 2 C( n; n)NC(; )
for all n. Since C is compact there exists an accumulation pointx of the sequencex,. By the outer
semicontinuity of C(; ), see Proposition 2, it follows that X 2 C(; ). The lower semicontinuity of g
however leads to a contradiction

‘Go) 9x) liminfgxn) (5) ™

5 Conclusion

We considered stochastic optimization model with third degree stochastic dominance constraint induced
by mixed-integer value function. We studied qualitative stability of this model with respect to weak
convergence of underlying probability measures. We obtained outer semicontinuity of the set of feasible
solutions and lower semicontinuity of the optimal value function. Further research will be adressed into
nding an algorithm for solving this problems and to possible extensions to dynamic settings.
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Abstract: Presently the current legislation that is based on environmental factors has motivated the
development of model approaches, which support the collection process. Presented model is aimed at
accessihility of collection centres in communes of Slovak Republic. The goal isto motivate the population to
collect the used products, components, packaging and redundant stocks for their dismantling and reuse. The
model is aimed at projecting of collecting system that can be characterized by the same availability for the
whole population (based on distance or time) so that the number of collection centres is as minimd as
possible.

Keywords: Collection Centres, Location, Set Covering Problems

Introduction

Presently the social and environmental processes respect the legisation of European Union (represented
by European Commission, European Parliament, Council of the European Union), which comprises many
directives that are the base for legidation of EU members. Related legidation on waste collection and
eimination led to emplacement of waste collection systems for households and also on public places.

The importance of collection is emphasized by the directive of European Union. EU member states
have to follow guidelines for implementation of the environmenta directive. Special directives are e.g. Directive
on Waste Electrical and Electronics Equipment  WEEE, (submitted 2001), Directive on the Restriction of the
Use of Certain Hazardous Substances in Electrical and Electronic Equipment - RoHS, (2002/95/EG) etc. (e.g.
WEEE - EU Directive 2002/96/EG on Old Electrical and Electronic Devices - Waste of Electrical and Electronic
Equipment and the associated Amendment 2003/108/EG). The targets for member states are

1. to minimize the use of dangerous substances and the number of plastics, some materials must be phased out,
2. to promote the design for recycling,

3. producers have to take responsibility for end of life of the products and provide information to the processors
about appropriate recycling,

4. the systems for separate collection should be put in public place and to household for free,

5. producers have to set up and finance appropriate systems to ensure processing and recycling of products and
they have to be responsible for that productsin the place of collection,

6. collection services must be offered by sellers and also by municipalities with an aim to collect 4 kg of waste
per head of population yearly,

7. recovery quotas are set from 70% to 90% of collected waste, depending on the products category etc.

On the national level, the moddl s are usually focused on modelling of collection of recyclable products.
The models that deal with before mentioned problem are usually oriented on positioning of collection centres.
The goal isto achieve the efficiency in collection of recyclable products from the final users. After separation in
collection centres, the products are distributed to processing centres, which location is dso the part of
optimization in process of minimizing of distribution costs. In processing centres the products are machined on
the basis their usableness (or unusableness) and they are distributed to remanufacturing centers, where they are

! This research was supported by the grant project of Slovak Ministry of Education VEGA 1/4588/07 Reverse
LogisticsModeling Optimization of Recycling and Disposal Processes .
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usually remanufactured to raw material that will be use in production process or they are brought to specialized
waste disposal.

1. Model of collection centres in communes of Slovak Republic

On the national level, the models are usually focused on modelling of collection of recyclable products.
Their development is motivated mainly by relatively extensive environmental |egidlation that forces government
to realize the recycling process within the frame of waste management. In the every state alot of producers are
from foreign countries that come under the legidation of both the European Union and the Slovak republic and
the government has to take responsibility for such products (so called OEM problem  Origina Equipment
Manufactures Problem).

Gradually, the recycling process evolved in such part of logistics that monitors backwards flows of
goods, material, covers and reused material from customers to distributor, respectively to producer, with aim to
ensurethereclaim, repair, reuse, recycling or liquidation in accord with statutory instruments and directivesin an
ecological attractive way (Figure 1).

Figurel: Material flows of reverse logistics
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The three main levels are known in optimization of reverse logistics. The first is oriented on collection
of discarded vehicles (ELV  End-of-Life Vehicles), the second is pointed on collection of waste of dectrical
and dectronic equipment (Waste Electrical and Electronic Equipment). Both are determined by legidation and
there exist directives on relevant waste collection. Thethird leve isfocused on paper collection that isin general
most frequently recyclable product. Related optimization models are based on linear programming (Linear
Programming  LP), mixed integer programming (Mixed Integer Programming MILP), specia heuristic
algorithms and also another approaches.

The goal of modelling of collection centres is aimed at accessibility of collection (sorting) centres for
whole population in Slovak Republic for the purpose to mativate the population to collect the used products,
components, packaging and redundant stocks for their dismantling and reuse. In general, there exist two basic
conceptions  the firgt oneisaimed on covering the whole population with the minimal count of service channds
(Location Set Covering Problem  LSCP), the goal of the second one is to reach maximal covering by limited
number of service channels (Maximal Covering Location Problem  MCLP).

Presently, there exist 2 916 communes in Sovak republic (according to Statigtical Office of Slovak
Republic). The goal of the modd is to locate the collection centres in communes so that the accessibility of
collection centres is preserved and the count of collection centresisas minimal as possible.
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The problen can be formulated as binary  programming task  with  the
variables X; 01,j 1,2,...,n, where n is the number of communes in Slovak Republic (2 916). If the
variableis set to O, the collection centre is not located in corresponding commune, if the variableis set to 1, the

collection centre will be opened in corresponding commune. Considered above mentioned criteria, the objective
function could be formulated as follows:

n

f(x) C;X; min
il

The coefficientsin objective function assume the value 1.

The congtraints need to ensure that the distance between every commune and the closest collection
centreislesser than or equal to K. Parameters d;; represent distances between communesi aj, so matrix D (Szen
X n) isthe matrix of minimal distances between al pairs of communes. Based on matrix D, the matrix A can be
defined (also size n x n), where the elements &; are set to 0, if the distance between i-th and j-th communes is
greater than K, or 1 otherwise.

0d, K

i,j=1,2, ..,n
l,di]-

a;

Further on, the accessibility of collection centre for every commune need to be met within the distance
K that can be formulate as follows:

ax 1 i 12,..,n

The model needs to deal with binary variables:
x 01, ] L2..n

J

The formulation of the problem:
n .
f(x) c;X; min
i1
n
ax 1 i 12,..,n

177
j1

x. 01, jJ 12..,n

l

2. The solution of the model

Presented model was applied on data in Slovak Republic. We used data from the year 2001, when the
whole number of population was 5 378 511 inhabitants. The goal was to minimize the number of residents that
need to trave to collection centres (Pek/E Brezina (2008)).

Input data:

n number of communesin Slovak Republic (2 916 communes),
D (nxn) matrix of minimal distances between all communes,
K maximal distance from closest collection centre 30 km,

¢, potential location of collection centresin all communes, coefficientsin objective function are equal to 1 (¢ =
1,j=12..,n),

Output data:
The above mentioned modd was solved by software product GAMS.
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For distance K = 30 the callection centres are;

Malacky, Malinovo, Drahovce, Trnava, Gab kovo, O kov, Senica, KomAno, Pribeta, Koniarovce, any nad
itavou, aa Tren ianske Teplice, Doln@d Ko kovce, Mu la, Leh tka pod Brehmi, Demandice, Tekovsk@
Nemce, Nitrica, Ve k Krt , Domanky, V g a, Bansk/AEBystrica, Star/AEHali , Brav covo, Kokava nad
Rimavicou, urice, Torna a, Vern/ RatkovA Spi sk@Podhradie, Helcmanovce, Gemersk/APoloma, Sovensk/E
Ves, Chme nica, Ko ickdO any, Moldava nad Bodvou, Trnkov, Bardegjov, Luhy a, So ni ka, Nacina Ves,
alob n, Mestisko, Svetlice, Sobrance, Pr dop, Svinia, RakovA=Breza, Ni nA=Podhorie, Kra ovany, IvachnovA:
V chodnA&EMa ep n.

It isevident that efficiency of collection centre depends on character of collected products (it is different
in case of cars, fridges, freezersor in case of car batteries) so we considered with different variants of distances
K that were set to 50, 40, 30, 20, 15 and 10 km. Another modification follows from the reasoning that one of the
requirementsis to locate the collection centre to region cities (administrative centres of regions). Further on, that
strict requirement was modified by the weight that was based on proportion between number of population in the
region city and the whole population in all cities. The goal was to minimize the number of residents that need to
travel to collection centres.

If the models consider about potentia location of collection centres in all communes, coefficients in
objective function areequal to1 (¢;=1,j =1, 2, ..., n). If themodel considers about location of collection centres
in al communes simultaneoudly with requirement that the collection centre must to be located in every region
city, wherethe set of region citiesis N, then the coefficients in objective function areequal to1 (¢;=1,j =1, 2,

.., M) and decision variablesfor region cities X; 1, ] N, Thelast approach was to consider about potential
location of collection centres in al communes with respect to number of population in region cities, so that
number of population in 2 916 communes was P = 5378511 and P, was number of population of j-th city,

P
coefficients of objective function was calculated as C; 1 F’, ] 12,...,n, where ¢ represents potential

number of population that need to travel to collection centre.

Conclusion

Presented approach can be used as abase for efficient decision making about location of collection
centres considered the specia criteria as well as the given parameters of accessibility and the importance for
population. The model can be used in general for different input data. Results of this paper show that presented
modd is rdatively flexible to adjust the changed conditions. The accessibility is usually only the one from the
set of parameters that determines the location of collection centre and it is possible to come out of other
restrictions.
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Abstract. Econometric models in the estimation of real estate prices is a useful and realistic approach for
buyers and for local and fiscd authorities. From the classical hedonic models to more data driven, based on
Artificid Neural Networks, many papers have appeared in economic literature trying to compare the results
with both methods. We insigt in the use of ANN, when there is enough statistical information, with some
comparisons in a medium size city in the South of Spain, with an extensive set of data spanning over severa
years. Exogenous variables include external and interna data from the dwelling, both numerical and
qualitative, as of the building in which it islocated and its surroundings. Alternative models are estimated for
severa time intervals, being able to compare the effects of the rising prices during the bull market over the
last decade, and could be used to asses the downturn of last couple of years.

Keywor ds: real estate prices, artificial neural Networks, econometric modelling

1. Introduction

Last decade Spain presented a seller sred estate market. Thereis a strong tradition of home ownership
in the country, coupled to fiscal stimuli and low interest rates associated to the euro zone. Prices have
continuoudly gone up, and a growing part of the family s income was devoted to attend mortgages and housing
related costs. This trend has come abruptly to and end in 2008, causing turmail in the country economy. In this
context, an objective way to assess the prices of properties coming to the market is needed. Its demand come
from different actors: buyers and sdlers of family flats and second homes, agents in the rea state sector,
investors, value agency and financial institutions, and fiscal authorities at national and municipal levels. Hedonic
and ANN models could fill the gap, although they must be updated and maintained, with the additional benefit of
their usefulness in detecting and measuring price changes.

Real estate prices were studied since the fifties, and two decades later, Rosen proposed the use of
regression models, called hedonic models , and applied them in urban areas. In Spain there are macroeconomic
and sectorial statigtics, that try to explain investments in building and home buying. The use of ANN has been
used in previous studies in the South of Spain, and we return to this approach to used in a dynamic framework,
applying it to a case study. Sample data from more than 10000 transactions have been collected from 2002 to
2006 enabling us to establish tempora comparisons.

2. Artificial Neural Networks

Artificial Intelligence methods started to be applied to real estate prices last decade, with a growing
interest. Several studies are related in table 1. In Spain several studies have been done by Caridad y Ceular
(2001), Garc a Rubio (2004), Gallego (2004) and Lara (2005), using data from different urban areas.

ANN were introduced by McCulloch and Pitts (1943) as an aternative to algorithmic programming
with some previous work by Kart Lashley in the twenties. In Rumehart and McCldland (1986) an ANN is
presented as a ser of operators or neurons, with a smal amount of storage capacity, one-way numerically
connected by some links so called axons. Nodes operate with local data supplied trough the axons, weighted
with some parameters, w, linking neuronsi and j. A propagation rule establish how are valued and processed
the inputs to a neuron. The basic model has an input layer, one or several hidden layers formed by non
observable variables, and an output layer containing the dependent variables. Like any model, the specification is
the core task when usng ANN: it is necessary to define the network topology (number of hidden layers, and the
neuronsin each of them), the propagation rule, the transformation of input explanatory variables, and so on. The
activation function and the learning rule should be specified, dso. An excessive number of neurons will be a
cause of lack of forecasting power, due to overparametrisation. Computer time to estimate the ANN parameters,
learning process, is becoming less relevant. There are several learning procedures to estimate the parameters
being a widely used the back-propagation method.
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TABLE 1. USE OF Al METHODS IN REAL ESTATE PRICE ESTIMATION

AUTHORS DATE GEOGRAPHICAL AREA
Borst 1991 New England
Tayy Ho 1992 Singapur
Do and Grudnitski 1992 Cdlifornia
Cdllinsand Evans 1994 U.K.
Worzala, Lenk and Silva 1995 Colorado
Mc Cluskey 1996
Rossini 1997 Australia
Haynesy Tan 1998 Australia
Bonissone 1998
Cechin 2000 Porto Alegre (Brasil)
Karakozova 2000 Helsinki (Finland)
Nguyen and Cripps 2001 Tennessee
Kauko 2003
Limsombunchai 2004 New Zeland
Liu, Zhang and Wu 2006
Sdim 2009 Turkye

An ANN islike anon linear regression or multivariate regression model, with non observable variables,
that, nevertheless, once the topology and the parameters of the network are specified, it amounts to an ordinary
statistical or econometric model. Her we use amultilayer perception network (MLP) with one hidden layer.

2. Model specification

The estimation of the selling price of a flat or apartment, vy, is the objective of the ANN moddl. A
sample is obtained in a medium size city of the South of Spain, on the main urban area. Exogenous variables
include internal data about the dwelling and of the building and its location. The population is composed by
130563 properties in the area, and over 75% are the main residence, about 14% non used, and less than 10%
secondary residences. It has augmented, in 2006 to 135920 flats. Price data are recorded by the national statistics
ingtitute (INE), and by the municipdity, for fiscal purposes, but they are not focussed on precise valuation of
individual properties. The market intermediaries are the main source of precise data; the main company, Grupo
Barin, has supplied 10124 cases of transactions distributed as follows: in 2002, 772 cases, in 2003, 1685, in
2004, 1399, in 2005, 3380, and in 2006, 2888. This company is active in the whole area, with 18 offices
scattered trough the town. A complementary sample was used from several similar smaller companies.

In table 2 are found the exogenous variables used. The price of the transactions are the real market price
(not the declared price, nor the offer price), avoiding, thus duplicitiesin the datareally used.
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TABLE 2. EXOGENOUS VARIABLES AND ATTRIBUTES

INTERNAL EXTERNAL
Area
Bedrooms
Bath
Compllmfntary baths Building year
Basic Terraoe(_) . GENERAL Lift(*)
Communications (*) Laundry(*)
Wardrobes (*) y
Garage (*)
Storage room(*)
Climati zation
Floors
QUALITY wi n(_jow stype . " Poal .(*)
GENERAL Interior wooden furniture(*) EXTRAS Tennis(*)
Kitchen furniture(*) Garden(*)
ReFormMs | Reformed(*)
ORIENTATI N | Orientationr(*)
E Common expenses LocALIZATION | Zone
CONOMICS | v\ vt orice

The (*) variables are binary, and are used to elaborate numerica indexes in the range (0; 1) that could
be easily interpreted (table 3). These have been validated with a posterior sample of rea estate market agents.

TABLE 3.INDEXES ASSOTIATED TO EACH PROPERTY

VARIABLES USED
QUALITY INDEX Floors, Windows type, Wooden, Kitchen and reforms
FACILITIESINDEX Pool, tennis, garden
BUILDING INDEX Adge, lift, laudry
EXTERNAD DATA INDEX Orientation, terrace
EXTRASINDEX Garage, Storage
L OCATION INDEX Geographica position within the city

3. Reaults

AMLP, Multi Layer Perceptron® 6:6-6-1:1 is used with the following input variables: square meters of
the house. age of the building, localisation index, extras index, community expenses and quality index. They
were sdlected after an identification process with several aternatives. The output layer includes only the
transaction price and there are six neurons in the hidden layer (as showed in figure 1). Trajan Neural Networks
software was used, with a linear activation function in the input layer and logistic activation function in the
output layer. The error function used isthe residual sum of squares.

FIGURE 1.ANN 6:6-6-1:1TOPOLOGY
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! Freeman and Skapura (1993), Haykin (1999), Garc a Rubio (2004).
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The training set is composed by 80% of the sample? and the back propagation method was used with a
0.1 learning rate. The error evolution isshowed in graphic 1.

GRAPHIC 1 EVOLUTION OF THE RESIDUAL ERROR DURING THE TRAINING PROCESS
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Intables 5 and 6 are presented the weights and thresholds of the input and hidden layer neurons.

TABLE 4. PARAMETERS: INPUT AND HIDDEN LAYERS

21 2.2 2.3 2.4 25 26

threshold | -0,8637 | -5.3193 | 0,8587 | 1.3877 | -0,8773 | -2.9494

Area 14581 | -2.4698 | -3,1902 | 0.8425 | -0,3820 | -0.6004

Common 3,4714 | -1.6389 | 1,7720 | -0.5584 | 0,6896 | -1.0893
expenses

Age -0,0090 | -0.1852 | 0,8528 | 0.7126 | -1,2623 | 2.4097

Anex index 2,1949 | -1.4684 | -0,0846 | -0.2235 | -2,8127 | 1.4203
Localization | -1,1403 | -0.7805 | -5,0060 | -1.5345 | 0,3433 | -2.8736
Quality index | 0,3414 | -0.7721 | 0,2906 | 1.4205 | -1,0161 | -0.0384

TABLE 5.PARAMETERS: HIDDEN AND OUTPUT LAYER

31
threshold | -0.9370
21 3.9678
22 -3.9225
23 -3.7264
24 1.8743
25 0.9303
2.6 -2.5079

Senditivity analysis allows to evaluate the influence of the exogenous variables, using its errors ratio
(table 6), obtained as the error in the model without the variable over the modd including it. As expected, it is
the size variable the most important (1.2953), followed by the localisation index (1.2009), and by the common
expenses (1.1577) as show on table 6.

TABLE 6. SENSITIVITY ANALYSIS

2 All cases had no missing data
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INPUT RATIO ORDER
Area 1.2953 1
Common E. 1.1577 3
Age 1.0395 6
Anex index 1.0414 5
L ocalisation 1.2009 2
Quality index 1.0644 4

The other three variables are less important, but if taken out of the model, the final results are less
. The mean absolute error is 28551.34 , and in relative
terms 13.69%. On graphic 2 are shown the real vs the estimated price, with a good fit all over the spectrum of

likable. The R? = 86.05% and the RMSE = 39540.36

properties (this can seldom be achieved with classical hedonic moddls).

Using the same model with 2002-5 data, again with 80% of the cases as training set, and similar tuning

parameters, theresults are similar.

GRAPHIC 2. REAL AND ESTIMATED PRICES

Estimate Prices (Euros)

700000

600000

500000

400000

300000

200000

100000

0

Real Prices (Euros)

TABLE 7. SAMPLE SIZE FOR THE YEARLY MODELS

0 100000 200000 300000 400000 500000 600000 700000

CASES TRAINING TEST
2002 470 376 94
2003 914 731 183
2004 791 633 158
2005 1686 1349 337

Sensitivity andysis alows to evaluate the influence of the input variables upon the dwelling s market price, In
graphic 3, the variables are ordered with their relative influence, with some temporal variability. In each model
the area variable appears in the first place, followed by the localisation of the property. Then comes a third
variable that can be either the age of the building, the maintenance cost or the qudity index. The rest of the

variables show less influence.
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GRAPHIC 3. COMPARATIVE SENSIBILITY ANALYSIS OF THE INPUTS
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Different goodness of fit statistics are presented on table 8.
TABLE 8. FIT MEASURES 2002-2006

R2 RMSE RES;I;UAL MAE RME

2002 90,21% | 21.652,25 | 21.634,04 | 14.900,48 13,78%

2003 84,75% | 25.884,77 | 25.738,99 | 18.999,93 | 14,75%

2004 90,23% | 30.983,78 | 28.908,32 | 24.157,36 | 16,26%

2005 81,12% | 32.825,44 | 32.755,04 | 23.562,59 | 13,82%

2006 86,05% | 39.540,36 | 39.102,13 | 28.551,34 | 13,69%

4. Conclusions

The use of ANN is more flexible than classical econometric models when enough data are available. Some
common problems, in hedonic models, such as non linegrities in the extreme range of prices in real estate
market, are well estimated using ANN, even adapting to properties that could be labelled as outliers, although,
some authors’ criticize this black box approach. In our case study with a MLP, estimates fit well with the real
market situation. The dark side of this methodology is the sampling effort needed, that can be realigtically
overcome, only by firms with a broad presence in the markets, so that they can use their internal databases,
where the uncertainty about the exact identification of each dwelling is eliminated. Most papers include as
explanatory variables, the house area’, its location, age and availability of garage. Sensibility analysis confirms
these asserts. The distance to the city center is useful in monocentric towns. Variability is present even in the
same street/building. In Spanish clogged cities, the availability of garage enhances dramatically the fina price.
Common expenses are related to the facilities provided by the building, so this variable is highly collinear with
other used, and less limitative in the transactions.

In the validation process, ANN present more uncertainties, athough in hedonic modes,
multicollinearities introduce a significant difficulty in the interpretation of hedonic prices. In the modes
proposed, these hedonic prices are obtained as marginal non linear functions derived once the topology of the
network is specified; it is somewhat cumbersome process, but the nonlinearities of the marginal implicit prices
conforms better to the reality (for example, a decreasing implicit price with the property s size).

The same Network topology is used in different years, with R? between 0.81 and 0.91. Once applied the
2006 model to new data from 2008 and 2009, the estimated price with these networks are around 12% higher
than thereal transaction data, showing the clear downturn of thereal estate market in Spain.

These models could be useful not only to potential buyers/sellers and their agents, but for foreclosure
valuations, not uncommon in the actual bear market, and for fiscal purposes, but also in sectorial studies, to
assess theimportance of an structural change dueto turn points in the cyclical evolution of the building industry

3Allen and Zumwalt (1994) o Worzala, Lenk y Silva (1995).
4 Garc a Rubio (2004)
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Abstract. This paper deds with a small open economy New Keynesian Dynamic Stochastic General
Equilibrium (NK DSGE) model and its ability to describe behaviour of the Slovak economy. The model
framework consists of three home subjects: households, firms and a monetary authority. The representative
household maximizes its utility function which contains a real rigidity in consumption in a form of a habit
formation. The monopolistic competitive firms maximize their net present value of dividends (their profits)
with respect to Calvo-type price setting. The sticky price setting of home producers and importers represents
nominal rigidities in the model. Monetary policy is conducted according to a Taylor-type rule. The model
includes exogenous foreign sector which is represented by Euroarea-12. The framework assumes a perfectly
competitive labour market and a complete financial market. The log-linear model is estimated using Bayesian
method (we use the Dynare toolbox for Matlab). Evaluation of the model for Slovakiais based on an anaysis
of impulse response functions and an assessment of estimated parameters. We compare consistency of our
results with smilar studies.

Keywords. NK DSGE model, real rigidity, nomina rigidity, small open economy, Slovakia.

1 Introduction

Many authors are interested in estimating a small open economy NK DSGE models' but only [8] uses data of
Slovakia for estimation. In this paper only one third of parameters are estimated, remaining parameters are
calibrated. The aim of this paper isto describe a basic SOE NK DSGE and estimate it for the Slovak economy.
Estimation exploits the model proposed in [3] and [4].2

2 A Simple Small Open Economy Model

As we mentioned before, the model assumes the structure developed mainly in [3]. Main features of the
model are optimizing agents (a representative household, domestic producers and importers), monetary policy
conducting according to a modified Taylor rule and an exogenous foreign sector. The model also incorporates
nominal rigidities and a red rigidity due to structura parameters like sticky-price parameters of domestic
producers and importers and habit formation. The structural equations of the model are:

¢, he,, E, vy, hy, '1 hq,, 1 hrn E (, o (1)
1 ¢ v, 2 s A )

St St1 ri nd )

qt t 1 St (4)

Hot wer o owd o owlooume E(aer ow) 5

! For example in [2], [7] and [8].
% The structure of the model is different from [8].
% Detailed description of parameters is in Appendix (Table 2).
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All variables are expressed as log deviations from their respective steady state values. Equation (1) is the
combination of the consumption Euler equation and the international risk sharing condition. This equation makes
connection between present and future consumption and also between foreign and domestic consumption level.
Second equation represents the goods market clearing condition. Equation (3) expresses changes in the terms of
trade and a positive gap of terms of trade could be interpreted as an increase in competitiveness of home
producers. The relation among real exchange rate gap, law of one price gap and terms of trade is formulated by
equation (4). Equations (5) and (6) are the New Keynesian Philips curves of home producers and importers,
respectively. The uncovered interest rate parity is given by equation (7). Equation (8) is a Taylor rule with
monetary policy shock. Domestic inflation and inflation of home producers are related according to equation (9).
The exogenous foreign sector is expressed by equations (11) - (13) as AR (1) process of foreign output gap,
inflation and nominal interest rate. Disturbances in the model, which are expressed by equations (10), (14) and
(15), arealso AR (1) processes.

3 Data and Results of Estimation

Quarterly data from 1Q1999 to 4Q2008 of Slovakia and Euro-Area 12* on output, inflation, interest rate and
real exchange rate are used to estimate the parameters of the model. All data enter the estimation as deviations
from the long run trend. Trends are computed by HP filter. Data are not annualized. The source of the data is
Eurostat database.

y, and y, are macroeconomic productivity gaps of seasonally adjusted real GDP of Slovakia and
Euroarea-12 from their long-term trend;

.and | are seasonaly adjusted g-0-q HCP! inflation gaps of Slovakia and Euroarea-12 from
their long-term trend;

i,and i; are 3-month nominal interest rate gaps of BRIBOR and EURIBOR from their long-term
trends,

g, isagap of real exchange rate SKK/EUR from its long-term trend.

*EA12- BE, DE, IE, GR, ES, FR, IT, LU, NL, AT, PT, FI
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The moddl is estimated using Bayesian method which isincorporated in Dynare toolbox for Matlab. Table 1
represents results of the estimation of parameters as well as their prior settings (the distribution with their mean
and their standard error). Table 1 aso consists of the specification and the estimation of standard deviation of
shocks. The issue of prior settings for Slovakia exists because of a lack of microeconomic studies so the prior
specification is taken from [3] and a similar study of a small open economy in [4]. Only a discount factor is
calibrated to value 0.99.

At the beginning, we could notice that amost all posterior marginal densities of parameters are more
concentrated compared with their prior counterparts. Only the inverse eagticity of labour supply and the
dadticity of subgtitution between home and foreign goods are exceptions because they highly depend on prior
specification.” The posterior mean of the degree of habit formation is 0.11 which means that the representative
household changes its structure of consumption significantly. It has to consume 11% more compared to the
previous consumption to obtain the same utility excluding an effect of a long-run growth in consumption. In
comparison with the studies for the Czech Republic in [6] and [7], this parameter is low.® The mean of the
inverse easticity of the intertemporal substitution in consumption is estimated at 0.47 so the easticity of
intertempora substitution is approximately 2.13. The value of this parameter is close to the estimated value in
[7].” The degree of openness is estimated a 0.38 which means that the percentage of imports on household s
consumption is 38%.

The part of the non-optimizing firms which index their prices according to previous inflation is 0.7. This
valueis close to the value estimated by [7]. It isin contrast with the values estimated in [3] where they were less
than 0.4. The estimation of the Cavo parameters for home producers and import retailers implies that prices of
home producers last approximately 3 quarters and prices of imports last 4 quarters. More flexible prices were
found out in [8].2

Monetary policy is conducted by a modified Taylor rule. The smoothing parameter of interest rate is 0.85
which is higher compared to estimated value for the Czech economy in [6].° The relative weights of monetary
policy on inflation and output gap are estimated at 1.23 and 0.28 respectively. The weight on inflation is more
than one so the Taylor principle is hold. The parameters of the monetary policy reaction function confirm the
inflation-targeting regime conducted by the central bank because the weight on inflation is higher than the
weight on the output gap.

The foreign sector autoregressive parameters of output gap, inflation and nomina interest rate are estimated
at 0.63, 0.62 and 0.43 respectively. The autoregressive parameter of foreign output is relatively less than in the
similar studies of [6], [7] and [8]."° Table 1 aso includes parameters of inertias of technology, cost-push shock
and risk premium shock. The most significant influence of shocks on the Slovak economy are technology shock,
cost-push shock and risk premium shocks because of the estimated posterior mean of standard deviations of
these shock.

5 Wetried several estimations with different prior specifications.

® They estimated value about 0.9.

" The estimated value of inverse elagticity of intertemporal substitution in consumptionin [7] is0.53.
8 The prices of home producers and importerslast 2.17 and 1.85 quartersrespectively.

9 The value of the smoothing parameter was estimated at 0.64.

10 The estimations of this parameter in[6], [7] and [8] are 0.80, 0.91 and 0.91 respectively.
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Table 1: Estimation of the parameters

prior posterior 90% confidential prior standard

mean mean interval distribution  deviation

h 0.50 0.11 0.02 0.20 beta 0.20

1.00 0.47 0.19 0.78 gamm 0.50

1.00 0.85 0.20 1.48 gamm 0.50

0.70 0.38 0.19 0.56 beta 0.20

0.50 0.70 0.49 0.93 beta 0.20

h 0.50 0.68 0.57 0.79 beta 0.20

f 0.50 0.75 0.59 0.92 beta 0.20

1.00 1.02 0.27 1.67 gamm 0.50

0.50 0.85 0.80 0.91 beta 0.20

1.50 1.23 0.92 1.52 gamm 0.20

y 0.20 0.28 0.18 0.38 gamm 0.05

a 0.60 0.59 0.39 0.78 beta 0.15

y 0.40 0.63 0.46 0.80 beta 0.15

i 0.40 0.62 0.46 0.79 beta 0.15

0.40 0.47 0.28 0.66 beta 0.15

g 0.70 0.54 0.32 0.75 beta 0.15

s 0.70 0.65 0.51 0.80 beta 0.15
a 1.00 3.06 143 4.86 invg Inf
M 1.00 0.28 0.21 0.34 invg Inf
9 1.00 122 0.75 1.72 invg Inf
s 1.00 0.92 0.55 1.27 invg Inf
y 1.00 0.42 0.34 0.51 invg Inf
[ 1.00 0.15 0.12 0.18 invg Inf
1.00 0.20 0.16 0.23 invg Inf

4 Analysis of behaviour

This section examines behaviour of the estimated model by impulse response function analysis. Model
structure incorporates seven shocks  technology shock (Eg. (10)), cost-push shock (Eq. (14)), risk premium
shock (Eg. (15)), monetary policy shock (Eg. (8)) and three foreign shocks of output gap, inflation and nominal
interest rate (Eq. (11), (12) and (13)), so that seven impacts of these shocks could be analysed. In this paper we
discuss effects of monetary policy shock.

The response of the variables to a positive monetary policy shock is depicted in Fig.1. Monetary authority
immediately reacts to the shock by increasing nominal interest rate by about 0.2%. The positive interest rate
differential attracts foreign investors, which is expressed by appreciation of the domestic currency. The
appreciation of real exchange rate causes a fall of l.0.p™ under the long run trend. The consumption is also
reduced by the influence of appreciation and by postponing its current consumption because of itsreatively high
cost to the future consumption. The output gap aso drops under the long run trend. Apart from consumption, the
negative 1.0.p. gap has also a negative effect on output gap which is decreased by a positive gap of terms of
trade. The increase of the domestic goods competitiveness at international market is produced by the fact that
inflation gap of domestic producers decrease more than inflation gap of the importers (the rate of g-o-q imported
inflation fall by 0.075 percentage points and g-o-q inflation rate of domestic goods decrease by 0.3 percentage
points). It is worth noticing that the impulse response functions do not have a hump-shape, especially
consumption (likein [6], [7] and [8]), which is caused by the low value of parameter h.

.0.p meansthe law of one price.
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Figure 1: Impulse response functions of positive monetary shock
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Conclusion

This paper estimates New Keynesian model of a small open economy for Slovakia. The model incorporates
real and nominal rigidities according to [3]. The existence of aredl rigidity the habit formation has a small
effect in Slovak economy. On the other hand, the nominal rigidities cause that the price contracts of domestic
producers and importers are fixed for 3 and 4 quarters, on average. The most significant shock is the technology
shock. The ability of the model to describe the dynamic devel opment of the economy is assessed by the impulse
response functions, specifically on the monetary policy shock. This shock has the largest impact on consumption
and home inflation reaches its steady state level after ten quarters. The model needs to be adjusted in order to
include the acceptation of Euro for the future research.
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Appendix

Table 2: Description of parameters

Parameters Description of parameters
h (01 degree of habit formation
(O} discount factor; calibrated
0 inverse dasticity of intertemporal substitution in consumption
0 inverse dasticity of labour supply
0D degree of openness
0:1) degree of price indexation
4 (0D fraction of non-optimizing home producers
()] fraction of non-optimizing importers
0 eagticity of substitution between home and foreign goods
(M} smoothing of interest rate
0 weight of monetary policy on inflation
, 0 weight of monetary policy on output gap
a oy v 1 ogr s (0D technology shock, foreign output, foreign interest rate, foreign inflation, cost-

push shock and risk premium shock AR1 parameters
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Abstract. The paper showssom e interesting resultsof G lobal Sensitivity Analysison a particular
dynam ic stochastic generalequilibrium m odel. The key behavior of the Czech econom y isapproxi-
mated by Lubik and Schorfheide m odel, which isa sn all-scale structuralgeneralequilibrium m odel
ofa smallopen economy. The sensitivity analysis classofm ethods presented in the paper consists
ofvariousindividual analyses. Stability m apping analysis detects the paran etersw hich are respon-
sible for potential instability or indeterm inacy in the m odel. Mapping the tisa useful tool to
learn about the linkages thatdrive the toftrajectoriesofparticularvariablesto data.Inforn ation
provided by the resultsofm apping the tcan beused tounveilpossible trade-o shetween the tof
individual observablesand m aybe also to am end m odel structure or calibrate param etersproperly
in order to increase the tofvariables of researcher’s interest. 0 ther individual analyses are just
mentioned.

Keywords. 6 lobal sensitivity analysis, D S6 E m odel, stability m apping, mapping the t, high
dim ensionalm odel representation, Morris sam pling .

Introduction

T his contribution introduces the reader to G lobal Sensitivity A nalysis due to Saltelli et al. (2004 and
2008). The prototypical m odel for the exercise is the Lubik and Schorfieide (2003) m odel introduced in
subsection1.l.Thesanenodelisused by R atto (2008a) w ith C anadian data set. T his paper uses C zech
data set and o erscom parisons to R atto’s (2008a) paper.

The term "G lobal Sensitivity A nalysis" is used in this contribution in the san e sense that it is
estab lished and used in Saltelli et al. (2004 and 2008) or R atto (2008a). The word "G lobal" m eans that
the analysis is not "local", that is, it doesn’t approxin ate solutions around one given point in space (like
Taylorapproxin ationdoes).G lobaln ethodsusem ore points judiciously draw n fron space and therefore
overcom e problem swhen the modelis not linear.

A possiblede nitionofsensitivity analysis is the follow ing: ""The study of how uncertainty in the output
of a m odel (num erical or otherwise) can be apportioned to di erent sources of uncertainty in the n odel
input™ (Saltelliet al. 2004). Sensitivity analysis is therefore not only the well-know ad-hoc exercise,w hen
researcher arbitrarily changes inputs of the m odel and observes changes in output. It also encon passes
methods/procedures that can som ehow describe relations betw een inputs and output.

6 lobal Sensitivity A nalysis is therefore an open group of individual analyses or m ethods, som e of
which are introduced inthis paper (in subsections 2{4).

1 Preliminaries

1.1 The model

Thispaperpresentsson e resultsofananalysisofasinglem odel,which isam odelofLubik and Schorfheide
(2003)1. It is asm all-scale structuralgeneralequilibriun m odelofasn alleconom y.T hispaper usesC zech
data set so thatm odelequations (1){(8) describe elem entary behavior of the C zech econom y. 6 enerally,

denotes rstdi erence so thate.g. = ¢+ t 1,starsuperscript () relates to a foreign econon vy,

?W eqratefully acknow ledge support by MSMT project R esearch Centers 1M0524 and funding of speci ¢ research
at ESF MU.

1 Cited from Ratto (2008a, p. 123); (hereafter LS m odel). The citation of the m odel equations is not literal,
because sixth equation on page 123 of R atto (2008a) is"ys = y Yyt 1 +ey ;¢", Which is obviously an error.
Also, in order to prevent confusion, an explanation to variables that have letter e in itsnotations follow s here:
ec in equations (3) and (4) m eansnom inalexchange rate, wherease ¢ in equations (4){(8) stands for exogenous
shocks. A Ithough the notation varies in the num ber of subscripts, the di erence m ight not be obviousat rst
glance.
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subscript t denotes (relative) time and E; denotes rational expectations made in time t. Also note that
rr = 400 log( ).
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E quation (1) is an open economy IS curve. If =0, the equation becomes closed economy variant of

IS equation. If =1, the world output shocks y,,, drops out of IS equation and since it is not present
in any other equation but AR1 process (6), it drops out of the system completely.

The open economy P hillips curve (2) also collapses to closed economy version if = 0. Consumer
price index CP I is introduced in (3) with an assumption of a relative version of purchasing power parity.

E quation (4) is a monetary rule, or in another words, a nominal interest rate equation. It describes,
how the monetary authority sets its instrument, when in ation or output depart from their targets or
when the currency appreciates or depreciates.

Remaining model equations are just AR1 processes that describe the course of terms of trade, foreign
output and in ation, and technological progress.

1.2 The data

The data span from the second quarter of 1996 to the fourth quarter of 2008. The source of all data
is Czech Statistical O ce and are per cent. There are ve time series used, these are: output growth,
in ation, interest rate, change in nominal exchange rate, and the change in terms of trade.

1.3 U sed softw are

The main tool used in the analysis is the software package D ynare version 4.0.3. The analysis also
requires Global Sensitivity Analysis (hereafter GSA) toolbox by Il arco Ratto, which is { according to
D ynare site { beginning to be added to D ynare version 4. This toolbox is downloadable from E uro-
area E conomy Il odelling Centre web pages http://eemc.jrc.ec.europa.eu/.D ocumentation for these
software packages is semi nished and is in Gri oli (2007) for D ynare version 4 and in Ratto (2008b) for
GSA.

2 Stability mapping

2.1 Theory

Stability mapping helps to detect parameters X; that are responsible for possible "bad behavior" of the
model. F irst step of the computation is to de ne two subsets of a full domain: subset B produces behavior
(= good behavior of the model), subset B produces non-behavior (= bad behavior of the model).

N Il onte Carlo simulations are then run over the domain, which results in two subsets, (X;jB) of size n
and (X;jB) of size I, where n+n = N. The two sub-samples may come from di erent probability density
functions (P D F s) £,(X;jB) and f;(X;jB). Corresponding cumulative distribution functions (CD F s) are
Fn(XijB) and Fr(XijB).

If Fn(XijB) and Fx(X;jB) di er for a given parameter Xj, the parameter may drive bad behavior of
the model if its value falls within B subset. The shape of F;(X;jB) indicates, whether rather smaller or
higher values of X; drive the non-behavior. If the non-behavior CD F is to the left from behavior CD F,
it indicates that rather smaller values of X; are more likely to drive non-behavior. On the other hand, if
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the non-behavior CDF is to the right from the behavior CDF, it suggests that rather bigger values of X;
drive non-behavior.

In order to obtain also numerical results, a statistic that computes the greatest distance between
behavior and non-behavior CDFs is computed. More formally, the (so-called) Smirnov d statistic is
de ned as

dn;n(Xi) = supjiFn(XijB)  Frn(XijB)jj

The Smirnov d statistic has a domain [0; 1], where 0 means that the two (behavior and non-behavior)
CDFs perfectly overlap and 1 means that the two underlying subsets B and B have no common elements.
In other words, d = 1 means that one of the CDFs reaches unity before the other increases from zero.
This analysis doesn’t use data, so the results are just a matter of model relations (equations) and
parameter calibration, not the data itself. The results are therefore the same as in Ratto (2008a).

3 Mapping the t

3.1 Theory

Since DSGE models consist of a number of observed variables, which should t the data as well as
possible, mapping the t may be a useful tool to learn about the linkages that drive the t of trajectories
of particular variables to data. Information provided by the results of mapping the t can be used to
unveil possible trade-o s and maybe also amend model structure or calibrate parameters properly in
order to increase the t of variables of interest.

The procedure is carried out as follows:

1. Structural parameters are sampled from posterior distribution,

. RMSE? of 1-step-ahead prediction is computed for each of observed series,

3. 10 % of lowest RMSE is de ned as behavioral and B is de ned as a subset of parameter values
producing these behavioral results and

4. the calculations results in a number of distributions f; (X;jB) that represent the contribution of
parameter X; to best possible t of j-th observed series.

N

Plotting the distributions (or better the CDFs) is one step further to trace possible trade-o s. A
trade-o is present, when at least two distributions di er from posterior distribution (denoted in Figures
as base) and di er from each other.

3.2 Results for LS model

Ratto (2008a, p. 126) lists these parameters as the ones bearing biggest trade-0 s: 1; 3; r; ;K ¢ y .
This subsection compares and contrasts results obtained by Ratto and by this paper.

In Ratto (2008a), parameters 1 and 3 both represent similar trade-o s, albeit a bit smaller in
volume in case of parameter 3. B oth parameters should be rather smaller in order to t in ation
and rather larger in order to t the change in nominal exchange rate e. Realization of the LS model
on Czech data looks similarly { see gure 1, panel one and three. 1 and 3 should be smaller in order
to tin ation optimally and larger in order to t the change in nominal exchange rate, as in Ratto’s
realization on Canadian data. The magnitude of these trade-o s is however visibly smaller. Also, larger
value of 3 than its posterior distribution supports a better t of output and interest rate.

Indications of trade-o s associated with parameter g are similar in Canadian and Czech realization of
the LS model. B oth realizations suggest that g should be lower in order to tin ation better and higher
in order to t interest rate and the change in nominal exchange rate better. H owever, the magnitude is
di erent. A deviation of the parameter from its posterior distribution is higher in the Czech model in
case of interest rate and the change in nominal exchange rate: see Fig. 1, panel 4.

Parameter  tsall variables rather well in both country realizations. Deviations are small and di erent
in the two countries.

Parameter k is much more interesting. Ratto (2008a) states that all observed series have a preference
for a larger value of k. The Czech model displays no preference for bigger k from all variables. Interest
rate and the change in nominal exchange rate prefer lower k then posterior distribution. For details see
Fig. 2, panel 2.

2 root mean square error
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Fig. 1. Cumulative posterior distributions (base) and the distributions of the Itered samples corresponding to
the best t for each singular observed series. Grey vertical lines denote posterior mode. (1 of 2)

Parameter g has also interesting trade-o s. g alone would imply a given value of the parameter
approximately 0.5, which is almost at posterior mode. Other variables t data rather well with 4 at
posterior distribution in both country realizations.

N o other parameter causes major con icts between t of the variables and that holds for both Canadian
and Czech data realization.

4 High dimensional model representation / Reduced form mapping

4.1 Theory

Due to the lack of space, the reader is referred e.g. to Ratto (2008a) for theoretical background.® Il e
shall only de ne the most important measures here.

The rst order sensitivity index can be de ned as S; = V;=V, which is a scalar measure that shows the
relative importance of structural parameter X; on the variance of Y (V being the symbol for variance).
A reduced form of a DSGE model can be written as y; = Ty: 1 + Bu and generic output Y can be the
entries of matrices T or B. These generic outputs Y are also called reduced form coe cients.

4.2 Results for LS model

According to the left panel of Fig. 3, the most in uential parameters are 1; r;k and . The least
in uential parameters seem to be ,;rr and . Parameter i has highest median, but upper quartile
and upper whisker isn’t much higher. Such characteristics could mean that ; is important for many
reduced form coe cients, but is rarely very important. Parameter g has highest upper quartile and
upper whisker, but it has lower median than 1. This backward-looking parameter of the monetary rule
is therefore quite important for many reduced form coe cients and very important for some, too. On
the other hand, lower median would suggest that the number of reduced form coe cients for which is g
important is lower than in the case of ;. Parameters k and are even less important than the two just
discussed. Both have lower values of median and upper quartile. U pper whisker is somewhat lower, too.
Both parameters , and rr have all sensitivity indices virtually zero, which should suggest that these
parameters are unimportant for all possible reduced form coe cients. Boxplots of ; 4, aA; y and
represent rather peculiar results. All of these parameters have median and upper quartile virtually zero,
but have some high outliers. Such results mean that these parameters are unimportant for most reduced

3 For primary literature, see e.g. Li et al. (2002 and 2006) and Sobol’ (1993).
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Fig. 2. Cumulative posterior distributions (base) and the distributions of the Itered samples corresponding to
the best t for each singular observed series. Grey vertical lines denote posterior mode. (2 of 2)
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Fig.3. Left panel: B oxplots of sensitivity indices. (All endogenous variables vs. all exogenous and all lagged
endogenous with log( Y) transformation). Right panel: Elementary e ects computed as a screening procedure
with Morris sampling.

form coe cients, but have important (in case of ) or very important (in case of the remaining four
parameters) in uence on some reduced form parameters.

Right panel of Fig. 3 shows similar results, but computed as a screening procedure with the so-called
Morris sampling.* This screening can be computed as a preliminary check of importance of parameters. Its
main advantage is that it takes about 200 times less time to compute in comparison with the full results
(left panel of Fig. 3). Its understandable drawback is that the results are only approximate. The patterns
(most in uential parameters, nonin uential parameters) are similar in both panels, but the actual values
of sensitivity indices/elementary e ects di er. These details are not discussed here due to the lack of
space.

Conclusion

Global sensitivity analysis helps to better understand linkages that drive the behavior of a DSGE model.
Various individual tools of GSA are used to illuminate dependencies in separate parts of DSGE models
and together form a uni ed picture. This paper presented mainly Mapping the t, which helps to detect
trade-o s among parameter values in order to attain the best possible t of an observable variable.
Less space is devoted to the distribution of sensitivity indices, which can be used as a measure of the
importance of individual parameters.

4 See Morris (1991).
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Abstract. The goal of this paper is to analyze the impact of inflation targeting on disinflation process from
the empirical point of view. The panel data methods are applied to estimate the modified Phillips curve,
which describes the evolution of the inflation. The case of the transition economies is treated separately from
devel oped market economies.

In transition economies, there was often problem with high inflation, so the main purpose of the inflation
targeting in these countries was to get inflation under control. However, in developed market economies the
inflation has been gable in the last 10 years, so the inflation in these economies is modelled slightly
differently from the case of transition economies.

It is stressed the importance of correct economic interpretation of the results from the regression. In the case
of transition economies, it may look like from the first point of view that the inflation targeting strategy is
enormously effective way how to get control over the inflation, but more detailed examination shows that it is
not true due to the above mentioned differences between the two groups of countries. In the case of devel oped
market economies, the results from the regression are biased to the other side. From the first point of view, it
looks like the inflation targeting strategy gives the same results as other monetary regimes. But in the analogy
to the first case of the transition economies, it is then shown that the results are more complicated to interpret.

Keywords. Inflation targeting, panel data

1. Introduction

The goal of the paper isto evaluate the effectiveness of the inflation targeting policy in transition economies.
To do this, pand data approach will be used. The data set comprises of eight trangtive countries. For each unit
(country) ten observations are available from 1998 to 2007, s0 the data are balanced. Because the selection of the
unitsto the data set isnot random, the fixed effect mode isused.

The structure of the paper is as follows. The basic model based on the Phillips curve is formulated in the 2.
chapter. In the next chapter the method of the parameter estimation is briefly described. In the 4. chapter the
results areinterpreted. Thefinal 5. chapter concludes.

2. Formulation of the Model

The mode is based on the Phillips curve, which relates unemployment (or product) with inflation. This basic
Phillips curve is modified here to encompass the following additiona variables:

time,
dummy variable for assessing inflation targeting effectiveness,
dummy variable for individud effects.

The econometric modd isformulated as follows

t Cl, U, .. (0.1)

it i

where , isinflationinthecountry i attimet,

. isindividual effect in the country i,
{ istime,
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Cl,, is dummy binary variable with value 1 meaning that in the country i at time t the inflation

targeting policy is applied,

U,, istherate of unemployment in the country i attimet,
; israndom error inthe country i attime t.

All the transition economies in the central and eastern Europe had after transition problems with high
inflation, which was caused by the price deformations in central planned economies. The goal of all these
countries was therefore this high inflation gradually decrease so the expected sign for the parameter is
negative.

According to economic theory analysing relation between unemployment and inflation we will assume that
the parameter  will be negative. Bud primarily, we will be interested in the sign of the coefficient , because

this coefficient measures the effectiveness of the inflation targeting policy. The negative sign of this coefficient
means that the inflation targeting strategy works better to lower inflation.

It isimportant to stress at this point that the panel data structure has the advantage that it can describe the
dynamics. In other words, the cross-section data can say only if inflation targeting countries has at a certain point
in time lower inflation than other countries. But with pand data, we also have the information whether or not the
lower inflation at these countries is correlated with the time of introducing the inflation targeting regime.

The variable time describe the effort of the inflation targeting countries to achieve convergence criteria. The
variable unemployment model the transmission channel between economic activity and inflation and

comprises all the other things that cannot be modelled explicitly. The variable c1 mode the influence of the
implementation of the inflation targeting regime.

3. Data

The data set comprises of eight countries, which are the Czech Republic, Estonia, Hungary, Latvia,
Lithuania, Poland, Slovakia and Slovenia. For each country ten observations are available from 1998 to 2007, so
the data are bal anced.

The source of the data on inflation and unemployment was Eurostat. Which countries target inflation and the
year of implementation was found in internet. The inflation targeting countries are the Czech Republic (from
1997), Hungary (from 2001), Poland (from 1998) and Slovakia (from 2005).

The main reason for the data to begin in 1998 is the fact that most transitive economies had very high
inflation in the first half of the nineties caused by the transition and so the development of these countries in
these years was determined by other factors than those used in this paper. The other reason is that data on the
unemployment was not available before this year.

The data on inflation and unemployment are for completeness summarized in the following tables.

Inflation Czech Republic| Estonia| Hungary| Latvia| Lithuania| Poland| Slovakia| Slovenia
1998 9,7 8,8 14,2 43 54 11,8 6,7 7,9
1999 18 31 10 2,1 15 7,2 104 6,1
2000 39 39 10 2,6 11 10,1 12,2 8,9
2001 45 5,6 9,1 25 1,6 53 72 8,6
2002 14 36 52 2 03 1,9 35 75
2003 -0,1 14 47 2,9 -1,1 0,7 84 57
2004 2,6 3 6,8 6,2 12 3,6 75 3,7
2005 1,6 4,1 35 6,9 2,7 2,2 2,8 25
2006 2,1 4,4 4 6,6 3,8 13 4.3 25
2007 3 6,7 7,9 10,1 5,8 2,6 19 3,8

Table 1: Inflation
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Unemployment | Czech Republic| Estonia| Hungary| Latvia | Lithuania| Poland | Slovakia| Slovenia
1998 6,4 9,2 8,4 14,3 13,2 10,2 12,6 74
1999 8,6 11,3 6,9 14 13,7 13,4 16,4 7.3
2000 8,7 12,8 6,4 13,7 16,4 16,2 18,8 6,7
2001 8 12,4 57 12,9 16,5 18,3 19,3 6,2
2002 7.3 10,3 58 12,2 135 20 18,7 6,3
2003 7,8 10 59 10,5 12,5 19,7 17,6 6,7
2004 8.3 9,7 6,1 10,4 11,4 19 18,2 6,3
2005 7.9 79 7.2 8,9 8,3 178 16,3 6,5
2006 7.2 59 75 6,8 5,6 13,9 134 6
2007 53 4,7 74 6 43 9,6 11,1 49

Table 2: Unemployment

4. Parameter estimation

The parameters of this modd will be estimated by the Least Squares Dummy Variable method (LSDV),
which isin fact gpplication of the least squares to theregression

D X : (0.2)
where
1 O 0 1 C|1,1 U,
1 0 .. 0 10 Cl,y Upy
01 .. 0 1 Cl,, Uy,
1
D 1 1 X 1
0O 1 .. O 10 CIz,lo U2,10
- 8
0O 0 .. 1 1 Clg; U,
0 0 .. 1 10 Clypy Uy

However, practicaly all econometric software has procedures for parameter estimation of the pand data
modds. For example, with software PcGive it can be done as follows. In Package the item Panel Data Models
will firstly be activated. Then in the Model the Static Panel Methods will activate the window in which the
model can be formulated. In the next seps, the method called LSDV will be chosen.
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5. Results

The software PcGive was used to obtain the results which are as follows®

DPD( 1) Modelling pi by LSDV

Coefficient | Std.Error |t-value t-prob
t -0.496213 0.1325 -3.75 0.000
Cl -4.07800 0.8082 -5.05 0.000
U -0.583041 0.1428 -4.08 0.000
10 14.2591 1.318 10.8 0.000
11 12.6814 1671 7.59 0.000
12 17.0476 1.190 14.3 0.000
13 13.7451 1.874 7.33 0.000
14 11.6875 1.950 5.99 0.000
15 20.6950 2.467 8.39 0.000
16 19.9112 2.542 7.83 0.000
17 12.1981 1.297 9.40 0.000
Sigma 2.138193 sigma2 4571871
R"2 0.6135782
RSS 315.45906972 TSS 816.3595
no. of observations 80 no. of parameters 11

Before we interpret the results, the test whether or not it was correct to use the fixed effect mode rather than
pooled OLS regression will be performed. The application of the OLS regresson to the modd

" t Cl, U, . givescoefficient of determination RS,  0.178067 and so

R2» RZ,  0.613678 0.178067

n 1 8 1
F IR 1 oeisis
nT n Kk 80 8 3

The 95% quantile of the Fisher distribution? F 7,77 is 2.1 and therefore the null hypotheses saying that
therearenoindividual effectsisrefused.

The statistical interpretation of the above results is straightforward. The t-tests say that all the parametersin
theregression are statistically significant even in the 1% level of significance.

The economic interpretation is also straightforward. The estimated coefficient before the variable time (t)
and unemployment (U ) has the expected signs. The important however is that the estimated parameter before

the variable CI is negative which means that the inflation targeting regime is more effective than the other ones.
On the other hand, the absolute value of this coefficient is too high to believe that the result are not somehow
distorted, because it says that the implementation of the inflation targeting regime lowered inflation more than
4% per year.

Let slook at the above formulated model in more details. It was aready said that the pand data model can
describe dynamics. In other words, with panel data structure it is possible to say whether decline of the inflation
in the inflation targeting countries came at the same time as the implementation of the inflation targeting regime.
If this is true than it seems that the inflation targeting policy is more effective than other palicies. But this

1 A shortcut DPD indicates that panel data package was used to estimate the parameter.
*The Fisher distribution is a probability distribution well known from statistics.
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argument is not correct as it is highly possible that countries which finaly decided to implement inflation
targeting had bigger problems with inflation after transition than other countries. However, in these countries it
is possible to expect more dramatic decline in inflation after realization of big problems with it. And so this
dramatic decline of inflation would probably happen even if the inflation targeting regime was not implemented.

The outlined hypothesis is supported by the data. The Hungary (targeting inflation from 2001) and Slovakia
(targeting inflation from 2005) had from 1998 to 2005 almost highest inflation from the selected countries. The
same applies for Poland (targeting inflation from 1998) from 1998 to 2001. The Czech Republic in 1998 (which
is also the year of the implementation of the inflation targeting) had after Hungary and Poland the highest
inflation.

Let stherefore look at the individual effects of the inflation targeting countries

Czech Republic (from 1997) 14.2,

Hungary (from 2001) 17.0,
Poland (from 1998) 20.7,
Slovakia (from 2005) 19.9,

and at theindividual effects of the other countries

Estonia 12.7,
Latvia 13.0,
Lithuania 11.7,
Slovenia 12.2.

The main difference is straightforward. Individual effects in the inflation targeting countries are much higher
than in the other countries. The question is how to interpret this result correctly. Assume that the estimated
individual effects are good estimates of the true parameters in the Czech Republic, Hungary, Poland and
Slovakia and let s ask a question what the inflation in these countries would be if they didn t implement the
inflation targeting regime and had approximately same level of the unemployment. The answer is
straightforward  they would have higher inflation. This is in line with the aready mentioned argument (the
inflation targeting countries implemented inflation targeting regime because they had bigger problems with

inflation) explaining high (in the absolute value) estimated coefficient before variable C1 .

So we can conclude that higher inflation in the Czech Republic, Hungary, Poland and Sovakia caused high

estimated individua effects as well as high (in the absolute value) estimated coefficient before variable Cl .
The panel data regression therefore correctly recognized the fact that the inflation targeting countries had bigger
problems with inflation, but was unable to detect the fact that these countries would have lowered their inflation
even without implementation of the inflation targeting regime. The consequenceis that the estimated coefficients

before variable Cl are overestimated and therefore the same applies even for the estimated individual effects.

6. Conclusion

The pand data regression was distorted by the fact that the inflation targeting regime was implemented
primarily in countries with bigger problem with inflation. So it is necessary to interpret the results from the
regression with caution and it would be nonsense to say that the implementation of the inflation targeting regime
will lower inflation more than 4%, which was the very first interpretation of the obtained results.

With regard to the evaluation of the effectiveness of the inflation targeting regime in the transition
economies, it can be said only that this regime was successful in lowering high inflation, which was the
conseguence of the transition. However, it is always necessary to bear in mind that this result can never be
interpreted as a causality, but only as a correlation.
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Abstract. The study reviews major groups of methods of quantitative economic analysis that can be applied
to efficiency measurement in health care services. Four major groups of methods that are discussed in this
study are ratio analysis, data envelopment analysis, econometric modelling, and survivor anaysis. Each
method has its advantages and disadvantages. It is important for an anadyst being aware of these advantages
and disadvantages and combine methods by taking into account their limits. In my view, from four groups of
method, the usefulness of survivor analysis may be questioned. The method is based on strong economic
assumptions about the power of market and is not universal regarding type of efficiency analysis. It should be
noted that efficiency or inefficiency in the health care sector does not depend only on managerial abilities of
health care managers, but also on regulation environment and payment systems.

Keywords. Efficiency, Ratio Analysis, Data Envelopment Analysis, Econometrics, Survivor Analysis, Health
Care.

1. Introduction

Efficiency measurement in health care is both theoretical and practical problem. Health careis an application
field with specific context and characteristics, for example final output (health improvement) ishard to measure;
the causality between input and output is not always certain; apart from the efficiency of the system, the equity
and moral principles have to be taken into account; and there is a high variation in demand for services[8].

The objective of this study is to explore how the different methods of quantitative economic anaysis can be
successfully applied to efficiency measurement and evaluation in health care services. | will distinguish four
major groups of methods: ratio analysis, data envelopment analysis, econometric modelling, and survivor
analysis. The brief description of all four methods follows in section two. Advantages and disadvantages of
different methods are discussed in section tree.

2. Methods

2.1. Ratio analysis

Ratio analysisis based on calculation of various ratios between one input and one output variable. Examples
from hedlth care are ratios such as the number of patients per physician, cost per day, cost per case, number of
beds per nurse, etc. Naturally, ratios cannot easily accommodate situations with multiple inputs and outputs [20].
In business practice, individual companies almost universally rely on simple output input ratiosin efficiency and
productivity evaluation. Instead of singleratio, a manager or analyst can work with the set of ratios in order to
obtain more comprehensive information on efficiency.

2.2. Data Envelopment Analysis

The data envelopment analysis (DEA) was developed by Charnes, Cooper and Rhodes [4] in 1978. DEA
definesthe relative technical efficiency of a production unit astheratio of itstotal weighted physical output toits
total weighted physical input. The method allows each production unit to determine its own weights of inputs
and outputs in order to maximize its efficiency score. For each production unit, DEA calculates the efficiency
score; determines the relative weights of inputs and outputs;, and identifies peers for each unit that is not
technically efficient. The peers of an inefficient production unit are efficient units with similar combinations of
inputs and outputs. The peers can serve as benchmarks, which show potential improvements that the inefficient
unit can attain. The formulation of the dual input-oriented DEA model in the matrix formis:
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minimize . (€' +€'s),

subject to X +5 = Xqg
Y s'=vy,
0,s" 0,s O,

where 4 istheefficiency score, isthe vector of variables, s', s are vectors of sack variables, x, and y, are
vectors of inputs and outputs of the evaluated unit, X is a matrix of m inputs and Y is a matrix of r outputs,
e€=(L1 ,1),and isinfinitesmal constant. The production unit qistechnicaly efficient if the optimal value
of variable *,is one and the values of all dack variables 5" and's ~ equal zero. According to the returns to
scale, the theory distinguishes four aternative DEA models: the constant-returns-to-scale model, the variable-
returnsto-scale model, the non-increasing-returns-to-scale-model, and the non-decreasing-returns-to-scale
model. These models differ in restrictions for the vector .

The literature reviews [14, 19] show that DEA and related methods are frequently used for efficiency
evaluation in health care. The studies [7, 9, 18] are examples of hospital efficiency evaluation from the Czech
Republic.

2.3. Econometric Modelling

An econometric model is formulated in the form of one or more stochastic equations. Econometric modelling
(regression anadysis) is a parametric method that requires to specify an input-output relationship. Regression
andysis alows existence of random noise, offers to estimate confidence intervals and offers more stable
accuracy of efficiency estimates because estimates are not dependent on a small subset of units [22]. The
shortcoming of regression approach isthat it concentrates on the estimation of average behaviour, not on the best
(frontier) practice. In economic theory, a production function is defined as a maximum output obtainable from
given resources, not as an average or usual level of output. To deal with this problem, the classica regression
andysis of production function was extended to the frontier analysis[1, 16, 17]. Let us assume that production
modd can be written as

y; f(x; ) TE,

wherey; is the scalar output of i-th production unit, x; is the vector of n inputs used by i-th unit, f(x;; ) isthe
production frontier, is the vector of unknown technology parameters to be estimated, and TE; is the output-
oriented technical efficiency of production unit i. The output-oriented technical efficiency TE; is defined as the
ratio of observed output y; to the maximum feasible output, which is determined by the production frontier
f(x;; ). We have

TE, i
f(x;; )

If the production unit is technically efficient, then technical efficiency TE=1; if the unit is not technically
efficient, then TEi<1. Thistype of the frontier model is called the determinigtic frontier analysis (DFA) because
the difference between the observed output y; and maximum feasible output f(x;; ) is explained by the technical
inefficiency. There isno stochastic term, which could represent random shocks in production. In comparison, the
stochastic frontier anadysis (SFA) assumes the existence of random shocks that affect efficiency of the
production process. The deterministic model is modified to a stochastic model as

y; f(x; ) expj} TE,

where f(x;; )exp{vi} isthe stochastic production frontier, which consists of two parts the deterministic part
f(x;; ) and the stochastic part exp{vi}, wherev; is the two-sided random component with the normal distribution
N(O, ). The output-oriented technical efficiency is given by theratio

TE, .
f(x;; )exp{v,}

Similarly as in the deterministic frontier model, the production unit is technically efficient if TE =1 and
inefficient if TE<1. Advocates of the stochastic frontier analysis argue that it is not possible to ignore random
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shocks as the determinigtic frontier analysis proposes, and therefore, the stochastic frontier analysis should be
preferred.

One of the possible estimation methods of deterministic frontier analysis is the Corrected Ordinary Least
Squares. This method estimates production frontier in two steps. In the firg step, the ordinary least squares
method is applied to obtain consistent and unbiased estimates of the dope parameters ; and consistent but
biased estimate of intercept . In the second step, theintercept is corrected by adding aresidual with maximal
value

oo maxiu)

The production unit with a maximum value of residual (% is from the definition efficient and lies on the
production frontier. Residuals of OL S regression are corrected by
u’

u.

i max{u;}.

The technical efficiency of the production unit is calculated by TE; = exp{-R}. The main advantage of the
method is its simplicity; the disadvantages are ignoring the stochagtic term and assuming that the efficient
production frontier is parallel to the OLS regression. SFA assumes that a difference between the observed and
the feasible output can be partitioned into two components, one representing technical inefficiency and one
representing effects of random shocks. If we assume the case of the Cobb-Douglas production function then we
can write the stochastic frontier analysis model as

k
Iny, In , (Inx; v, u
i1

where v; is the two-sided random component with the normal distribution N(0, ,?) and u; is the non-negative
technical efficiency component of error term with the non-negative half normal distribution N(O, .%). The error
components u; and v; are independent of each other, and of the regressors. The composed error term ; is defined
asVv; U. The composed error term is asymmetric since u; 0. The digtribution of u; is usually assumed to be
non-negative half normal, truncated normal, exponential or gamma [16]. Such restrictive assumption about the
distribution of u; isaweakness of SFA.

If a set of observations of the same production units over several time periods is available, econometric
methods of panel data analysis can be applied. The pand data contain more information than the cross-sectional
data because the panel data include atime dimension. The analysis of panel datais a special part of econometric
modelling that contains a variety of advanced econometric models [2]. Moreover, the panel data analysis can be
combined with methods of frontier analysis.

2.4. Survivor analysis

A survivor analysis is recommended by health economists as a simple alternative to estimating cost functions
[12, 13]. Theidea of the method is Sraightforward: those categories that grow relative to the rest of the industry
are assumed to have some advantage over the other ones. In the long-run, the distribution of providers should
tend toward an optimum, which is, by the analysis, identified as the category with the fastest growth. Categories
may be defined by the size of hospitd or of group practice (when estimating economies of scale), by the
specialty, by the type of ownership, by location, and so forth.

An advantage of classical, univariate survivor analysis is that the method includes both the factor to be
investigated and all other factors. The analysis thus includes factors that are hard to measure in econometric
studies of cost function. On the other hand, alimitation of the survivor analysisis that it is not able to isolate the
effects of those factors[10]. This limitation can be moderated by taking an explicit account of such factorsin an
expanded, multivariate survivor analysis. Thelinear version of the multivariate survivor analysis takes the form

§= ot Xt 22Xt + (Xt U,

where s isthe changein market share of group i, and Xy;, X2i, , Xk are the explanatory variables (factors). An
aternative is a binary growth model, but in this type of modd, theinformation islost in converting a continuous
variableinto a binary one.
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The univariate survivor analysis has one advantage over other methods. simplicity. But both the univariate
and multivariate survivor analyses, like the other methods of cost analysis, are not able to overcome the fact that
the governments, not the market forces play a significant role in the health sector. Changes in the structure of the
health care market may rather demonstrate planned governmental interventions than areal economic struggle of
providers for their survival [10]. However, the survivor analysis of governmental policy seems to be also an
interesting application.

3. Discussion

The economic theory distinguishes four types of efficiency: technical efficiency that is derived from
production function, cost efficiency, revenue efficiency, and profit efficiency (Table 1). Thetype of efficiency is
determined by the measurement of inputs and outputs. non-monetary (physical) or monetary units (Table 1).
Ratio analysis and econometric modelling may be applied to evaluation of all types of efficiency. Data
envelopment analysis was originally devel oped as a method of technical efficiency evaluation, but it isnow used
by researchers to measure also other types of efficiency. Survivor analysis was developed as a method of cost
efficiency evaluation. From this view, survivor analysisis not a universal method.

Table 1. Methods of Efficiency Analysis and its Typical Application by Type of Efficiency.

Type of Efficiency

Method 0

Te(_:h_nlcal Cost Efficiency Revenue Efficiency | Profit Efficiency

Efficiency
Ratio Analysis ++ ++ ++ ++
Econometric
modelling ++ ++ ++ ++
DEA ++ + + +
Survivor Analysis ++

The main advantages of ratio analysis are: it relatively is easy, no special mathematical skills are needed; and
it is frequently used in practice, so benchmarks are a disposal. The critique of ratio analysis is based on the
argument that ratio analysis, unlike DEA, is not found to be suitable for setting targets due to the fact that DEA
takes simultaneous account of all inputs and outputs in assessing efficiency while ratio analysis relates only one
input to one output at a time. However, the two methods can support each other if used jointly [21]. Sherman
[20] arguesthat ratio analysisis very useful in identifying which aspect of a hospital operation is out of line with
norm.

The main strengths of DEA are: the ability to deal with multiple inputs and outputs and the ability to identify
the real-world peers (benchmarks) for inefficient production units. The weakness of DEA is a deterministic
nature of method because it does not include an error term in the model, so there is a possibility of a
measurement error. Hypothesis testing is much less developed in comparison to econometric analysis, although
the statistical properties of DEA estimators can be established. The main advantage of econometric modelling
over DEA and related methods is a highly developed methodology of hypothesis testing. The selection of
explanatory variables and of functional form can be tested and serve as a feedback to a researcher. On the other
hand, it is more complicated to deal with multiple inputs and outputs in econometric anaysis than in non-
parametric methods. It is aso necessary to cope with many problems related to the estimation method and the
nature of data such as the multicollinearity, heteroscedasticity, etc. An analyst using DEA can avoid dealing with
such issues, but then a choice of modd and input and output variables is not based on sound arguments [8, 11].
A priori assumptions about returns to scale and convexity in DEA models can be avoided by using the Free
Disposable Hull mode!.

Stochastic frontier analysis is an econometric method that focuses on the best practice as DEA and moreover
it is able to incorporate random shocks in efficiency evaluation. In my view, the main disadvantage of the
method is that a priori assumptions about the digribution of efficiency have to be made (half-normal,
exponentia distributions). The use of more genera digributional forms has partially alleviated the problem
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(truncated normal, two-parameter gamma). This weakness can be also solved if panel data are available because
no assumptions about the distribution of efficiency have to be made in the panel-data moddl .

Bryce, Engberg and Wholey [3] empirically tested three methods of efficiency analysis. data envelopment
andysis, stochastic frontier anaysis, and the fixed-effects panel-data model. For this purpose, they analysed a
data set containing 585 health maintenance organizations operating from 1985 through 1994. All three methods
identified similar trends for the industry as a whole; however, the methods differed in assessing rel ative technica
efficiency of individua production unit. Thus, these techniques are limited for either benchmarking or setting
rates because the production units identified as technically efficient may be a consequence of model selection
rather than actual efficiency. Chilingerian and Sherman [5] suggest that methods of frontier analysis may be
helpful to understand the behaviour of the entire population of health care providers, and DEA might be used
when research focuses more on individual health care providers.

An advantage of univariate survivor anaysisisthat it includes both the factor to be investigated and all other
factors that are hard to measure in econometric studies of cost function. But Koutsoyiannis [15] argues that the
survivor analysis suffers from serious limitations because it assumes that the firms pursue the same objectives
(but hospitals are both private and public); the firms operate in similar environments so that they do not have
locationd or other advantages (e.g., public hospitas receive subsidies); prices of factors and technology are not
changing (e.g., prices of health technology grow rapidly); the firms operate in a very competitive market
structure, that is, there are no barriers to entry or collusive agreements, since under such conditions inefficient
(high-cost) firms would probably survive for long periods of time (hospitals are local monopoalies, the entry is
regulated). Another shortcoming of the survival analysis is that it is not able to explain cases where the size
disgtribution of firmsremains constant over time. If the share of the various plant sizes does not change over time,
this does not imply that al scales of plant are equally efficient. The survivor analysis indicates only the broad
shape of thelong-run cost curve, but it does not show the actual magnitude of economies of scale.

Although the application of methods of efficiency analysis in health care is not without its problems
(theoretical assumptions, practical interpretation of results), | believe that methods | have discussed are able to
help us with identifying best and worst practices. It is no surprise that each method has its advantages and
disadvantages. It is important for an analyst being aware of these advantages and disadvantages and combine
methods cleverly by taking into account their limits. In my view, from four groups of method, only the
usefulness of survivor analysis may be questioned. The method is based on strong economic assumptions about
the power of market and is not universal regarding the type of efficiency analysis.

Finally, the efficiency or inefficiency in the health care sector does not depend only on managerial abilities of
health care managers that can be evaluated by quantitative methods, but aso on regulation environment and
payment systems [6] that influence overall efficiency of hedth system as a whole. Additiona qualitative
information and observation from more than one period will strengthen the analysis and its findings.
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Abstract.  During the last years, an increasing interest in geometric programming (GP) can be
observed. Advances in numerical methods allow to solve large GPs and new areas of successful ap-
plications have emerged: besides of technical applications, there are also GPs for optimal production
planning, nance, etc. In real-life applications of GP, some of coe cients and/or exponents need not
be precisely known. Stochastic geometric programming can be used to deal with such situations. In
this paper, we shall indicate which of general stochastic programming techniques and under which
structural and distributional assumptions do not destroy the favorable structure of GPs. Both the
already recognized and new approaches will be presented in connection with formulation of the
optimization problem. The short note below should serve as an introduction to basic concepts and
references.

Keywords. Stochastic geometric programming, applications, statistical sensitivity analysis

1 Geometric programming

Geometric programs introduced by [4] are a special type of nonlinear programming problems in which
the objective function and/or some of constraints areposynomials

minimize go(t) subject to g () 1;k=1;:::;K; t 2 RM Q)
with
X ¥ X
() = G t = ui(t); k =0;::; K (2
2l j=1 21 i
We denoteQ the total number of monomials u;(t) = ¢ QJ-M:1 tja‘j in the formulation of geometric program

exponents a; are arbitrary real numbers and the coe cients ¢ are positive. Notice that simple box
inequality constraints can be written as inequalities for monomials.
The special structure of geometric program (1){(2) allows to derive a numerically tractabledual problem

Y ¥
maxv(; ):= (ci=i) ! - 3)
' i=1 k=1
subject to X
i=1 i 0i=1:15Q;
i2l o
X X
ai i=0;) =1,::5M, i Ky k=1;:15K
i=1 i21
The optimal solutionst of (1) and ;  of (3) are related as follows:
ui(t ) ui(t ) :
o= = fori 21
o) v( ;) °

i = Uit )fori2lg; k=111 K:
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Hence ;i 2 | is the proportional contribution of the i-th monomial to the value of posynomial g¢ at

k
the optimal solution t : Numerical solution of small size geometric programs based on solution of their
relatively simple duals exploits these duality relations.

The degree of di culty of a geometric programisdenedas = Q M 1 whereM denotes the rank
of the (Q; M) matrix A = (a; ): It refers to the dimensionality of the set of feasible solutions of the dual
program. For p = 0; i.e. forghe zero degree of di culty geometric programs, there is a unique solution
of the system ,, i =1; 21 aj i =0;j =1;:::;M: If this solution is nonnegative, then it is the
optimal solution of the dual problem and it is possible to get an explicit representation of the optimal
value function of (3) in terms of coe cients ¢;: Moreover, its logarithm is a linear function in coe cients

G:

Geometric programs (GP) can be reformulated as convex programming problems: Using the exponential
substitution z; =log t; 8j the posynomials (2) are transformed to

X X
he(z) = cexpf &zg k=0;::5;K: (4)
i2l j=1
An additional log transform of functions hy is frequently recommended.
The resulting transformed GP is then the convex program

minimize ho(z) subjectto he(z) 1;k=1;:::;K; z2 RM: (5)

See e.g. [2,4,16,17] for these and related results.

The early applications of geometric programming were connected mainly with mechanical engineering
but they include also economic and managerial problems, cf. [16], chemical equilibrium and nonlinear
network ow problems. In these areas, more sophisticated applications have been further developed and
extended to inventory control, production system optimization, computational nance etc. The presently
prevailing eld of applications seems to be in digital circuit design.

The recently observed growing interest in GP stems from the fact that various practical problems can
be reformulated as geometric programs and there are solution methods which solve even very large-scale
GPs e ciently and reliably. With a basic interior-point method which exploits sparsity of the generic
geometric program (1){(2) the reported e ciency is close to that of linear programming solvers. We refer
to [3] for an up-to-date survey of various applications and an extensive list of references and to [18] for
an interesting reformulation of an entropy optimization problem emanating from computational nance

to a dual of a tractable GP.

2 Stochastic geometric programming

In applications, some of coe cients ¢; and/or exponents a; need not be known precisely and their incom-
plete knowledge may be modeled as random. As in general stochastic programming problems one deals
with the distribution problem or focuses on decision problems. The question is which of stochastic pro-
gramming approaches and under which distributional assumptions do not destroy the favorable structure
of the (generalized) geometric programs.

The origins of stochasticgeometric programming (SGP) are connected with paper [1], where the exponents
a;j are deterministic and the coe cients ¢ are positive random variables. The main result of the paper
are numerically tractable bounds for the optimal value of (1); see also [13, 20] for their further elaboration
and application.

Construction of con dence bounds for the optimal value of a geometric program, deriving its moments or
probability distribution is a task belonging under distribution problem of stochastic geometric program-
ming. It was developed rst for zero degree of di culty geometric programs in connection with lognormal
distribution of coe cients ¢; and xed exponents a; : Then the logarithm of the optimal value function
in (3) is an ane linear function in log ¢; hence, for a lognormal distribution of ¢;; one gets lognormal
distribution of the optimal value. For extensions of these results to other probability distributions and to
problems with degree of diculty > 0 see e.g. [8,19].

Individual probabilistic constraints have been applied under assumption of deterministic exponents and
normally distributed, mostly uncorrelated coe cients ¢;; see e.g. [11, 17]. It means that the constraints
of (1)

X Yo
a ' L k=1:5K
2 j=1
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are replaced by
X v
P o t" 1g 1 "gk=1:5K
20 j=1
with prescribed tolerances"y: For independent normally distributed coe cients ¢ N (Eci; ?)8i these
constraints are equivalent to

v
X Yo ﬁ X ¥ o
Ec, '+ (@ ") 2ot Lk=10nK;
2=t 2 j=1

where ' (1 ") is quantile of the standard normal distribution N (0;1): Each constraint is then split
into two constraints that involve posynomials in t; 8 and a common additional slack variable.

Of course, the assumption of normally distributed costsg; is not in agreement with the required positivity
of coe cients in (1). For general probability distributions of coe cients ¢ [10] suggests to approximate
the probabilistic constraints by one-sided Chebyshev inequality. A similar approximation is used also in
[14] for optimization of stochastic activity networks with random durations characterized by mean values
and standard deviations of the posynomial form.

In various engineering and economic applications of GP random character of exponents can be observed as
well. Consider for example production functions of the Cobb-Douglas type used to describe requirements
or to formulate the objective function. In the simplest situation, the constraint on production is

cti*td? k (6)

where ty; t, are inputs. The common assumption that the coe cient C and exponentsa;; a, are given
constants is not quite realistic. Hence, one gets interested in sensitivity of results on small changes of these
\constants"; the classical sensitivity analysis, cf. [15, 16] is the rst step. It is not enough, however, when
the coe cients and exponents of posynomials are random, being e.g. di erentiable functions of statistical
estimates of true parameter values. In comparison with randomness present only in the coe cientg;; a
substantially higher level of di culty arises. In general, one can design simulation experiments to get an
idea about the probability distribution of the optimal value, to evaluate approximate con dence bounds
and moments of the optimal value, etc. However, such experiments are computationally expensive and
do not provide su cient information about the optimal solutions or their logarithms. In the sequel, we
shall review some other techniques.

A possibility which applies to SGP with random parameter, say ; only in the objective function and to
a discrete distribution of these parameters is to use d@racking model related with the goal programming;
cf. [6].

For random costs and exponents in the objective function and in constraints of (1), apenalization or
two-stage approachwas suggested in [12]. First of all, using an additional constraint and an additional
variable to; geometric program (1) can be rewritten to have a nonrandom linear objective function:

minfto @ty gt ) Lia(t ) Lk=1::5Kte>0t2RY g (7)
The constraints of (7) can be further split to
u; (t; )ii Li=1:5Q;k =0;:: ;K 8

with 3 > O; P ol ik = 1 interpreted as the proportional contribution of i-th monomial to the value of
k-th posynomial. P

The rst stage decisions aretg > 0;t 2 RM and i > 0;i 2 I 8k; and o, ik = 18k are the rst
stage constraints. After observing realizations of random coe cients and exponents, possible violation of
constraints (8) can be corrected for an additional cost. Logarithmic penalty function is suggested and the
case of multivariate discrete or normal distribution of parametersc;; a; is discussed.

For GP of the form (7) one may consider arobust reformulation
minft ¢ : tol ot u Latuw L;k=1::Ktpe>0;t2T;u2Ug
where U denotes a prespeci ed uncertainty set. Various possibilities how to approach such semiin nite

problems are discussed e.g. in [9].
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In [6, 7] a technique for construction ofcon dence boundsfor optimal value and optimal solution of SGP
has been proposed. It is based on sensitivity results for deterministic geometric programming [15] and
on stochastic sensitivity analysis [5]. The motivation comes from metal cutting problems where the tool
life a ects substantially the total machining costs. Due to nonhomogeneity of the machined and cutting
material variability of the tool life occurs even at xed machining conditions. It can be in uenced by a
careful choice of cutting conditions in accordance with the postulated technical relation: The tool life is a
monomial in cutting speed, feed and depth whose parameters can be obtained as statistical estimates of
the true values. Derivatives of the minimal total cost with respect to the parameters, regression analysis
and Delta theorem lead to an approximate con dence interval for the minimal machining costs, the tool
life, etc.

This technique can be evidently applied to decision problems involving estimated production, demand or
utility functions of the posynomial form such as the Cobb-Douglas production function in (6); see [16]
for instances of deterministic versions of such problems. Among others, the lower and upper bounds on
the system’s cost obtained in this way are an important information for the purpose of economic decision
making.

Acknowledgement. The research was partly supported by the project \Methods of modern mathemat-
ics and their applications" { MSM 002620839 and by the Grant Agency of the Czech Republic (grant
402/08/0107).
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Abstract. Auctions are important market mechanisms for the allocation of goods and services. An auction
provides a mechanism for negotiation between buyers and sellers. In forward auctions a single seller sdls
resources to multiple buyers. In a reverse auctions, a single buyer attempts to source resources from multiple
suppliers, asis common in procurement. Auctions with multiple buyers and sellers are called double auctions.
Auctions with multiple buyers and sellers are becoming increasing popular in €ectronic commerce. It is well
known that double auctions in which both sides submit demand or supply bids are much more efficient than
severa one-sided auctions combined. Attention is devoted to double combinatoria auctions. Combinatorial
auctions are those auctions in which bidders can place bids on combinations of items. The paper presents
model s and sol utions for double combinatoria auctions. Combinatorial double auctions can be transformed to
combinatoria single-sided auctions and solved by methods for these auctions.

Keywords. Combinatorial auctions, forward and reverse auctions, double auctions, iterative approach

1. Introduction

Auctions are important market mechanisms for the allocation of goods and services. Auction theory has
caught tremendous interest from both the economic side aswell as the Internet industry. Auctions have emerged
as a particularly interesting tool for negotiations. An auction provides a mechanism for negotiation between
buyers and sdllers. We consider so called combinatorial auctions where bidders can place bids on combinations
of items.

There is possible to formulate single-sided combinatorial auctions, forward auctions and reverse auctions.
In forward auctions a single sdller sells resources to multiple buyers. In reverse auctions, a single buyer attempts
to source resources from multiple suppliers, as is common in procurement. Auctions with multiple buyers and
sdlers, so called double auctions, are becoming increasing popular in e ectronic commerce. It iswell known that
double auctions in which both sides submit demand or supply bids are much more efficient than several one-
sided auctions combined. The aim of the paper isto propose models and solving approaches for double auctions

The paper presents amode for double auctions. Special cases of the double auction model are single-sided
auctions. The formulated combinatorial double auction can be transformed to a combinatorial single-sided
auction. The modd can be solved by methods for single-sided combinatoria auctions. We propose to use an
iterative approach for combinatorial auctions based on primal-dua agorithm.

2. Combinatorial auctions

Combinatorial auctions (see[1], [2]) are those auctions in which bidders can place bids on combinations of
items, so called bundles. The advantage of combinatorial auctionsis that the bidder can more fully express his
preferences. This is particular important when items are complements. The auction designer aso derives value
from combinatorial auctions. Allowing bidders more fully to express preferences often leads to improved
economic efficiency and greater auction revenues.

Most of the auctions studied in the literature are one-sided: either multiple buyers compete for commodities
sold by one sdller, or, multiple sellers compete for the right to sell to one buyer. The problem, called the winner
determination problem, has received considerable attention in the literature. The problem is formulated as: Given
aset of bidsin acombinatorial auction, find an allocation of items to bidders that maximizes the sdller’'s revenue.
It was introduced many important ideas, such as the mathematical programming formulation of the winner
determination problem, the connection between the winner determination problem and the set packing problem
aswell astheissue of complexity.
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Forward auction

Many types of combinatorial auctions can be formulated as mathematical programming problems. From
different types of combinatorial auctions we present a forward auction of indivisible items with one seller and
multiple buyers. Let us suppose that one seller S offersaset R of ritems, j=1,2, ,r,ton potential buyers By,

B,, ..., Bn (see Fig. 1).

Fig. 1. Forward auction

Items are available in single units. A bid made by buyer B;,i=1,2, , n,isdefined as

bi = {C, p|(C)},
where

C R, isacombination of items,
pi(C) isthe offered price by buyer B; for the combination of items C.

The objective is to maximize the revenue of the seller given the bids made by buyers. Congraints establish
that no singleitem is allocated to more than one buyer.

Bivalent variables are introduced for mode formulation:
xi(C) isabivalent variable specifying if the combinationC is assigned to buyer B; (xi(C) = 1).

The forward auction can be formulated as follows

n

pi(C) xi(C) max
subject to T
T x© 1§ R @
xli(lc)C R{0,1}, cC R i,i=L12 ,n

The objective function expresses the revenue. The constraints ensure that overlapping sets of items are
never assigned.

Reverse auction

We present a reverse auction of indivisible items with one buyer and several sdllers. Thistype of auction is
important for supplier seection problem. Let us suppose that m potential sdllers Sy, Sy, ..., Sy offer aset R of r
items,j=1,2, ,r,toonebuyer B (seeFig. 2).
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Fig. 2: Reverse auction

A bidmadeby seller S;, h=1,2, , m,isdefined as

bh = {C, Ch(C)}i
where
C R,isacombination of items,
ch(C), isthe offered price by sdller S, for the combination of items C.

The objective is to minimize the cost of the buyer given the bids made by sellers. Constraints establish that
the procurement provides at least set of all items.

Bivalent variables are introduced for model formulation:
yn(C) isabivalent variable specifying if the combinationC is bought from seller S, (yo(C) = 1).

The reverse auction can be formulated as follows

¢h(C) yn(C) min
h1l1 C R
subject to

m

wC 1, j R 2

yo(C) {0,1}, C R, hh=12 ,m

The objective function expresses the cost. The constraints ensure that the procurement provides at least set
of al items.

3. Double auctions

Auctions with multiple buyers and multiple sellers are becoming increasing popular in € ectronic commerce.
The numerous applications in eectronic commerce, including stock exchanges, business-to-business commerce,
bandwidth allocation, etc. have led to a great dedl of interest in double auctions. Double auctions are not so often
studied in the literature as single-sided auctions (see [6]).

For double auctions, the auctioneer isfaced with the task of matching up a subset of the buyers with a subset
of the sdlers. The profit of the auctioneer is the difference between the prices paid by the buyers and the prices
paid to the sdllers. The objective is to maximize the profit of the auctioneer given the bids made by sdllers and
buyers. Constraints establish the same conditions asin single-sided auctions.

We present a double auction problem of indivisible items with multiple sellers and multiple buyers. Let us

suppose that m potential sellers Sy, Sy, ..., Sy offer aset R of ritems, j =1, 2, , r, ton potential buyers By, B,
..., Bn (seeFig. 3).
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Fig. 3: Double auction

A bid made by sdller Sp, h=1,2, , m,isdefined ash, ={C, cy(C)},
abid made by buyer B;,i=1,2, ,n,isdefinedas b;={C, pi(C)},

where
C R, isacombination of items,
ch(C), isthe offered price by sdller S, for the combination of itemsC,
pi(C) isthe offered price by buyer B; for the combination of items C.

Bivalent variables are introduced for mode formulation:
xi(C) isabivalent variable specifying if the combinationC is assigned to buyer B; (xi(C) = 1),
yn(C) isabivalent variable specifying if the combination C is bought from seller S, (yn(C) = 1).

OO - aOwe  ma

subject to o T
T x©  wO. i R @3
Xli(lc)C R{0, 1}, Ch 1 T?,R i,i=1,2, ,n,

yo(C) {0,1}, C R, h,h=12 ,m

The objective function expresses the profit of the auctioneer. The constraints ensures for buyersto purchase
arequired item and that the item must be offered by sdllers.

Special case of double auction for one sdller is the forward auction and specia case of double auction for
one buyer is the reverse auction.

4. Solving of double auctions

The formulated combinatorial double auction can be transformed to a combinatorial single-sided auction.
Substituting yo(C) , h=1,2, , m,with1- x(C),i=n+1n+2, ,n+m, and substitutingc,(C) h=1,2, ,m,
with pi(C), i =n+1,n+2, ,n+m,weget amode of acombinatoria single-sided auction.

pi(C) xi(C) - pi(C) max
il C R inl CR
subject to
XI(C) ml J Rl (4)
il C R
x(C) {01}, C R, i,i=1,2 ,n+m.
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The model (4) can be solved by methods for single-sided combinatorial auctions. Complexity is a
fundamental question in combinatorial auction design. The algorithms proposed for solving combinatorial
auctions are exact algorithms and approximate ones. Many researchers consider iterative auctions as an
alternative.

One way of reducing some of the computational burden in solving the problem is to set up a fictitious
market that will determine an allocation and prices in a decentralized way. In the iterative approach, there are
multiple rounds of bidding and allocation and the problem is solved in an iterative and incremental way. Iterative
combinatorial auctions are attractive to bidders because they learn about their rivals valuations through the
bidding process, which could help them to adjust their own bids (see [4]). The key challenge in the iterative
combinatoria auctions design isto provide information feedback to the bidders after each iteration (see [5]).

We propose to use an iterative approach for combinatorial auctions (see [3]). The primal-dual approach is
used for solving. For the problem (4) we will formulate the LP relaxation and its dual. The scheme can be
outlined as follows:

1. Choose initial pricesfor sdlersand buyers.

2. Announce current prices and collect bids.

3. Computethe current dua solution by interpreting the prices as dud variables. Try to find afeasible
alocation, an integer primal solution that satisfies the stopping rule. If such solution isfound, stop and
use it asthe final allocation. Otherwise update prices and go back to 2.

5. Conclusions

The paper is devoted to modeling and solving double auctions. The numerous applications in eectronic
commerce have led to a great ded of interest in double auctions. Modeling and solving of combinatoria double
auctionsis a promising subject for research and for practical exploitations. The paper presents a model of double
auctions. The proposed combinatorial double auction gives us an opportunity to design modifications of the
auction. The formulated modd can be transformed to a combinatorial single-sided auction and solved by
methods for single-sided combinatorial auctions. We propose to use an iterative approach to solving
combinatoria double auctions. The primal-dua algorithm can be taken as a decentralized and dynamic method
to determine equilibrium.
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Abstract. The contribution is focused on adjustments of Data Envelopment Anaysis with theaim
to improve the production structure of agricultural enterprises on the basis of their production
capabilities and current market conditions. Two specific methods for evaluation of enterprises and
subsequent recommendations are discussed: Weighted Slack-Based Measures (WSBM) and
Generic Directional Distance Model (GDDM). A common feature of these methods is the
possibility to include weights and/or directional vectors in the recommended changes. In addition,
both models can be modified to allow for negative outputs that are often seen in practica
situations. Another goal of our work is to propose a specific procedure for weight determination in
each particular model; this is relevant as the same weight vector might lead to different
recommendations - and efficiency scores - in each modd. In the applications part, we examine
farming enterprises located in the Czech potato-growing region - the largest part of arable land in
the Czech Republic. An attractive feature of this choice is the homogeneity of the grain production
structure throughout this region.

Keywords. Efficiency, data enveopment anaysis, performance, dack-based measure of
efficiency, generic directiona distance model, standardization

1. Introduction

Recently many authors have devoted their work to the application of Data Envelopment Anaysis (DEA) in
agricultural context. See, for instance, Ahmad and Bravo-Ureta [1], Wilson, Hadley and Asby [2], IrAzoz,
Rapom and Zabaleta[3], Lansink and Reinhard [4], among others.

Data envelopment analysis (DEA) is instrumental to the technical efficiency evaluation of decision making
units (DMUs) based on the size of inputs and outputs. DEA is used to measure the relative efficiency of
comparable units. In particular, while these units use the same kind inputs to produce the same outputs, there
may be differencesin their performance. The number of units must not be too small, because many units seem to
be efficient with a small amount of unitsin the group and a big criterianumber.

One item of primary concern is the choice of evaluation criteria. Attention must be paid to the fact that the
criteria must not be correlated with performance units. DEA models give a set of recommendations in order to
improve the efficiency of non-efficient units, by either increasing outputs or decreasing outputs. However, in
agricultural context, some recommendations given by basic DEA models may be unredlistic for the following
reasons. smaller production units are preferred, but the classical DEA models do not take into account the unique
character of particular units. Therefore other (modified) DEA models are proposed for applications in
agriculture.

As groundwork, Weighted Slack-Based Measures of efficiency (WSBM) proposed by Tone [5] and Generic
Directional Distance Model (GDDM) proposed by Chambers [6] and [7] are used for evaluation of enterprises.
An advantage of these modified DEA methods is the possibility of affecting recommended changes by weights
or directiona vectors. Further, WSBM and GDDM can be improved by theinclusion of negative data[8], [10].

The production conditions and utilization of agricultura land in the Czech Republic are characterized by
farming areas and sub-areas depending on the climate and soil conditions. There are five production areas (maize
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growing region, sugar beet growing region, grain growing region, potato growing region and forage growing
region), and each of them isfurther split into sub areas (21 total).

This article is focused on the potato growing region because that area congtitutes the largest part of arable
land in the Czech Republic. The area is characterized by typical atitudes of 400-650 m above the sea leve, its
total cultivated land is 60-80% and the average dope is 5-12%. Another reason for this choice was the
homogeneity from the point of view of grain production structure.

2. Methodology

The above mentioned Weighted Slack-Based Measure of efficiency (WSBM) and Generic directional
distance model (GDDM) seemed very suitable.

2.1. Weighted Slack-Based Measure of Efficiency (WSBM) model

The WSBM can be applied to any situation with a priori defined weights of inputs and outputs. This model
was derived from the SBM model, see Tone [9] and was further improved see Tone and Tsutsui [10] in order to
permit negative data in the dataset.

In case VRS the WSBM modd considering weights of inputs and outputsis introduced as follows:

1

m
] 1 WioS; /XiO
min

X, X s,y Y s, os os o . 1, )

S
1 « 1Mok 7 Yeo

v R3[R

where W,, I, are weight for input i and output k of DMUj,. For a detailed description see Tone (2001).

2.2. Generic Directional Distance Model (GDDM)

The other possibility of influencing changes in the size of inputs and outputs is represented with the Generic
Directional Distance Model (GDDM).

This model was proposed by Chambers [6] and [7]. The main advantage of this model is the ability to project
inefficient units on the efficiency frontier with a selected direction. This feature is particularly attractive
applicable in our situation, because the model provides each unit with its own way to efficiency, respecting its
improvement potential. The GDDM is as follows:

For the set of unit j 12,..,n, with input levels X

o | 1,2,.., m and output levels

ykj,k 12,...,5 and unit O j which is to be assessed is the generic directiona distance model given as
follows:

n n n

. Vo o o0y, K 12..s, X Xio 0., 12,..,m, S
max |J1 Jykj yk gyk i1 M) gI i1 j , (2)

jr oo g %1 9 Yk 0
wherethevector g, g, represents possible changes of input (output).

The modd (2) isvalid in the case of variable returnsto scale (VRS). Target values of inputs (outputs) were
obtained as the product of X (Y) and . If negative data occurs among observed inputs (outputs), the last
constraint of model (2) would be violated.

GDDM was further modified by Portela et d. [8] in order to handle negative data for the Range Directional
Model (RDM+) and Inverse Range Directional Model (RDM-). These models substitute the vector of desired
changes with the vector of inputs and output ranges in the case of RDM+ and the vector of the inverted value of
the ranges in the case of RDM-. Both types of RDM use different ways to compute efficiency scores similarly to
radial efficiencies traditionally used in DEA (see Portelaet d. [8]).

Efficiency scores for the standardized model can be calculated as follows.
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The main advantage of this mode is the ability to project inefficient units on the efficiency frontier with the
selected direction and to obtain a most realistic recommendation. This feature is well applicable in our
application, because the model provides each unit with its own way to efficiency that respects its improvement
potential.

3. Data and application

We considered a group of 28 farms of similar characteristics (in the potato growing region). As inputs, we
took the ratio of land area designated for growing wheat, barley and the rape. As outputs, we took yield of the
afore-mentioned crops in tons per hectar (see Table 1).

Symbol Description
X1 ratio of soil for growing wheat
X2 ratio of soil for barley
X3 ratio of soil for rape
Vi yield per hectare of growing wheat [t]
Y2 yield per hectare barley [t]
Y3 yield per hectarerape[t]

Table 1: Description of inputs and outputs

The first step to successful use of the above-mentioned models is to determine the direction of the potentia
improvement described by vectors of weights for the WSBM and the directiona vector for the GDDM.

For the outputs represented by per-hectare yields, we adjust the weights according to the price level of crop
plants produced by particular farmer. Values of per hectare profits are proposed for the input weights. But
weights for inputs are established to the contrary to weights for outputs. Consequently for the outputs the biggest
emphasis is placed on the crop with the highest price. For the inputs the biggest emphasis is placed on the
reduction of the crop with the lowest per hectare profit. In the special case of negative profit of two particular
crops and one positive profit, the vector of potential improvement was set to (0.5; 0.5; 0). This situation occurred
for unit 3 and many other units, see Table 2. Likewise this adjustment ensures binding of inputs and outputs
which aretypical in agriculture.

Input data are presented in Table 2.

Inputs Outputs Inputs Outputs

X1 X2 X3 Y1 Y2 Y3 i X1 X2 X3 Y1 Y2 Y3

0.264 0.106 0.191 6.30 530 | 350 15 0.307 0.156 0086 | 756 | 629 | 421
0.235 0.237 0.150 5.29 411 2.49 16 0.341 0.377 0.000 5.87 4.49 0.00
0.461 0.259 0.278 5.39 3.82 3.04 17 0.338 0.307 0.131 571 4.13 3.04
0.300 0.216 0.138 3.89 381 | 276 18 0.315 0.241 0082 | 525 | 465 | 3.49
0.288 0.036 0.099 6.43 | 482 | 280 19 0.445 0.000 0131 | 494 | 000 | 454
0.257 0.225 0.067 7.07 6.74 3.76 20 0.254 0.045 0.179 4.40 2.98 2.36
0.303 0.356 0.058 581 | 472 | 324 21 0.370 0.075 0063 | 552 | 553 | 3.46
0.323 0.141 0.039 7.80 6.71 | 3.60 22 0.318 0.091 0140 | 653 | 527 | 3.70
0.330 0.128 0.111 6.39 515 | 3.26 23 0.288 0.216 0072 | 633 | 504 | 382
10 0.392 0.171 0.163 554 | 382 | 382 24 0.379 0.098 0183 | 579 | 563 | 364
11 0.353 0.231 0.076 533 | 465 | 289 25 0.343 0.077 0113 | 533 | 455 | 320
12 0.270 0.239 0.126 6.92 5.52 3.43 26 0.208 0.160 0.143 5.52 4,79 3.65
13 0.326 0.020 0.150 5.65 5.77 3.44 27 0.231 0.246 0.155 5.55 4.28 3.64
14 0.264 0.106 0.191 6.30 530 | 350 28 0.144 0.122 0058 | 391 | 500 | 371

Table 2: Inputs and outputs

OO(N[O|O[(W|N|FP[—
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Determination of weights for evaluation models

Inputs Outputs Inputs Outputs

i X1 X2 X3 Y1 Y2 Y3 i X1 X2 X3 Y1 Y2 Y3

1 0.367 0.372 0260 | 026 | 022 | 053 15 0.448 0.052 0500 | 026 | 021 | 053
2 0.478 0.457 0065 | 023 | 024 | 053 16 0.000 0.500 0500 | 022 | 032 | 047
3 0.500 0.500 0000 | 021 | 021 | 058 17 0.407 0.358 0235 | 052 | 048 | 0.00
4 0.500 0.500 0000 | 021 | 025 | 054 18 0.248 0.500 0252 | 024 | 025 | 051
5) 0.500 0.500 0000 | 024 | 020 | 0.56 19 0.500 0.500 0000 | 022 | 024 | 054
6 0.365 0.500 0135 | 026 | 025 | 049 20 0.428 0.275 0297 | 025 | 000 | 075
7 0.337 0.467 0195 | 024 | 027 | 048 21 0471 0.500 0029 | 021 | 029 | 050
8 0.442 0.417 0141 | 024 | 025 | 051 22 0.286 0.379 0335 | 022 | 020 | 058
9 0.490 0.500 0010 | 023 | 024 | 053 23 0.332 0.500 0168 | 026 | 023 | 051
10 0.500 0.500 0000 | 021 | 022]| 057 24 0.120 0.500 0380 | 025 | 024 | 051
11 0.014 0.500 0486 | 025 | 022 | 053 25 0.382 0.463 0155 | 022 | 025 | 054
12 0.500 0.500 0000 | 023 | 025]| 052 26 0.500 0.000 0500 | 024 | 020 | 056
13 0.194 0.306 0500 | 026 | 022 | 053 27 0.500 0.500 0000 | 022 | 026 | 052
14 0.367 0.372 0260 | 023 | 024 | 053 28 0.324 0.453 0223 | 021 | 021 | 058

Table 3: Weight (directional) vectors

4. Results

Results for WSBM and GDDM are depicted in Tables 4 and 5. Thereis clear that the particular model gives
different recommendation.

Inputs Outputs Inputs Outputs
i X1 X2 X3 Y1 Y2 Y3 i X1 X2 X3 Y1 Y2 Y3
0.261 0.103 0.088 6.30 565 | 350 16 0.210 0.183 0.057 | 577 | 561 | 321
0.193 0.169 0.050 5.30 505 | 282 17 0.276 0.134 0042 | 6.76 | 6.20 | 357
0.261 0.060 0.108 5.39 538 | 344 19 0.223 0.026 0091 | 441 | 398 | 238
0.165 0.081 0.066 389 | 436 | 303 21 0.300 0.067 0114 | 656 | 592 | 3.72
0.268 0.126 0.038 654 | 587 | 330 22 0.252 0.150 0053 | 6.37 | 632 | 390
9 0.275 0.072 0.095 6.39 543 | 337 23 0.359 0.033 0135 | 589 | 563 | 367
10 0.289 0.068 0.127 554 | 596 | 403 24 0.313 0.041 0101 | 534 | 456 | 325
11 0.324 0.185 0.031 7.38 6.24 | 2.89 25 0.206 0.160 0065 | 552 | 574 | 365
12 0.252 0.220 0.066 6.92 6.60 | 3.68 26 0.203 0.176 0062 | 555 | 588 | 3.70
14 0.304 0.156 0.083 7.56 699 | 421 28 0.149 0.129 0.046 | 407 | 435 | 277

Table 4: Results for WSBM model for inefficient units

~N[(BWIN(E

Inputs Outputs Inputs Outputs

i X1 X2 X3 Y1 Y2 Y3 i X1 X2 X3 Y1 Y2 Y3
0.264 0.094 0.096 6.30 593 | 392 16 0.210 0.178 0085 | 571 | 730 | 542
0.195 0.165 0.078 5.29 6.76 | 5.02 17 0.313 0.137 0038 | 756 | 650 | 349
0.311 0.019 0.143 5.39 550 | 328 19 0.254 0.016 0117 | 440 | 449 | 268
0.143 0.121 0.058 389 | 497 | 369 21 0.318 0.067 0112 | 728 | 6.00 | 3.70
0.227 0.144 0.058 5.81 623 | 412 22 0.243 0.168 0072 | 633 | 716 | 492
0.297 0.047 0.111 6.39 539 | 326 23 0.379 0.020 0164 | 619 | 563 | 398
10 0.355 0.026 0.163 6.20 6.37 | 382 24 0.323 0.031 0113 | 642 | 455 | 320
11 0.259 0.113 0.031 6.26 539 | 289 25 0.208 0.160 0073 | 552 | 6.67 | 478
12 0.255 0.216 0.103 6.92 885 | 657 26 0.204 0.173 0082 | 555 | 710 | 527
14 0.306 0.156 0.052 7.56 712 | 421 28 0.149 0.126 0060 | 405 | 518 | 384

Table 5: Results for GDDM model for inefficient units

OIN[P|WIN|F-

A comparison for two specific DMUs can be found in Table 6 and 7. Somewhat surprisingly neither model
respects the given improvement vector in the obtained recommendations. This situation can be explained the
following way: only eight units are efficient and many units are not and thus a significant part of units is not
covered by efficiency envelopment. For those units the requested reduction of inputs and extension of outputs
can not be fulfilled.

The efficiency scores for the both compared units are shown in tables 6 and 7. For the GDDM was computed
score by the formula (3). The ranking of the units according their efficiency is more describing than the
efficiency score. Rank of DMUs isnot very different for compared units 6 and 7 as well asfor the rest of units.

The changes proposed by GDDM for DMU 7 are obviously more considerabl e than the changes proposed by
WSBM. In gened we can say that the recommendation of the WSBM is more moderate than the
recommendation of the GDDM, the average percentage of the change is 20.6 % for WSBM (31.2%  input
changes, 10.0 % output changes) and 25.8 % for GDDM (29.2% input changes, 22.3 % output changes). For
these reasons, WSBM can be recommended if more moderate or balanced changes are needed.
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X1 X2 X3 Y1 Y2 Y3 eficiency rank
Weights/ vector components 0.337 0.467 0.195 0.24 0.27 0.48
WSBM 12% 65% 35% 12% 24% 2% 0.523 21
GDDM 25% 60% 1% 0% 32% 27% 0.404 21

Table 6: Comparison relative differences between models for unit 7

x1 x2 x3 yl y2 y3 eficiency rank
Weights/ vector components 0.500 0.000 0.500 0.24 0.20 0.56
WSBM 12% 28% 60% 0% 37% 2% 0.569 17
GDDM 12% 29% 47% 0% 66% 45% 0.464 19

Table 7: Comparison relative differences between models for unit 26

5. Conclusion

In this paper we tested two additive DEA models with the aim to find redistic recommendations for
agricultural enterprises where classical DEA models fail to respect the particular improvement which takes into
account existing results of farming and market conditions. As this projection on the efficiency frontier is
generally non-radial, we propose a new method to compute an efficient score too.
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Abstract. This paper deds with the application of parametric benchmarking method  Stochastic Frontier
Analysis (SFA) in measuring cost efficiency of Slovak banks. The Slovak banking environment has
significantly transformed as a result of various economic changes in recent years. Due to these extensive
changes banking sector becomes very competitive branch whereby increase the significance of its
performance evaluation and its financial conditions monitoring. The efficiency measuring and relative
efficiency comparison of banks are crucial questions for andysts as well as for economic policy creators.
Having applied Stochastic Frontier Analysis to an unbaanced pand of Slovak banks we focus on cost
efficiency estimation over period 2000 - 2007. In our analysis have been applied two versions of stochastic
frontier cost function models. The differences in estimated scores, parameters and ranking of banks are
compared across different panel data models.

Keywords. Stochastic Frontier Analysis, Cost Efficiency, Pand Data Modd s, Banking sector

1. Introduction

Since the beginning of the 1990s, environment of banking sectors in transtion countries of Central and
Eastern Europe has been significantly influenced by many different regulatory, technological and economic
changes. Also in Slovak banking sector has been realized large reorganization for purpose of creation of modern
banking system as one assumption of shipshape economy. Due to these extensive changes, the banking industry
has become very competitive industry and increases its performance evaluation and its financial conditions
monitoring. Over the last years large attention was dedicated to banking sector efficiency measuring especially
of transforming countries and its comparison with old EU member states banking sectors. The efficiency
measuring and relative efficiency comparison of banks are crucial questions for analysts as well as for economic
policy creators.

2. Methodology for analyzing banking efficiency

In banking efficiency analysis may be used financial ratios or parametric and nonparametric frontier
techniques. Historically, the financial ratios have been the standard technique of banking efficiency measuring
and examining of their performance. These traditional ratio measures are attractive because of simplicity of
understanding, but they fail to consider the multidimensional input and output process, and are unable to identify
the best performers in a group of units. These limitations have led to the development of more complex and
adequate toals for the units performance. These tools are based on benchmarking, that is, measuring aunit s
efficiency compared with areference performance (so-called efficient frontier). The frontier analyses are able to
identify the best performers and separate them from their inefficient counterparts. Inefficiency can results from
technological deficiencies or non-optimal allocation of resources into production. Both technica and alocative
inefficiencies are included in cost inefficiency, which is by definition, the deviation from minimum costs to
produce agiven level of output with given input prices. Some of benchmarking methods can aso identify the
sources of inefficiency. The efficient frontier (cost or production) is unknown and must be empirically estimated
from thereal data set by parametric and nonparametric techniques.

Generally, there are two families of methods based on efficient frontier:
Non-parametric methods, like Data Envelopment Analysis (DEA) or Free Disposal Hull (FDH). These
methods originate from operations research and use linear programming to calculate an efficient

determinigtic frontier againgt which units are compared. Detail presentation of DEA and FDH models
we can find in [6] and [5].
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Parametric methods, like Stochastic Frontier Analysis (SFA), Thick Frontier approach (TFA) and
Distribution Free Approach (DFA). Econometric theory is used to estimate pre-specified functional
form and inefficiency is modeled as an additiona stochastic term. Detail presentation of these models
we can find in [13] and [5].

There are many studies dealing with bank efficiency estimation based on efficient frontier however most of
them use nonparametric methods especially models of DEA. Because DEA nor other nonparametric approach
methods do not enable the separation of the inefficiency effect from the statistical noise we decided to exploit
only parametric method, namely SFA and only panel data models will be used due to the fact that they provide
information on the same units over several periodsthat is not possible with cross section data.

3. Stochastic Frontier Analysis parametric benchmarking technique

A frontier cost function defines minimum costs with given output level, input prices and the existing
production technology. It is unlikely that al units will operate at the frontier. Failure to attain the cost frontier
implies the exisence of technical and alocative inefficiency. Different approaches can be used to estimate
afrontier cost function with panel data. The main goal of this paper is to compare different models of SFA with
respect to the estimated cost function parameters, estimated efficiency scores and ranking of observed units. In
SFA models is used econometric theory to estimate pre-specified functional form and inefficiency is modeled as
an additiona stochastic term.

The stochastic frontier cost function (single Cobb-Douglas form) for panel data can be formulated as.
InC, , ,Iny, SJnw v, I L2..,Nad t 12..T (D

I
n

where

Ci; are observed total costs of thei-th unit in year t,

Vit isavector of outputs of thei-th uni in year t,

W isan input price vector of thei-th unit in year t,

U; are non negative time-invariant random variables assumed to be half normal distributed
(u~iid N0, ),

vi; are random variables which are assumed to be normally distributed (vi; ~ iid N(O, 3)).

In this specification the error term is composed of two uncorrelated parts. The first part u; is capturing the effect
of inefficiency (including both allocative and technical inefficiencies) and the second part v, is reflecting effect
of statistical noise. This random effect model can be estimated using Maximum Likdihood Estimation (MLE)
method or Method of Moments. The next sep is to obtain estimates of the cost efficiency of each unit. The

problem is to extract the information that contains on U; (we have estimates of ; U Vi, which

obvioudy contain information onUy, ). A solution to the problem is obtained from the conditional distribution of

U, given ;, which contains whatever information , contains concerningU; . This procedure is known as

JLMS decomposition (for more details see [11]). For separation the inefficiency effect from the statistical noise
can be also used an alternative minimum squared error predictor estimator (for more details see [13]). Once the

point estimates of U, are obtained, estimates of the cost efficiency of each unit can be obtained by substituting

them into equation (2). If the cost frontier is specified as being stochastic, the appropriate measure of cost
efficiency becomes:

cE VWi )explv}
C,

which defines cost efficiency as the ratio of minimum cost attainable in an environment characterized by

exp{V,} to observed expenditures. The main advantage of the stochastic cost frontier approach is the

separation of the inefficiency effect from the statistical noise.

exp U i 1..N t 1..T @)

Another random effect model was proposed by Schmidt and Sickles [13] to overcome the problem of
specifying a particular distribution for theinefficiency by rewriting equation (1):

InC, , ,Iny, SJdnwgove I 12..,Nadt 12..T (©)
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where . U and isan intercept. Now, the Generalized Least Squares (GLS) method can be used. The

I
estimate of inefficiency component is defined as the distance from the firm specific intercept to the minimal
intercept in the sample:
u . min . 4)

Subsequently the estimates of the cost efficiency of each unit can be obtained by substituting (4) into equation
).

There are no required assumptions about distribution for inefficiency in this model. The remaining restrictive
assumption isthat two random components must not be correlated with each of the explanatory variables.

Till now we maintained the assumption that cost efficiency is constant through the time. This assumption is
astrong one, particularly if the operating environment is competitive, it is hard to accept the notation that the
cost efficiency remains constant through many time periods. The longer the pand, the more desirable it is to
relax this assumption.

If we allow efficiency changes in time, inefficiency component will consist of two parts, hamely cross-
section component (u;) and time component ( ¢):

U, U . i 1L.,N t 1..T (5)
The timeinvariant cost efficiency model given by equation (1) we reformulate as follows:
InC, o ,Iny, Jnweove g i L.,N t 1..T (6)

n
where , isthe cost frontier intercept common to all unitsin period t and all other variables are as previousy

defined. There are proposed various approaches to estimated time  varying cost frontier model given by
equation (6).

Battese and Codlli [5], [13] presented a model where they model the inefficiency component in (6) according

to:

Up  Zy Wi (7)
where

Vie=iidN(O,  2),

Ziy isavector of variables which may influence the efficiency of unit,
U;; are non-negative random variables which are assumed to account for cost inefficiency and are assumed to be

independently distributed as truncations at zero of theN"( Z,,, J2) distribution,

isavector of unknowns parameters to be estimated,
w; is random variable defined by the truncation of the normal distribution with zero mean and constant variance

W~ N©O, 2),sincel, O, thetruncationpointis Z;,.
In this model the observable environmentd variables are to allow directly influence the stochastic component of

the cost function. The likelihood function of this moddl is a generalization of the likelihood function for the
conventional model (for more details see [5]).

4. Model specification and Data

The above-mentioned models have been applied to an unbalanced panel of 9 (Tatra banka, a.s., V eobecn/
overov/Ebanka, a.s., Slovensk/Esporite a, as, Dexia banka Slovensko, a.s, OTP banka Sovensko, as,
Istrobanka, as., Po tovAbanka, a.s., Unibanka, a.s., udovAbanka, a.s) Slovak banks over a period from 2000 to
2007. In order to create homogeneous data set in term of production technologies, we consider only with
commercial banks, our data set does not contain specialized banks. The sample includes 66 observations. All
data are based on information from the annual reports of the banks.

The firg part of analysis was based on the assumption of time invariant cost efficiency. We applied SFA

panel data model with time invariant cost efficiency assumption (REM  GLS) and the analysis was based on the
estimation of the modd given by equation (8).
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In order to estimate the model with time varying cost efficiency (REM ML) was formulated model given by
equation (9):

P, P
In E 0 Lln —- K In —% u anit Vln\/it TT Vit uit
Foit Foit it
i L.,N t 1..T 9)

where C represents total costs, Pk, P, Pr are the prices of capital, labor and funds respectively. Three inputs
(physical capital, labor, funds) are used to produce two outputs total loans U and total deposits V and both
modelsinclude additional variablesZ equity capital and T  trend. Vit isreflecting effect of statistical noise and
u; or Uy are random variables described in equations (4) and (7). The dependent variable, total costs (C) is the
sum of total expenses, price of capita (Px) was constructed as the depreciation over fixed assets, price of labor
(PL) was defined astheratio of personnel expenses over total assets, price of funds (Pg) was defined as the ratio
of interest expenses over the sum of deposits. Equity capital (Z) isthe amount of bank equity that reflectsthe size
of banking operations. The condition of linear homogeneity in input prices was imposed by dividing total costs
and input prices by the price of funds. The traditional Cobb-Douglas cost function has been considered in both
moddls.

In the case of REM GL S model we used Generalized Least Squares method for estimation eguation given by
(8) and there are no required assumptions about distribution for inefficiency component in thismodel. In the case
of REM MLE modéd, the cost function in (9) has been estimated by Maximum Likelihood Estimation method
and u;; are non-negative random variables which are assumed to account for cost inefficiency and are assumed to

be independently distributed as truncations at zero of the N°( Z, , ) distribution. Having excluded variable
Zfrom the deterministic core of the cost frontier and its including to the inefficiency component
(U, o 14y W,) wetried to model heterogeneity in production environment of banks. In both models

for separation the inefficiency effect from the statistical noise was used Battese and Codlli point estimator [3].
The final estimates of the parameters both cost frontier models arelisted in table 1.

REM GLS REM ML
Estimate | Standard | Estimate | Standard
Error Error
constant | 3.0432" 0.2603 | 1.8369" 0.4098
InP,/Pg 0.0710 0.0318 | 0.3528™ 0.0545
InP, /P 0.4034" 0.0389 | 0.0994" 0.0409
InU 0.0567 0.0377 | 0.0577 0.0465
InV 0.6809" 0.0343 | 0.9178™ 0.0425
InZ 0.2047" 0.0404
T 0.0088 0.0080 | 0.0180° 0.0098
0 8.5792 8.3307
| 0.8556 0.8105
2 0.5772 0.4768
0.9883 0.0115
R? 0.9859
logLF | | 37.7088

Table 1: Parameters of the Cost Function
Source: Self calculations (Eviews5 and Frontier 4.1)
* significantat =0,05
** gignificantat =0,1

Table 2 and 3 provide efficiency ranking for the banks and efficiency scores according to REM GLS and REM
ML models.
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Bank REM GLS

Istrobanka, a.s. 1(1.0000)
Unibanka, a.s. 2(0.9865)
OTP banka, as. 3(0.9674)
Slovensk sporite a, as. 4(0.9086)

udov banka, a.s. 5(0.9062)
V eob. oserov banka, as. 6(0.8986)
Dexiabanka, a.s. 7(0.8895)
Po tov banka, as. 8(0.8553)
Tatrabanka, as. 9(0.8497)
Average 0.9180

Table 2: Efficiency ranking for the banks and efficiency scores  REM GLS model
Source: Self caculations

Banka 2000 2001 2002 2003 2004 2005 2006 2007

Tarabanka, as | 2(0.9336) | 7(0.7242) | 8(0.7488) | 8(0.7468) | 9(0.7144) | 5(0.9101) | 4(0.9319) | 3(0.9330)

V eob. ogerov
banka, a.s. 5(0.9232) | 4(0.9180) | 6(0.8964) | 7(0.9008) | 6(0.8919) | 2(0.9484) | 7(0.8782) | 7(0.9115)

Slovensk
sporite g, a.s. 1(0.9599) | 1(0.9443) | 3(0.9460) | 3(0.9215) | 3(0.9168) | 1(0.9705) | 5(0.9297) | 5(0.9298)

Dexiabanka, as. | b(0.9181) || 6(0.9135) || 2(09586) 1(0.9640) 4(0.9135) 6(0.8913) 3(0.9378)  2(0.9398)

OTPbanka, as. 3(0.9216) | 4(0.9395) | 4(0.9157) | 5(0.9023) | 7(0.8194) | 6(0.8929) | 4(0.9329)

Istrobanka, a.s. 4(0.9301) | 8(0.4601) | 1(0.9652) | 2(0.9612) | 1(0.9334) | 4(0.9340) | 2(0.9446) | 1(0.9544)

Po tov banka,as. | 3(0.9306) | 5(0.9155) | 5(0.9280) | 6(0.9079) | 7(0.8433) | 9(0.6347) | 9(0.6236) | 8(0.7468)

Unibanka, as. 2(0.9300) | 3(0.9378) | 1(0.9815) | 6(0.9246)
udov banka as. | 7(0.8822) | 2(0.9328) | 7(0.8924) | 5(0.9145) | 8(0.8369) | 8(0.7812) | 8(0.8754)
Average 0.9254 0.8412 0.9094 0.9040 0.8758 0.8697 0.8884 0.9091

Table 3: Efficiency ranking for the banks and efficiency scores REM ML model
Source: Self caculations

5. Conclusion

Table 1 shows that almost all the coefficients are significant and the coefficients are mildly different from
one model to another. In addition in model REM ML are listed estimations of o and ; by reason of different
formulation of uy, in this model we made assumption of time varying inefficiency and variable Z was excluded
from the deterministic core of the cost frontier and included to the inefficiency component in order to model
heterogeneity in production environment of banks. Non signification of parameter ; implies that the equity
capital is not variable which might capture heterogeneity in production environment of banks and account for
inefficiency.

Tables 2 and 3 provide efficiency estimates and ordering of banks (the estimated efficiency scores are given
in brackets). The scores can move between 0 and 1, where the highest value implies a perfectly efficient bank
and the difference from 1 approximates the percentage of the total costs that the bank can potentidly save. As
the results suggest, the studied banks are on average about 90 % efficient according both models. The individual
efficiency estimates are not stable across models by reason of different assumption about inefficiency
component. In conseguence of relaxation time invariant efficiency assumption we obtained efficiency scores for
each observed year in REM ML modd. In spite of this advantage and for reason of non signification of ; we
prefer REM GLS modd in our data set.
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EIGENPROBLEM FOR CIRCULANT MATRICES IN
EXTREMAL ALGEBRAS
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Abstract.  The eigenproblem in extremal algebras, such as max-plus or max-min algebra, is inves-
tigated with restriction to circulant matrices. For the max-plus case, an algorithm working in linear
time is proposed which computes the dimension of the eigenspace of a given circulant max-plus
matrix. For max-min circulant matrices, the structure of the eigenspace is described, in contrast to
the fact that the description of the eigenspace structure is not known for general max-min matrices.
Keywords: max-min algebra, max-plus algebra, eigenproblem, circulant matrices, eigenvector

1 Introduction

Models in many applications use operations of maximum and minimum, together with further arithmetical
operations. Such algebras are often referred to as extremal. Max-plus algebra is useful for investigation
of discrete events systems and the sequence of states in discrete time corresponds to powers of matrices
in max-plus algebra. The eigenvectors of max-plus matrices describe the steady states of the system. The
eigenproblem in max-min algebra is important for applications connected with system reliability, or with
fuzzy relations. For these reasons, the structure of the eigenspace (the set of all eigenvectors) of a given
extremal matrix has been intensively studied by many authors, see e.g. [1{4, 8, 9]. The theoretical results
were found and polynomial algorithms were proposed for computing the eigenvalue and eigenvectors of
given max-plus or max-min matrices.

For special types of matrices, the computation can often be performed in a simpler way than in the
general case, hence the investigation of special cases is important from the computational point of view.
In this contribution the eigenproblem for circulant max-plus and max-min matrices is investigated. A
square matrix is called circulant, if the input values in every row of the matrix are the same as the values
in the previous row, but they are cyclically shifted by one position to the right. In applications, some
types of computer nets can be represented by circulant matrix, e.g. tokenring is a simple circulant matrix.

Concerning the max-plus case, an algorithm for computation of the eigenspace dimension is proposed
in this paper. The algorithm computes the eigenspace dimension of a given circulant max-plus matrix in
linear time, in contrast to the computational complexity in the general case, which isO(n®). For max-
min circulant matrices, the structure of the eigenspace is completely described. Such description of the
eigenspace structure is not known for general max-min matrices.

2 Notions and notation

By a max-plus algebra we understand a triple R; ; ), where R is the set of all real numbers and;
are binary operations onR de ned as

a b=max(a;b); a b=a+b

for all a;b2 R . Similarly, a max-min algebra is a triple (R; ; ), where R is the set of all real numbers
and ; are binary operations onR de ned as

a b=max(a;b); a b=min(a;b)

for all a;b2 R. In max-min algebra, the additive structure of real numbers is neglected, and only the
linear ordering on R is used.

The operations ; are extended to matrices and vectors in the same way as in conventional linear
algebra. Hence, in both types of extremal algebras, the matrix productA B is de ned for matrices
A2R™P :B2RP" asamatrix C2R™" by formula

M
Gj = (aik  byg)

k=1
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fori =1;:::m;j =1;:::n. The kth power of a square matrix A 2 R"" is denoted by A(K) and de ned
by recursion onk =2; 3;:::
AK) = A AKD

In this paper we consider a special form of matrices, calledirculant matrices. Square matrix A of
type n nis circulant if

aj = oo
whenever
i i j j° (modn) :
Hence, circulant matrix A is fully determined by its inputs in the rst row, denoted as ag;a;;:::;an1

(ap is the common value of all diagonal inputs, and similarly eacha; is the common value of all inputs
on a line parallel to the matrix diagonal)

0 1
A a a2 .. an1
dh1 Qo A1 il @p2
dh2 an1 A :iI a3
a; dp az . ag

3 Eigenproblem in max-plus algebra

The eigenproblem in max-plus algebra is formulated as follows. For givelA 2 R"" , nd 2 R and
x 2R" satisfying
A x= X :

The value and the vector x ful lling the above equation are called the eigenvalueand the eigenvector
of matrix A. The set of all eigenvectors is called theeigenspaceof A. It has been shown in [1] that
the eigenvalue of a given max-plus matrix can be e ciently described by considering cycles in specic
digraphs.

The associated digraphD of a matrix A 2 R"" is de ned as a complete arc-weighted digraph with
the node setV = N = f1; 2;:::;ng, and with the arc weightsw(i;j ) = &; forevery (;j)2 N N.Ifp
is a path or a cycle inDa, of length r = jpj, then the weight w(p) is de ned as the sum of all weights of
the arcs inp. If r > 0, then the mean weight ofp is de ned as w(p)=r. The maximal mean weight of a
cycle in D, is denoted by (A).

Lemma 1. [1] If A2R"" | then (A) is the unique eigenvalue of.

Eigenvectors of a given max-plus matrix can be found using the following procedure: forang 2 R""
we denote by (B )the matrix B B@ ::: B®  Further, we denoteA = (A) A (in the formal
product of a scalar value (A) and a matrix A we have [A]; = (A)+ @ forany (i;j)2 N N).
It is shown in [1] that matrix (A ) contains at least one column, the diagonal element of which is 0.
Every such a column is an eigenvector (so calledundamental eigenvectoy of the matrix A. Moreover,
every eigenvector ofA can be expressed as a linear combination of fundamental eigenvectors.

Let us denote bygi; g»;:::;0n all columns of (A ). We shall say that vectors g; ; g« are equivalent,
if there is 2 G such that g = Ok. It has been shown in [1] that vectorsg;; g« are equivalent if
and only if the vertices j;k are contained in a common cyclec with w(c) = (A) in Da. The eigenspace
dimension of matrix A is de ned as the maximal number of non-equivalent fundamental eigenvectors. In
general case, the eigenspace dimension can be found by computing matrgd ) in O(n®) time. In this
section we show that for circulant matrices the eigenspace dimension can be computed @(n) time.

The eigenproblem for circulant max-plus matrices was studied in [4] and following lemmas were
presented.

Lemma 2. [4] If A and B are circulant max-plus matrices of the same typsn n,then A B is also a
circulant matrix of type n  n.

Lemma 3. [4] For a circulant matrix A the eigenvalue (A) is equal to the maximal value of the elements
in the rst row of A.

Theorem 1. The eigenspace dimension of a given circulant matrixA is equal to the greatest common
divisor of all positions of the maximal value (A) in the rst row of matrix A and the sizen of A.
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3.1 Proof of Theorem 1

Let A2R"" bea xed circulant matrix. Without any loss of generality we can assume that the maximal
value in the rstrow of A is equal to zero. Then (A) =0, A = A, and any two fundamental eigenvectors
gi; Ok are equivalent if and only if verticesj; k are contained in a common cyclec with w(c) =0 in Da.
Such a cycle will be calledzero-cycle For reader’'s convenience, the proof is divided into three cases.

Case 1. In the rst case we assume that the maximal value O in the rst row of matrix A is contained on

the position 0 and nowhere else. In other wordsag =0 and a < O fori =1; 2;:::;n 1. Then matrix A
contains zeros on the main diagonal and negative values on other positions. Hence, the only zero-arcs in
the associated digraphD 5 are the loops on all vertices, which are also the only zero-cycles. Hence, and
all fundamental eigenvectors are pairwise non-equivalent. As a consequence, the eigenspace dimension is
n = gcd(0; n), and the assertion of Theorem 1 in Case 1 is true.

Case 2. In this case we assume that the maximal value 0 in the rst row is situated on a single position
p > 0. Then the zero-arcs in the associated digraptD, are exactly the arcs of spanp, i.e. the arcs
connecting every vertexi with vertex i + p. Hence, every zero-cycle is composed of arcs of sparand,
therefore, the length of every zero-cycle is a multiple ofp. At the same time, the length of any cycle
is a multiple of n, and a multiple of the greatest common divisord = gcd(p; n), as well. By a well-
known theorem from number theory, every su ciently large multiple of d can be expressed as a linear
combination of numbers p; n with positive coe cients. As a consequence, any two verticesi;j 2 Dp are
contained in a common zero-cycle ifand only ifi j d (mod n). By this, there are exactly d classes
of eigenvector equivalence. In other words, the eigenspace dimension is equalde gcd(p; n).

Case 3. In fact, the last case is the most general and covers also the cases 1 and 2. We assume that

i;j 2 Da are contained in a common zero-cycle if and only if | d (mod n), i.e. the number of
equivalence classes in the eigenspace Afis exactly d. By this, the proof of Theorem 1 is complete.

4 Eigenproblem in max-min algebra

It is well-known fact that the eigenvalue can be eliminated in the formulation of the eigenproblem in max-
min algebra. Hence, the max-min eigenproblem stands as follows: for given max-min matriA 2 R"" |
nd vector x 2 R" satisfying the equation

A x=x:

The structure of the max-min eigenspace for circulant matrices is described in the following theorem.

We use the notationM (A) = max( ag;az;:::;an1 )and m(A) = max( a;;:::;an1 ), where the row vector
(ag;az;:::;an1 ) is the rst row of a given circulant matrix A.
Theorem 2. Letmatrix A 2 R"" be circulant. Then vectorx = ( X1;X2;:::;n) is a max-min eigenvector

of A if one of the following conditions is satis ed

() Xxy=%x2=:::=%Xn MQA) ;
(i) mA) xi M(A) foreveryi=1;2;:::;n

4.1 Proof of Theorem 2

Let A 2 R"™ be a given circulant matrix with elements (ag;a;;:::;an1 ) in the rst row, let x =

equation A x = Xx.
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Condition (i).  Let us assume that the conditionx; = X, = ::: = X, M (A) is satis ed. By de nition
of M (A), there exists p2 Ng = f0; 1;2;:::;n  1gsuch that a, = M (A). Using cyclic indexation modulo

L
A X)i= o8 @i Xk) @ Xpsi = M(A)  Xpsi =X :
On the other hand, we have
L L L
A x)i= k2N (i Xk) k2N MA) xk)= koN Xk = Xj

As a consequence, we have the equatioh x = X, i.e. X is eigenvector ofA

Condition (ii). Let us assume that the inequalitiesm(A) X; M (A) hold true for every i 2 N. By
de nition of m(A), there exists p 6= 0 such thata, = m(A).
We shall distinguish two cases: (a)ag = M (A), (b) ag <M (A) = m(A). In case (a) we have, for any
i2N
L
A Xi= on@i X)) @ Xi=M@A) X=X ;

L
A X)i= oy (@i K)=@o Xi) k2N nfig @k Xk)
(M(A)  xi) kon nfig (MCA) X)) = xi m(A) = X :

In case (b) we haveM (A) = m(A), and condition (ii) reduces to condition (i). Hence, in both cases (a)
and (b) the equation A x = x holds true, i.e. x is eigenvector ofA.

Note 1. There exist circulant matrices with max-min eigenvectors not satisfying any of conditions in
Theorem 2. The paper describing the form of such eigenvectors is in preparation.
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Abstract.  An iteration method for solving optimization problems with constraints described by a
system of (max; min)-linear equations is proposed. Some theoretical properties of the problems are
proved. Some prossibilities of applications of such problems are presented.

Keywords. Nonconvex Optimization Methods, (max,min)-linear equations.

1 Introduction.

Problems on algebraic structures, in which pairs of operations (max+) or (max; min) replace addition
and multiplication of the classical linear algebra have appeared in the literature approximately since
the sixties of the last century (see e.g. [5], [10]). A systematic theory of such algebraic structures was
published probably for the rst time in [5]. In these publications among other problems systems of the
so called (max +)- or (max; min)-linear equations with variables on only one side of the equations were
investigated. Since operation max replacing addition is no more a group, but only a semigroup operation,
it is a substantial di erence between solving systems with variables on one side and systems with variables
occuring on both sides of the equations. The former systems will be called "one-sided" and the latter
systems "two-sided". Special two-sided systems were studied in [4], [5], [8], [10] in connection with the
so called (max +)- or (max; min)-eigenvalue problem. General two-sided (maxy)-linear systems were
studied in [2], [3]. Two-sided systems with a more general structure, in which on both sides of the
equations residual functions occur were investigated in [6], where a general iteration method for solving
such systems was proposed. The method can be applied also to (ma®- or (max; min)-linear systems. In
[7] a polynomial method for nding the maximum solution of the (max ; min)-linear system was proposed.
Using this method we will propose an iteration method for solving optimization problems with max-
separable objective functions and the set of feasible solutions described by a system of (maxin)-linear
equations.

2 Notations, Problem Formulation, Theoretical Properties.

Let us introduce the following notations:
J=1f1;:::;ng, 1 =f1;:::;mg, R=(1; 1); R=[1; 1],

R"=R ::: R (n-times), similarly R'=R @ Rx=(xy::xn)2R', A minf; g for
any ; 2R, we setperdeniton 171 =1, x©@ (@ ::::; 1),

aj ;b 2 R,8i21,j 2 J are given numbers,

a; (X) r_nZ%X(aij Axp) forall i21;
j

b (X) mZEJiX(bij ~Axj) forall i21;
j

We will consider the following system of (max min)-linear equations

ax)=bXx 82l Q)

The set of all solutions of system (1) will be denoted byM . We de ne further sets M (X); M {(X) for any
X2 R": i 21 as follows:

? Under the support of GA CR #402/09/0405, #202/03/2060982
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M(X) fxix 2M&x Xg (2)

Mi(X) fxja i(x)= b(x)& x Xg 3)

Let us note that sets M (X); M;(X) are always nonempty, since e.gx( ) (; iy )2 MR, if

mingj y2 5 (@ ~ bj ~ Xj). Let us note further that if x = x@  (1; :::; 1), then evidently
MX = M,andifx=(1; :::; 1),then x xforanyx2 M.

Deniton 1. LetL R, x2 L. Letthe following implication holds: x 2 L) x x Then x is called
the maximum element of L.

Remark 1. The algorithm presented in [7] nds the maximum element of M (X) for any given X, i.e.
elementx™® 2 M (X) such that x x™* 8 x 2 M (X).

In this paper, we will solve the following minimization problem:

f(x) ! min sitt x 2 M(x;X) fxix 2M &x X Xg; (4)
wherex; x 2 R" and the objective function f (x) = f (x1; :::; Xn) is de ned as follows:
f(xe; 00 Xp)  maxff 1(Xq); i1 fa(Xn)o:

We will assume that f; (x;); j 2 J are continuous strictly increasing functions andf  f (x); f fx.
In the next section we will propose an iteration algorithm for solving minimization problem (4).

3 Solution Method

Lemma l. Lety vy, let y"™ be the maximum element of M§). Then M(y;y) 6=; if an only if
X ymax

Proof:

Ify ym™, then y™ 2 M(y;y) and thus M (y;y) 6=,.

If y 6 y™, then M(y;y) = ;, since any element of M (y;y) would have to satisfy the inequalities
y 'y y™, which is under the assumption thaty 6 y™* impossible. 2
ALGORITHM

Input x; X; > 0,f = f(x); f:=f(X);

Find the maximum element x of M (X) using the method from [7];

If X 6 x, then M (x;X) = ;, STOP.

=100, T® = f+(F f)=2,x =12 (®)nx 8 2, %D :=(xPY; 17 xP) (determining
the new upper bound);

Find the maximum element XV of M (X)) using the method from [7];

@ If x »x@ then setx:=x® and go to ;

Setf := f (x\!)) (determining new lower bound for f);

If (f (9 f)> ,thengoto|4]

@ x is the -approximation of the optimal solution STOP.

4  Applications, Numerical Examples.

Example 1. Let us consider a situation, in which transportation means of di erent size provide trans-
porting goods from in placesi 2 | to a terminal T. The goods are unloaded inT and the transportation
means (possibly with other goods uploaded in T) have to return toi. We assume that the connection
betweeni and T is possible only via one of the placies (e.g. cities) 2 J and the capacities of the roads
betweeni andj is equal toa; . We have to join placiesj with T by a road with a capacity x; so that the
total capacity of the connection betweeni and T is equal toa; ~ x;. The transport from T to i is carried
out via possibly dierent places k 2 K with capacities betweenk and i equal to by . We have to join
placiesk with T by a road with a capacity yx so that the total capacity of the connection betweenT and
i is equal to bk ™ yk. We assume that the transportation means can pass only through some roads with
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a capacity corresponding to the size of the transportation mean and our task is to choose appropriate
capacitiesx;; Y. In order that each of the transportation means may return to i, it is natural to require
for eachi that the maximal attainable capacity of connections betweeni and T via j is equal to maximal
attainable capacity of connections betweenT and i via k. In other words, we have to choose; and yj
in such a way that

rjnzajlx(aij NXj)= max (bk “yk) 8i21: (5)

We see that this problem can be transformed to a system having form (1) (we can namely consider vector
(x;y¥) and introduce coe cients at y on the left hand sides and atx on the right hand sides equal to zero).
Note that the model is exible enough to include di erent real situations. If for instance the road between

i and j does not exist, we set simplya; = 0, if the road is a two way road with equal capacity in both
directions, we sethy = &; , if we do not want to connectj with T, we set the lower and upper bound on
Xj equal to 0. Let us assume further that the choice ok;; yx is connected with penaltiesf; (x;); gk (yx)
respectively. Tne penalties may be connected e.g. with some economic or ecologic requirements (costs, air
pollution) so that it is quite natural to accept that f;; g« 8 2 J;k 2 K are continuous strictly increasing
functions. The problem consisting in minimizing the maximum penalty under the constraints given by (5)
and some lower and upper bounds orx,y can be easily transformed to an optimization problem having
form (4).

Example 2. Let us consider the following optimization problem:
Minimize f (x) max(2x1; 3X2;X3) subject to

max(4” X1;5” X2;0" x3) =max(0 N X1;4" X2;5" X3);
X X X

wherex =(5;3;4); X=(6;6;6).

We proceed in accordance with the AGORITHM as follows:
1/ x=(5;3;4); x=(6,6;6); f :=10; f :=18; =1,

2| x=X=(6,6;6);

X ¥

f=f(x=18; f M :=10+ (18 10)=2 = 14, xY := (6;14=36);
x = (6; 14=3;14=3);

X X

f (%) f=14 10=4 > =1,

Fi=f09=14; f W =10+ (14 10)=2=12 xO :=(6;4;14=3);
x = (6; 4;4)

X x;

f (%) f=12 10=2 > =1,

fF=f=12; f M =10+ (12 10)=2=11;
¥ = (11=2;11=3:4);
X X%
f (%) f=11 10=1= =1,
@ x is the -optimal solution, STOP;

BEENERENEEENENE

Example 3. Let us consider the following optimization problem:
Minimize f (x) max(2xy; 3xz;X3) subject to

max(4” X1;5" X2;0" x3) = max(0 ™ x1;4” X2;5" X3);
X X X
wherex =(5;3;5); X=(6;6;6).
We proceed in accordance with the AGORITHM as follows:
x=(5:;3;5); X=(6;6;6); f :=10; f :=18; =1;
2| x=X=(6;6;6);
X X
F=fe9=18; f W :=10+(18  10)=2 =14, xI :=(6;14=36);

[~ ]eo] ]
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(6; 14=3;14=3);
6 x
= f(xM)=14; x:=y, goto|4]
=f()=18; fW =14+ (18  14)=2=16; xY := (6;16=36);
x = (6;16=35);
¥ x = x® =(6;16=35);
(%) f=16 14=2> ;
=f(9)=16; fD :=14+(16 14)=2=15 xY :=(6;5;5);
x=(6,5;5),
x
() f=15 14=1=;
is the -optimal solution, STOP;

o IX

BEEEN R EENENEE

>F—h‘><
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Abstract. Correct determination of probability of default (PD) of particular financid subjects plays a
necessary rolein lot of crucia financial fields such are risk management, requests for loans, determination of
rating and particularly for pricing of credit derivatives. Among the most widely used models to forecast a
company s default, is a class of statistical models, generally known as credit-scoring models. In this paper a
possihility of determination of financial ingtitution s PD according to the linear discriminant andysis (one of
the categories of credit-scoring models) is discussed. The main part of the paper is devoted to the estimation
of the score via discriminant function and to the direct determination of the probability of default associated
with the individual companies anayzed. Further we introduce index, which is possible to use to measure the
success of amodel. Linear discriminant analysisis applied and verified on sample of 14 financial ingtitutions.
There are a so discussed restrictions of introduced model a possibilities of itsimprovement in the paper.
Keywords. Probability of default, linear discriminant analysis, economic indicators of financia institutions,
Wilk s Lambda.

1. Introduction

Estimating the borrower s risk level, namely the probability of default, by assigning a different PD to each
borrower is now widdly employed in many banks. The false estimation of PD led to unreasonable rating,
incorrect pricing of financial insruments and thereby it was one of the causes of the financial crisis. One of the
possibilities how to estimate the probability of default is to use so-called credit-scoring models. Although the
techniques underlying these model s were devised in the 1930s by authors such as Fischer [5] and Durand [4], the
decisive boost to the development and spread of these models came in the 1960s, with studies by Beaver [3],
Altman [1] and others. Presently it is tendency to analyze and to simulate the time series of the particular
variables by means of L@y processes[7] asit could by helpful to better predictor ability of the models.

The goal of the paper is the application and verification of usage possibility of linear discriminant analysis
which is one of the credit-scoring models. Within this method we arrange a model for determination of
probability of default of financid institutions.

In the theoretical part of the paper we expand in more detail the linear discriminant analysis at first. This part
also involves the way of calculation of PD and the possibility of measuring the success rate of a model. There
will be introduced a sample of 14 financial ingtitutions, that are to be divided in healthy companies and default
ones, including their financial indicators in the next part. Further we will apply the linear discriminant analysis
on the chosen sample of the banks and determine the particular PDs. In conclusion we will discuss the results
and also therestrictions and the drawbacks of the mode.

2. Review of credit-scoring models

There are alot of models to estimate the probability of default in financial world. Among the most widely
used ones are models, generally known as credit-scoring models. These are multivariate models which use the
main financia indicators of a company as input, attributing a weight to each of them that reflects its relative
importance in forecasting default. We can group these models into three categories: @) linear discriminant
andysis, b) regression moddls; ¢) inductive models. Linear discriminant analysis (will be presented in more
detail bellow) is based on the estimation of the discriminant function which make it possible to discriminate
between healthy companies and abnormal ones. In regresson models (linear, logit and probit) we identify the
variables that lead to the default of company, and their weights, with a smple linear regression. Both above
mentioned models are based on a deductive approach designed to explain the economic causes of default. By
contrast, inductive models (neural networks, genetic agorithm) follow a purely empirical inductive. These
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modd s are often black-boxes , which can be used to generate results rapidly, but whose logic may not be fully
understood. We will be concerned with linear discriminant analysisin more detail in the next part of the paper.

3. Linear discriminant analysis

Basically, discriminant analysis is a classification technique which uses data obtained from a sample of
companies to draw a boundary that separates the group of reliable ones from the group of insolvent ones. This
means (how we mentioned above) to find the discriminant function. To do that we have to initially identify the
variables, which typically are economic and financial indicators taken from financial gatements. Afterwards the
discriminant function estimates so-called z-score, which is a linear combination of the chosen independent
variables. For i-th company and n independent variables, the score will be calculated as follows:

n

The coefficients j of this linear combination are chosen as to obtain a score z which discriminates abnormal

and healthy companies. The value z must be obtained in such a way that it maximizes the distance between
centroids (means of zy and zz) of the two groups of healthy and insolvent companies. The vector of gamma
coefficientsis calculated as follows:

1
Xp Xg 2

where X, and Xg are vectors containing the mean values of the n independent variables for the group of

healthy companies and the group of insolvent ones.  isthe matrix of variances and covariances between the n
independent variables and can be estimated asthe average of the matrixes of variances and covariances for

each group of companies, weighted by the number companies N, ,Ng  present in each group:

nAl nBl

A
na nBZ na nBZ

B

A very important task isto identify the indicators which will be used to estimate the model. In this paper the
selection of discriminant variables will follow the stepwise method. It means the initially including all the
variablesin thelist and subsequently removing those with lower discriminating power.

In the following it is necessary to estimate so-called cut-off point (), which facilitates us to distinguish
between relatively healthy companies and too risk ones. We can do that in the following way:

= xp xg)- €)

3.1. The estimation of the probability of default

Discriminant analysis can be used to produce a direct estimate of the probability of default. It can by shown
(Altman 1981), that if the independent variables are distributed according to a multivariate normal distribution,
the company s probability of default is given by:

PD p Bl 1 : Q)
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where z, and  are quantities defined in (1) and (3) and  ; represents the prior probability of default, which
depends on the general characteristic of the market.

3.2. Wilk s Lambda
Wilk sLambdaisawidely used index to measure the success rate of amodel. It is given by

©)

where Z represents themean of Z, in the entire sample of healthy and insolvent companies. If the scores for the

individual companies from particular group are very similar to one ancther, the numerator (as will the entire
Wilk s Lambda) will be close to zero and the model is very effective. However, if the two centroids are very
similar to one another, the sum of the within deviances will be close to the total deviance, and the ratio will be

closeto 1.

4. Data description

In our paper we will work with sample of 14 financia ingtitutions. As a first step we had to divide this
sample of banks into two groups the healthy companies and the abnormal (or defaulted) ones. Defaulted
companies can be defined in a variety of ways. In this paper the defaulted banks are thought the financial
institutions which have gone into liquidation or undergone financial restructuring processes (e.g. take-over by
another company or by government). The samples of the financial ingtitutions for both of these groups were
chosen randomly pursuant to the publicly available information. As a second step we identified the financial
indicators from financial statements. Table 1 and table 2 show the chosen financial indicators for both groups of
companies including their mean values.? All indicators were calculated from datain year 2007.

X1t Xp: X3! X4: Xs: Xg: X7t Xg: Xo: X10: X11: X1p:
TA LTA EQ YAEA CIBL NIM ROAA | ROAE IEIl CIR PEOI | EQTA

Bank of America__ |[1715746| 14,355 | 146803 | 7,16% | 4,32% | 34433 | 0,87% | 14,25% | 60,56% | 75,41% | 15,73% | 8,56%
JPMorgan Chase |[1562147] 14,262 | 123221 10,31%| 4,28% | 26406 | 0,98% | 18,51% | 63,01% | 74,50% | 19,50% | 7,89%

M&T Bank 64876 [ 11,08 6485 | 7,49% | 3,53% | 1850 | 1,01% | 14,87% | 47,81% | 74,21% | 20,28% | 10,00%
National City 1503741 11,921 | 13408 [ 8,03% | 4,16% | 4396 | 0,21% | 2,77% | 52,14% | 85,61% | 21,88% | 8,92%
PNC Bank 138920 | 11,842 | 14854 | 8,78% | 3,45% | 2915 | 1,06% | 14,10% | 52,72% | 75,80% | 21,49% | 10,69%

SunTrust Bank 1795741 12,098 | 18053 | 8,20% | 4,03% | 4720 | 0,91% | 12,46% | 52,97% | 78,35% | 20,57% | 10,05%
Wells Fargo & Comp. || 575442 | 13,263 | 47628 | 9,27% | 3,88% | 19142 | 1,40% | 24,41% ] 40,38% | 69,09% [ 24,94% | 8,28%
Zionsbancorporation || 52947 | 10,877 | 5293 | 7,99% | 3,56% | 1882 | 0,93% | 13,92% | 41,28% | 75,42% | 22,12% | 10,00%

Mean values: 555003 | 12,46 | 46968 | 8,40% | 3,90% ] 11968 | 0,92% | 14,41% | 51,36% | 76,05% | 20,81% | 9,30%

Table 1: Financial indicators of healthy companies

X 1. X e X3 X2 Xs . Xo. X7 1 Xg - Xo- X 10" X11: X 12"
TA LTA EQ YAEA CIBL NIM ROAA | ROAE IE Il CIR PEOI | EQTA
Wachovia 782896 | 13,571 | 76872 | 8,87% | 4,02% | 18130 [ 0,81% | 11,41% | 57,07% | 79,10% | 21,95% | 9,82%

Merrill Lynch 1020050{ 13,835 | 31932 |59,98% | 13,02% | 5549 | -0,76% | -35,81% ] 90,26% [120,47%]| 25,37% | 3,13%
The Bear Stearns _|[ 395362 | 12,888 | 11793 | 13,27%| 3,38% | 1350 [ 0,06% | 1,64% | 88,32% | 98,81% | 21,21% | 2,98%
Lehman Brothers || 691063 [ 13,446 | 22490 | 20,25% | 9,32% | 1947 | 0,61% | 26,74% | 95,33% | 89,81% | 16,09% | 3,25%

Landsbanki 43692 | 10,685 | 2629 | 7,93% | 5.84% 772 1,31% | 24,76% | 73,27% | 93,98% | 17,25% | 6,02%

Glitnir banki 42140 | 10,649 | 2429 | 7,41% | 5.88% 558 0,94% | 19,93% | 79,18% | 100,36%] 24,57% | 5,76%

Mean values: 495867 | 12,51 | 24691 [19,62% | 6,91% | 4718 | 0,50% | 8,11% §80,57% [ 97,09% | 21,07% | 5,16%

Table 2: Financial indicators of default companies

5. Application and results
Application process will be divided into next steps:

i. According to (2) we will estimate particular weights of the variables and subsequently remove those
with lower discriminating power.

! Because of lack of information, we will use the proportion of insolvent companiesin sample, nB / nA .
2 The more detail description of these financial indicatorsis shown in appendix A.
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ii. We will write down the discriminant function and estimate z-score for every company.
iii. Wewill calculate cut-off point () and estimate PDs according to (3) and (4).

iv. By way of Wilk s Lambda, equation (5), we will measure the success rate of amodel.
V. We will discuss the results and restrictions of the model.

Thevector  (weights of financial indicators) is according to (2) estimated as follows:

0O 08 0 62 0 00002 18 0 0 0 12 O .

Here we can see that only 5 indicators with the most significant discriminating power remained. Now we can
plug this vector in equation (1) and we get the general discriminant function for estimating z-score:

2z 08x, 62, 00002x, 18x,, 12x; ,

where x; isindicator LTA, X4 YAEA, X5 NIM, x; ROAA, x;; PE OlI.

Now we can calculate the z-score for every particular company. The results are shown in table 3. After
calculation of the cut-off point (), 6,987, we can directly estimate the probability of default for analyzed

companies according to (4). Theresultsare shown in table 3 again.

Non - default companies Zi PD Default companies Z; PD
Bank of America -4,436 5,6% Wachovia -5,811 18,9%
JPMorgan Chase -5,426 13,7% Merrill Lynch -10,537 96,3%
M&T Bank -6,656 35,2% The Bear Stearns -8,251 72,8%
National City -6,601 34,0% Lehman Brothers -9,762 92,4%
PNC Bank -7,027 44,1% Landsbanki -6,975 42,8%
SunTrust Bank -6,987 43,1% Glitnir banki -5,976 21,6%
Wells Fargo & Company -5,159 10,8%
Zionsbancorporation -6,278 27,1%
Mean values: -6,071 26,7% Mean values: -7,885 57,5%

Table 3: Z-score and PD

As we can see from results in table 3, our model is not very effective. The two groups are rather clustered
around their respective centroids (equal to -6,071 for heathy companies and -7,885 for default ones), however,
they are not perfectly separate, as some healthy companies have relative low scores, and especially some default
companies (Wachovia and Glitnir banki) have relative high ones, which leads to the too low PD.

As we mentioned in the theoretical part, model efficiency can be also measured through the use of Wilk s
Lambda. So by means of (5) we can measure the success rate of the model as

2 2
i ! B 1 6,34 19,46

n
R 37,09

30,42%.

How we can see from equation above, the deviance in the group of default companiesisrédative high, hence
the success rate of the model is low. So what can we do to improve the model? Generaly, when we use the
credit-scoring model s to estimate the PD of the particular company, we have to pay attention to some problems.
Firg problem relates to the insufficient amount of the companies in the sample. Great numbers of observations
are needed to obtain robust results. From this point of view the sample of 14 ingtitutionsis too low to guarantee
model with sufficient accuracy. The second problem is associated with the definition of the default company.
The definition used to break down the estimation sample obviously affects the results of the modedl. A third
problem is due to the fact that credit-scoring models ignore numerous qualitative factors, which can be highly
significant in determining the insolvency of a company (such as company s reputation, the stage of the economic
cycle, the quality of the management etc.). And last but not least we have to observe that success of the moddl is
given by characteristic of the financial markets.
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6. Conclusion

We applied and verified the possibility of usage of linear discriminant anaysis in determination of PD of
financial indtitutions in the paper. First we introduced theoretical background of credit-scoring models,
particularly linear discriminant analysis, including the way of measuring the success rate of a model. In the next
part of the paper we applied this method on a sample of 14 financial ingtitutions and so we devel oped the model
for forecasting a financial company s default. Next we estimated the PD of these financial institutions and
success rate of the model. However, we faced some serious restrictions of the model, which caused that its
efficiency was by no means perfect. First limit was amount of companiesin the sample. It would be advisable to
work with much more larger samples in order to estimate the model with sufficient accuracy. Next problems
were associated with the definition of the default company and with ignore qualitative factors of companies.
Elimination of these restrictions and usage of the L@y processes to simulation of the particular financial
indicators will be part of the next research.
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Appendix A
Indicator Description of Indicator Indicator’s group
TA Total assets ($, min) Size
LTA Logarithm of total assets Size
EQ Shareholders’ Equity ($, min) Size
YAEA Interest Income / Average Interest Earning Assets (%) Profitability
CIBL Interest Expense / Average Interest Bearing Liabilities (%) Profitability
NIM Net Interest Margin Profitability
ROAA Return on Average Assets (%) Profitability
ROAE Return on Average Equity (%) Profitability
IE Il Interest Expense / Interest Income (%) Profitability
CIR Cost to Income Ratio (%) Efficiency
PE Ol Personnel Expenses / Operating Income (%) Efficiency
EQTA Shareholders’ Equity / Total Assets (%) Capital adequacy

Appendix A: Description of financial indicators
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Extended abstract. This paper analyzes the effects of national monetary policy in countries of the Visegrad
Group V4 comprising the Czech Republic, Hungary, Poland and Slovakia. We investigate these effects using
VAR and the structural VAR (SVAR) models. The empirical analysis covers the period 1999Q1 - 2009Q1.
The variables included in the VAR (SVAR) model can be divided into two groups. The first group of
exogenous variables contains the GDP and the consumer price index of the euro area and the EURIBOR
nomina interest rate. The second group of endogenous domestic variables comprises the output gap, the
consumer price index, the three-month interbank interest rate and the nominal NAC/EUR exchange rate. We
analyze whether tightening of monetary policy leads to a fal in the output gap and prices using impulse
response functions and we aso investigate the behavior (persistence) of national monetary policy shocks on
economy in theindividual countries of the Visegrad countries.

Keywords. Visegrad countries, monetary policy, VAR, structurd VAR, quarterly data.

1. Introduction

This paper is a follow-up paper focused on effects of monetary policy on the economy in Central and Eastern
European countries. Our interest lies on features of national monetary policy of countries Visegrad Group 4. We
investigate reactions of inflation and output on domestic interest rate shock and from this point of view we dedl
with each country separately. The motivation for this paper also arises from the future adhesion of Visegrad
Group 42 to the euro area and thus there exists the interest in possible differences in monetary policy transmition
mechanisms see [2]. The paper is concentrated on the the Czech Republic, Hungary, Poland and Slovakia

The questions to be answered:
Empirical verification of appropriate model from the group of Vector autoregresson mode (VAR) and
structural VAR to fullfill the objective of the paper.
Whether monetary policy impulses have different affects on economic activity in countries of the Visegrad
Group V4.

In Section 2 we briefly summarize VAR and structurd VAR (SVAR) methodology. We would like to
investigate the effects of national monetary policy using vector approach to time series modeling according to
economic theory. In Section 3 we provide a description of the construction VAR or SVAR models for V4
countries including time series analysis of 3 exogenous and also 4 endogenous time series, specification tests,
modds estimation, diagnostic checking of estimated models and identifying the relevant innovations and
monetary policy impulsesin four countries. Final Section is pursued to the summary of the empirical results and
addressing of the questions above mentioned.

2. Methodology

The vector approach to time series modeling uses economic theory to model the relationship among the
variables of interest. Unfortunately, economic theory is often not rich enough to provide a dynamic specification
that identifies all of these relationships. Furthermore, estimation and inference are complicated by the fact that
endogenous variables may appear on both the left and right Sdes of equations. These problems lead to

! The views expressad in this conference paper are not necessarily those of the Czech National Bank.
2 The Slovak Republic has already entered to the euro area 1st January 2009.
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alternative, non-structural approaches to modeling the relationship among several variables. This part of our
paper shortly describes the estimation and anaysis of vector autoregression (VAR) and structura vector
autoregression (SVAR).

A structural form of the VAR modd see[4 ] for an (k x 1) vector of endogenous variables y; is given by:

AY, AYe: o AV, B Byx B,X p fort=1,2..,T, (ED)
where X is an (n x 1) vector of exogenous variables, , isan (k x 1) vector of seridly uncorrelated errors
distributed independently of x; with a zero mean and a constant possitive definite variance-covariance matrix

( i ). For given values of y; and x the above dynamic system is stable if all the roots of the determinantal

equation

A A AT AT O

lie strictly outside the unite circle. This stability condition ensures the existence of long-run relationships
between y; and x,, which will be cointegrating when one or more elements of x; are integrated (i.e. they contain
unit roots).

The reduced form of the VAR modd (E1), which expresses the endogenous variables in terms of the
predetermined and exogenous variables, is given by:

yt lyt 1 pyt p OXt lxt 1 pXt p ut’ (EZ)
where , A'A, . A'B,u A' .

One of the main features of the traditional macromodels was their dynamic multipliers, which measured the
effect of a shock to an exogenous variable, e.g. apolicy change, or shock to one of the structural errors , on the
expected future values of the endogenous variables. The standard approach to deriving impulse response

functions is to start form the moving average representaions of the fina form. Structural VAR (SVAR)
estimation isto obtain non-recursive orthogonalization of the error terms for impulse analysis.

3. Estimation and results a VAR model for the Czech Republic, Hungary,
Poland and Slovakia

In this part, we describe the construction of a quarterly SVAR model of the Czech Republic, Slovakia,
Poland and Hungary using above mentioned techniques. The SVAR models will be estimated over the period
Q1 1998 Q1 2009. Thisisasample of datawhich isreatively reliable.

3.1. Data

A vector x; of 3 exogenous variables comprising 3 variables: Igdp_emu is measured as the natural logarithm
of GDP EMU (2000=100); Icpi_emu is the logarithm of the CPI EMU (2000=100); ir3m _eu isthe 3M_Euribor.
y; isavector of 4 endogenous variables: outputgap xx is measured as the logarithm of GDP_xx (2000=100)
from its trend (estimated by the HP filter) and multiplied by 100; Icpi_xx is the logarithm of the CPI for each
country; ir3m xx are the domestic nominal interest rate for CZ, HU, PO and SK. We notice xx as a country,
where xx is CZ for the Czech Republic, HU for Hungary, PO for Poland and SK for Slovakia. The last lexr_xx
variableis natural logarithm of the bilateral exchange rate NAC/EUR.

Stacionarity test Lag structure Lag structure

Country (ADF, PP, KPSS) Wald test for equation LR test model
outputgap Icpi ir3m lexr 1 2 3 4 AIC SC HQ
cz 1(0) 1(1) 1(0) 1(1) 1 2 4 0 4 1 4 VAR(4)
HU 1(0) 1(2) 1(0) 1(0) 1 4 1 0 1 1 1 VAR(4)
PO 1(0) 1(1) 1(1) 1(1) 0 4 4 0 4 1 4 VAR(4)
SK 1(0) 1(0) 1(0) 1(1) 4 1 1 0 1 1 1 VAR(4)
EU Igdp_emu 1(1) 1(2) 1(1)

Table 1. Sacionarity and lag structure testsfor CZ, HU, PO, XK
It isimportant that the variables used in the empirical analysis were tested for presence of a unit root. We
choose the Augmented Dickey-Fuller (ADF), Phillips-Peron (PP) and Kwiatkowski-Phillips-Schmidt-Shin

(KPSS) tests. The results of these tests for all above mentioned variables are described in the Table 1. We can
conclude that all outpugap xx variables are stationary at 5% level of significance and also ir3m xx with the

2
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exception of PO. lcpi_xx and lexr_xx variables can be reasonably argued to be 1(1) with the exception of
logarithm of the exchange rate for Hungary and the consumer price index for Slovakia. We also provide these
unit roots tests for all exogenous variables and one can seein the last row of the Table 1 that these time series are
integrated 1(1).

3.2. Specification and specification tests

In this part we describe the estimation and testing of the core VAR (SVAR) modd for analysing the effects
of national monetary policy in countries of the Visegrad Group V4. To derive the monetary policy shocks we
estimate the VAR(4) model for each the Visegrad Group country:

Ayt Alyt 1 Ap yt 4 BOX’[ t? (E3)
where y; = (outputgap_xx, lcpi_xx, ir3m xx, lexr xx) and x = (c, lgdp_emu, lcpi_emu, ir3m ew). The
variables are ordered in according to the assumption that the monetary authorities choose: the interest rate taking
into account the current level of prices and ouput (see [10]). We choose for our VAR modd outputgapxx
variable instead the logarithm of GDP that was discussed in papers[1] and [5] for monthly data from 1998:1 to
2006:5.

We have applied Wald test and also LR test with three criteria AIC, SC and HQ to set alag structure of our
VAR modds. The results are shown in Table 1. The Wald test conducted for each equation recomends lag of
four quartals. LR test results according to AIC and HQ recommends the order 4 with the exception of Slovakia,
while SC criterion suggests 1 lagged differences to include into our VAR mode. We have choosen to go with
four lagged differencesi.e. it seems to be valid to use the VAR(4) model for each country. We also made this
decision based on the residual autocorrdations. However this lag sturcture of our VAR(4) model influences the
degrees of freedom in the estimated models.

Diagnostic cheking is also an important stage of our VAR or SYAR modelling. We provide particularly AR
roots test for stacionary VAR processes, tests for residual serial correation and also the multivariate extensions
of the Jarque-Beraresidual normdity test.

There are many of the tests for model adequacy. We apply AR roots graphs and tables with AR roots and
modulus for detecting stationary VAR processes (see Figure 1). The estimated VAR is stable (stationary) if al
roots have modulus less than one and lie inside the unit circle. The Figure 1 reports that the 16 AR roots of the
VAR(4) system are in the unit cirle for al countries exluding Slovakia (0.43-1.0007), where two roots are
outside the unit cirle. For this reason we do not analyse further VAR model for Slovakia, but the important
results are reported. The results of all 16 modulus for the Czech Republic are inside of the interval, in the
concrete range of 0.14 0.98, for Hungary modulus are 0.59 0.94 and for Poland modulus are 0.44  0.89. If
modulus of highest root is next to one there should be cointegrating relations between endogenous variables. To
conclude this part of our analysis, the VAR(4) models for Hungary, Poland and the Czech Republic are stable
because the highest modulus lies inside the unit circle and that means VAR is stationary. Thus, the results for
CZ, HU and PO allow to continue estimating SVAR mode or cointegrating SVAR.

Next, all models are estimated as structural VAR (SVAR) model using AB-model in [9], which is defined as
followsin areduced form:

Yo Oy,  (Bx u, (E4)
u A 1Bet, g ~iid 0,1, , where Iy is identity matrix, k is the number of variables, A and B are (kxk)
matrices to be estimated:

1 0 0 O b, 0 0 O
1 0 0 0O b, 0 O
A a, B 22 (E5)
a, 0 1 a, 0 0 b, O
a, 4, 3 1 0 0 0 b44

A matrix A represent that the monetary authorities: do not consider contemporaneous prices while deciding
on the monetary policy (as;=0); are likely to react to contemporaneous output (as;, i.e an excess demand pressure
indicator) and aso exchange rate shocks (as4), Which is a reasonable assumption for small open economies (see

(5D
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Figure 1. Theinverse roots of the AR characteristic polynominal

Autocorrelation tests 2
model AR roots Correlograms | LM test (lag) Normality J_B test Radj
CZ SVAR(%) ok ok 1,3 No No no no 0,888 0,994 0,993 0,984
SK SVAR(4) NO |r§Erl1?r%lr(n(2)2) ok ok no no ho 0,242 0,993 0,937 0,973
PO SVAR(4) ok ok ok no no no no 0,760 0,998 0,994 0,843
HU SVAR(4) ok ok ok no no no no 0,613 0,998 0,907 0,451

Table 2: Sdlected specification tests

The next specification tests include presence of residual autocorrelation using the pairwise cross
correlograms for the estimated residuals in the SVAR(4) and also using autocorrelation LM test. It appears
residual autororrelationsis statigtically significant fit order 1 and also order 3 for the Czech Republic (see Table
2). Next tests are for residual normality. Reports of the multivariate extensions of the Jarque-Bera residua
normality test, which compares the third and fourth moments of the residuals to those from the normal
distribution, are shown in the Table 2. We analyse VAR residual and we regject normality distribution for al
residuals with the exception of 1st ouputgap-equation for the Slovak Republic. Non-normality of residuas is
caused by issue relating to the kurtosis.

3.3. Ildentification of the shocks

Impul se responses are an important tool to discover relations between the variables in a SVAR and also tool
for analysis of policy effectiveness. VARs can be reduced form models and strutural restriction are required to
identify the relevant innovations and impulse responses. We deal with structural restriction relevant for VARS
with integrated variables. Our general modelling strategy is to specify and estimate reduced form of the VARS
model and then focus on the structural parameters and resulting structural impulse responses. We also consider
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both types of restrictions - the so-called AB model (see (E5)). In this case, a simultaneous equations system is
formulated for the errors of the reduced form model rather than the observable variables directly. Thereby model
accounts for shift from specifying direct relations for the observable variables to formulate relations for
innovations. The impulse response functions of the SVAR(4) models with four endogenous variables for the
Czech Republic, Hungary and Poland are shown in, respectively, Graphs1 3.

Fromthegraphs1 3 one can conclude that effects of all the shocks gradually vanish although with differing
intensity. This signals stability and stationarity of SVAR(4) models. However the effects of the shocks are
limited as to their size and significance. The issue of the significance of responses to shocks is apparent also in
other studiesin thisarea

According to the graph 1 commenting the Czech Republic we can not confirm that tightening of monetary
policy influences real economic activity and the exchange rate which should than pass through to inflation. The
behaviour of exchange rate confirms the observed evidence that after increasing inflation markets expect
increase of interest rates by the central bank and the exchange rate appreciates.
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Graph 1: Estimated orthogonalized responsesto error impulse for the SYAR model CZ

The graph 2 confirms the existence of price puzzle in Poland which would indicate SVAR(4) mis-
specification in terms of ommiting monetary policy relevant variable according to [12]. The behaviour of
exchange rate response on interest rate shock is in line with so-called delayed overshooting [3]. The exchange
rate appreciates 3Q after interest rate shock and some effect persists into to the second year after shock.
Unfortunately the results do not confirm effect of interest rate shock on output gap. The reason would be due to
data, especially ex-post revised output gap which could be not relevant as real-time output gap in the moment of
monetary policy decision.

The graph 3 reports the similar results regarding the response of real economic activity and inflation to
monetary policy in Hungary as in Poland. However we find different behaviour in the exchange rate. The
exchange rate respond in a manner of immediate depreciation after monetary policy tightening and which is
absorbed aftewards. But this effect is subdued.
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Response to Cholesky One S.D. Innovations — 2 S.E.
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4. Conlusions

In this paper we have investigated whether monetary policy impulses (interest rate shock) have effects on the
output gap and consumer prices in four countries of the Visegrad Group V4. The empirical analysis covers the
period 1999Q1 - 2009Q1 and we can sumarize obtained results into answers at the beginning of paper pre-
defined two questions:

Empirical results provide evidence that approximately haf of all endogenous variables are nonstationary,
integrated of the order one 1(1) and the second haf of variables is stationary. Stability tests of VAR (4) model
recommend to investigate structural model SVAR(4) and further deal with the existence of cointegration
relations according to the results of cointegration tests (2 cointegrations relations for the Czech Republic, 3 for

Poland and 1 for Hungary). Rjdj of SVAR (4) models ranges 0,451 0,998 without equations of Slovakia.

Diagnostic tests have prooved in aimost al cases non-normality of residuals, especially from the point of the
kurtosis problem.
Monetary policy tightening according to our results do not influence the output gap. We have found the price
puzzle for Poland and Hungary. Further, the behaviour and responses of exchange rates on shocks differ
across countries substantially.
Sugestions for further research
To consider using rea -time output gap instead of ex-post revised HDP (output gap).
To consider including of the comodity price index asa proxy of supply side (with respect to degree
of freedom issue).
To investigate long run relations between variables, thus go for deep anaysis of cointegration
relations where relevant.
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Abstract. The goal of this paper is to study real time behavior on three emerging EU stock markets in the
Czech Republic, Hungary, and Poland taking into account interactions with developed markets and the
influence of macroeconomic news originating in the EU and in the U.S. We characterize the price discovery
in these three emerging EU stock markets by employing high-frequency five-minute intraday data on stock
market index returns and four classes of EU and U.S. macroeconomic announcements during 2004 2007. We
account for the difference of each announcement from its market expectation and we jointly model the
volatility of the returns accounting for intra-day movements and day-of-the-week effects. Our findings show
that real-time interactions on the new EU markets are strongly determined by matured stock markets as well
as the macroeconomic news originating thereby. In general, differences in results across markets are driven
by differences in key market participants, mostly by the presence of foreign investors. Our findings yield
insghtsinto the process of the devel opment of new European capital markets and stock market integration in
the EU.

Keywords. Price discovery, stock markets, intra-day data, macroeconomic news, European Union, volatility,
excess impact of news

1. Introduction, Motivation and Related Literature

Developments in emerging capital markets have long been characterized by less developed financial
ingtitutions and higher returns associated with higher volatility. While higher volatility is ill present to a large
extent [34], since the late 1990s the development of institutions in these markets attracted a large number of
foreign inditutional investors from developed countries who begun to consider emerging markets as a risk-
sharing domain.? In addition, financial globalization brought emerging markets under the increasing influence of
spillovers from developed markets, that themselves demonstrate degree of dependency [8], as well as impact of
economic information flows. General consensus in the literature is that macroeconomic announcements have
significant effects on financial markets, both in terms of asset returns and their volatility, but their impact,
specifically on volatility, is generally ambiguous [5]. While the effect of macroeconomic news is quite well
documented in devel oped markets, emerging counterparts are lagging behind and new marketsin Europe are till
under-researched. At the same time the presence of foreign institutional investors from developed markets in
new European marketsis heavy. [7] document that financial liberalizations that open emerging capital marketsto
foreign investors are associated with significant increases in real economic growth and [47] persuasively shows
that competition and financial openness are beneficial for stock market devel opment. Hence, knowing how new
European markets process economic information isimportant from a devel opment perspective.

We approach our analysis by using the datain an intra-day frequency in order to capture information flowing
from developed markets and to illustrate its power on price formation in emerging markets. Modern research
draws attention to the use of intraday data that are able to reveal the effect of macroeconomic announcements on
stock market movements [11, 42, 32, 20, 48]. In our paper we contribute to the related literature in several ways.
Most of the literature targets the developed capital markets in the U.S. and Europe, while European emerging
markets are till under-researched. Therefore we investigate new EU members: the Czech Republic, Hungary,
and Poland. Further, as an extension to the above literature, we use stock price data based on 5-minute intervals

 We would like to thank John Banko, John Brinkman, Dana HAkov/ET.A. Chola, Petr Koblic, Magdalena Malinowska and participants at
the FMA (Prague, 2008), Monetary and Financial Transformations in the CEECs (Paris, 2008), XVII International Tor Vergata Conference
on Banking and Finance (Rome, 2008), and BES! (Acapulco, 2009) conferences for helpful comments. GA R grant (402/08/1376) support
is gratefully acknowledged. The usual disclaimer applies.

2 Devereux and Sutherland (2009) note unprecedented improvementsin the financial environment of the emerging markets during the last
decade and analyze the determinants of an optimal risk-sharing portfolio for an emerging market economy and an advanced economy.
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to provide more robust estimates of public information on stock returns in the new EU markets, which is not
covered in theliterature.

2. Data and Methodology

We analyze the price discovery on the new EU stock markets and concentrate on the stock exchanges in
Budapest, Prague, and Warsaw in particular. These markets are the largest European emerging markets in terms
of market capitaization as wel asthe extent of liquidity [17].

We analyze the impact of macroeconomic announcements by employing an augmented version of the
generalized autoregressive conditional heteroskedasticity (GARCH) model [10]. This approach alows us to
assess the impact of news on stock returns and assess market volatility, as well as to account for the fact that
errors from the mean equation are heteroskedastic. We deviate from the standard sequencing and introduce our
data prLor to describing the model since a description of the news announcements is needed to better describe our
model.

2.1. Data Set: Stocks and News

We congtructed our dataset from intraday data on three emerging EU markets recorded by Bloomberg. Stock
exchange index quotes (l;;) for market i are available in five-minute intervals at time t (ticks) for the stock
markets in Budapest (BUX), Prague (PX-50), and Warsaw (WIG-20). In addition to these markets we also
employ data from the Frankfurt stock exchange (the German DAX index) and the U.S. Dow Jones Industrial
Average of 30 stocks index. Based on these quotes we construct a five-minute stock market index return R;; (Ri;
=In(lit / l;+1)) for each market i from timet-1 to timet. Thetime period of our data starts on 1 June 2004 at 9:00
and ends on 30 December 2007 at 16:30 Central European Daylight Time (CEDT). The beginning of our sample
intentionally starts after the entry of the four countries to the European Union in May 2004. After accounting for
weekends and public holidays, the time span gives the following numbers of trading days for each of the three
new EU markets. 878 (Budapest), 880 (Prague), and 879 (Warsaw).

The Budapest index BUX consists of 16 titles, with four forming the bulk of the index (91.5%). The Prague
index (PX-50) consists of 13 titles and 82.7% of it is formed by four titles. The Warsaw index WIG-20 contains
20 titles and five titles form a majority (64.0%). None of the companies that areincluded in the threeindices are
exposed to foreign economic conditions in a different way in terms of reporting activities as they are all obliged
to report under international accounting standards. The energy, banking and telecom industries dominate all
three indices and specifically the banking industry is represented in similar proportions in each of the three
markets. The index composition is then to a large extent representative of each country s economy without any
strong concentration in a specific industry. If there is any bias towards banking, the index composition hints that
at least it is congistent across the three countries. In the same spirit al three countries exhibit a smilarly
consistent trading pattern with respect to the U.S. and the old EU-15.

Further, we compiled an extensive data set on 15 different macroeconomic announcements (news) that are
divided into four categories. These are announcements on prices, real economy (GDP, current account,
production, saes, trade balance, unemployment, etc.), monetary policy (monetary aggregate and interest rate),
and economic confidence (consumer and industry confidence, business climate, etc.).

The macroeconomic announcements we employ are surveyed by Bloomberg and Reuters with a clearly
defined calendar and timing of the news releases; as publication schedules of the releases is publicly available
we do not report it for the sake of space.

We anayze the effect of the news from its excess impact perspective. Because markets form expectations
about scheduled important news, it is not the news itself that matters but its difference from what the market
expects it to be (market consensus). The news deviation, or its excess, has then an impending impact on stock
prices. Following thislogic, we construct a data set of announcements. There is news associated with indicator i
in the form of various macroeconomic rel eases or announcements that are known ahead of time to materialize on
specific dates t.°> The extent of such news is not known but expectations on the market form a forecast. The
excess impact news announcement is then defined as a deviation of the news from the market expectation
formed earlier. Further, announcements are often reported in different units and therefore they are standardized
to alow their meaningful comparison (see e.g. [4]). Formaly, the excess impact news variable is labeled as xnj;
and defined as (sniy  Eiq[sni]) / i, where sn;, stands for the value or extent of the scheduled announcement i at

3 Other literature deal s with emerging marketsin Europe but on alower frequency and without the specific effect of macroeconomic
announcements (see e.g. [37, 49] among others).

* The theoretical framework linking macro announcements to stock returnsis underdevel oped. We refer readersto the account of bond
pricing with announcement effects of [44], the equities modeling framework with announcements effect of [38], and an equilibrium asset
pricing model with public announcements[15].

S Thereisalso news in the form of an unexpected announcement that can be understood as a truly exogenous shock or surprise. The number
of such newsthat isrecorded is negligible and we do not consider them in the present study.
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timet and E¢4[sny] is the value of the announcement for time t expected by the market at time t-1, and ; isthe
sample sandard deviation of the announcement i. The standardization does not affect the properties of the
coefficients estimates as the sample standard deviation ; is constant for any announcement indicator i.

From a practical perspective, we consider the immediate effect of each new announcement at the time of its
release and account for its impact for 5 minutes as extenson of the interval does not yield an improvement
because the impact of the scheduled announcements dissi pates very quickly.

2.2. Estimation Methodology

We employ the augmented generdized autoregressive conditional heteroskedasticity (GARCH) mode [10]
to empiricaly test for the effect of macroeconomic announcements on stocks and to assess stock market
volatility. We augment the mean specification by parameters to account for the effect of macroeconomic newsin
the form of deviations of scheduled releases from market expectations and the effects of spillovers from
neighboring emerging markets as well as two major devel oped markets (Germany and the U.S.). The volatility
equation is augmented by a set of dummy variables to capture intraday and daily effects. Thus, our model
effectively captures the effect of news and market spillovers on stock returns and the effect of trading patterns on
stock valatility. The basdine modd is specified in the following form:

2007 p 2 q n 3 n 3
E M E j i
Ri,t y kRk,t j iRi,t j I,janU I,jxnUS t (1)
y 2004 k {EUUS} j 1 i1j1 j111 j111
r 2 S 4
hi,t m1 mtm m1 mhi,t m D d1 de ' (2)

T
The variables in the mean equation (1) are coded as follows. Our dependent variable Rii isthe return on a

specific emerging (E) market stock index i (Budapest, Prague, Warsaw) at time t. The parameter Rk'\f't j isthe

lagged return on a specific mature and developed (M) stock market index in the European Union (EU) and the
United States (US). As a proxy for the Eurozone we employ the German DAX index from the Frankfurt stock
exchange and for the U.S.A. we employ the Dow Jones Industrial Average of 30 stocks index.® Coefficients

ii j Is the lagged

return on a specific emerging market stock index other than that employed as a dependent variable and
coefficients ; capture the effects of spillovers from emerging markets (e.g., in the case of the Prague index being
the dependent variable, lagged indices from Budapest and Warsaw are right-hand side variables). Coefficients
represent a set of year-specific dummy variables that provide information on stock index returns in a specific
year during the period 2004 2007.

capture the effects of market spillovers from the two developed markets. The parameter R

3. Results and concluding remarks

Despite varied effects inferred from estimates we can draw some generalizations specific to al three
countries. The effects of other stock markets are dominated by spillovers from Frankfurt stock exchange while
reaction to the New Y ork market is smaller. The findings are sensible given the ongoing process of European
integration that also affects financial markets and the narrow time window during which trading at the U.S. and
European markets overlap. Spillovers from the neighboring markets are smaler or comparable in cumulative
magnitudes to the effect of New Y ork. Among them the Budapest stock market produces the strongest spillover
effects, followed by Prague, and the smallest effect is from Warsaw.

The general finding is that the three markets are not efficient in the sense of efficient market theory because
numerous significant coefficients associated with the impact of the news testify that news is not absorbed by the
market immediately and reflected instantaneoudly in prices. Announcements originating in the Eurozone exhibit
more effects than U.S. news. In terms of specific news, EU current account, consumer confidence and PMI
affect all three markets while U.S. prices are the only news of the same reach. The volatility of the returnsis
accounted for at the beginning and end of the trading session and it declines dramaticdly during the rest of the
day. The differences in the extent of volatility at the three markets should be credited to differences in trading
hours on these markets.

The effects of macroeconomic announcements need more detail to summarize. Among the four classes of
macroeconomic announcements, monetary news has virtually no impact on stock returns. The reason might rest
in the relative detachment of monetary policy figures from stock market developments. [48] claim that the

detachment of monetary policy expectations and asset prices from incoming economic newsis partly related to

5 Germany isthe most important trading partner for the three new EU countries under research. Using a composite Stoxx 50 or EuroStoxx 50
index is not feasible asthese are not available historically at the desired intra-day frequencies.
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the difficulties associated with measuring the surprise component of that news. Since we account for the surprise
component our findings show that the detachment might be due to the low value stock markets place on
monetary announcements.

Prices on the other hand affect all three markets, mostly in a very intuitive manner: worse (better) than
expected results bring negative (positive) effects on stock returns. This result upholds the market s ability to
effectively incorporate inflation into stock prices. The interesting trait in the price effect findings is the
dominating influence of U.S. prices while the Eurozone announcements pass nearly unnoticed. The possible and
sensible explanation might be credited to the well-mapped expectations of the European Central Bank s
operations that in the integrating Europe pose little challenge to financial market assessment.

The real economy class of announcements offers varied results from which the news on the EU current
account stand out as it affects all three markets in the same manner without exception: better-than-expected
results prompt a positive reaction and worse-than-expected results prompt a negative one. This finding should be
paired with the heavy dependency of the three economies on foreign trade with other EU countries, the presence
of EU firms in these markets, the similarity of supply and demand shocks [22], and a relatively high degree of
business cycle correlation [23] between the old and hew EU members. Needless to say that the most important
companies present in the new EU economies as owners or co-owners of the major local firms and banks are also
often quoted on the local stock markets. Other real economy announcements are limited in their reach to one or
two markets. Industrial production influences Prague and Warsaw, while announcements on trade balance and
unemployment are echoed in Prague and Budapest. Announcements on factory orders and retail sales do not
provoke any market reactions. Real economy announcements originating in the U.S. bring only scarce evidence
of their effects on stock returns. Many announcements are Ssmply not available during the Europe-U.S.A. trading
window. The Prague stock market is not affected by U.S. news at al while Budapest and Warsaw are only
sparingly.

Finally, business climate and confidence announcements provide valuable insights to the previous categories.
Practically no effect of the U.S. survey announcements has been found in any of the three markets and the effect
of those originating in the Eurozone is limited. Only the news on consumer confidence and the Purchasing
Manager s Index (PMI) impact &l three markets in an intuitive manner common to devel oped markets: a worse-
than-expected outcome provokes a negative effect on stock returns and better-than-expected results prompt a
positive one. All the above results thus validate the excess impact approach that highly reduces difficulties in
measuring news correctly.

News affects the valatility of the stock return indicesin a similar manner but specific features vary across the
three markets. The volatility of the Prague index is affected by the past announcements maost but in no market is
the effect destabilizing. The Budapest index exhibits the highest persistence of volatility. The volatility of the
Warsaw index shows the slowest convergence to the steady state. In terms of the intra-day features the Budapest
market exhibits the highest volatility at the beginning and end of the trading sessions while Prague records the
lowest volatility during the two periods. Volatility declines dramatically on the three markets during the rest of
the trading day and its extent is comparable across the markets. All three markets also show a decrease in
volatility by the middle of the business week.

Our findings show that real-time interactions on the new EU markets are strongly determined by matured
stock markets as well as the macroeconomic news originating thereby. The differences in results across the three
markets seem to be driven by differences in the composition and origin of the key market participants. The
discovered detailed effects are complemented by a characterization of market volatility. Our findings yield
insights into the process of the development of new European capital markets and stock market integration in the
EU. Asthese new markets become more mature and globally integrated they become more important for the real
economy of specific countries. Information flows related to developed economies, their ups and downs, were
shown to affect emerging European capital markets, whose devel opments then affect the real economy. Thisis
because smaller emerging markets are quite sensitive to changes in the economic situation in devel oped markets
as well as to changes in perceptions that are conveyed via macroeconomic news. As the recent financia
problems unfold globally, we can expect increases in sendtivity to the information flows reaching emerging
markets and the need to understand them better.
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Abstract. The aim of this paper is to describe and apply advanced approaches for calculation of operational
risk in line with the Loss Distribution Approach. At first, classical statistical distributions for modeling the
number of losses and their severities are described together with special techniques how to aggregate these
distributions together in order to get the probability distribution of the total loss. Then an extreme value
theory is presented for cases when empirical loss data have a heavier right tail in comparison with standard
probability distributions. In the application part both concepts (classical and extreme value theory) of the Loss
distribution approach are applied on operationa risk loss databases of Czech financia ingtitution. Obtained
results have shown the importance of the application of extreme value theory in the field of operational risk
modeling.

Keywords. Operationa risk, Loss distribution approach, Extreme val ue theory

1. Introduction

This paper deals with the calculation of the operationa risk according to an advanced method under the
Basdl 2 called Loss distribution approach ( LDA ). The aim of the paper isto describe the standard LDA and its
extended version with the Extreme value theory and apply both concepts on an operationa risk events database
of afinancial ingitution.

Firg part of the paper contains a short presentation of the main idea of LDA followed by a description of its
standard version which is afterwards extended through an application of Extreme value theory (Peak over
threshold). Second part deals with a description of the application of both concepts on an operationa risk loss
database of a financia institution. Obtained results of both concepts are compared. Concluson summarizes
important findings for practical implementation of LDA within financial ingtitutions.

2. Loss Distribution Approach ( LDA )

Following subchapters contain a short presentation of the main idea of LDA followed by a description of its
standard version which is afterwards extended through an application of Extreme value theory (Peak over
threshald).

2.1. Main idea and goal of the LDA

LDA belongs to a statistica bottom-up approach for the calculation of the operationa risk loss and is based
on the same idea as the Callective model commonly used in the insurance modeling (see for example Daykin,
1996). Theideaisthat thetotal operational risk lossis asimple sum of individual operational risk |osses whereas
the number of losses and the severity of each individual loss are random variables.

The goal of LDA isto get the probability distribution of the total loss for a given time period and calculate
risk measures like expected | oss, operational Value-at-risk and unexpected loss (see
figure 1). The operational Vaue-at-risk (VAR) corresponds to the value of the total loss for a given significance
level p according to the following formula
VAR, F'1 p, @

where F_"! denotes the inverse function of the distribution function of the total loss. Expected loss (EL) is given
by the mean of thetotal 1oss and unexpected loss (UL) can be expressed as

UL VAR, EL. @)
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Figure 1 Example of the probability distribution of the total operational risk loss

2.2, Standard LDA

Thetotal loss L of a given business line i and event typej for a given time period is given by the following
formula
N i,j
Li,j S, i (3)
ni
where N(i,j) represents the number of risk events and Si,j) stands for severity (financia impact) of a single
event. In case that we assume the independence between the number of losses and their severities and between
each individual severities as well then the digtribution function of the total loss F. corresponds to the following
formula (for more convenienceindicesi and j are excluded)

" 0
PO Py NPt X X . @
py O e

F.x

where py represents the density function of N(i,j), Fs stands for the distribution function of S(i,j) and F<" means
n-fold convolution of Fs with itself. The amount of the capital (TC) that a financia ingitution should have in
order to cover the operational risk is usually given by

TC EL UL i ®)
i
for asignificance level of 0,1% and atime period of one year.

The application of LDA consists of operational risk loss data collecting, building a model for the number of
losses (frequency model), building a mode for the financial impact of a single loss event (severity moddl) and
aggregation of the respective frequency and severity models (details about each step of LDA application can be
found for example in Panjer, 2006 or Cruz, 2002).

Operational risk loss data colleting

The goal of the operational risk events data collecting is to build up and maintain a database about the
operational risk events of the whole financial inditution a every level of business units. The data sructure
differs around indtitutions and is based on its modeling and managing needs.

Frequency and severity model

Building a model for the number of losses and a model for the financial impact of a single loss consist of
choosing an arbitrary probability distribution, estimating its parameters, performing goodness of fit tests and
repeating this algorithm until the appropriate distribution is found. For frequency model is usually used Poisson
or Binomial distribution. In case of severity models mostly lognormal, gamma or Weibull distribution is applied,
i.e, we generally assume a particular representative of broad L@y models family, (for details of large set of
probability distribution see Panjer, 2006).
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Aggregation of frequency and severity model

The aggregation of the model for the number of losses and the model for the severity of a single event is
usually done via Monte Carlo simulation or Panjer recursion method. Unfortunately there is no analytical
solution for the distribution function of the total 1oss (4) because of problematic cal culations of convolutions.

Monte Carlo simulation (see e.g. Tich , 2008) is based on generation of a large number of total loss
scenarios. At firgt a discreterandom variable is generated which represents the number of losses for a given time
period. Afterwards a respective number of trials of a continuous random variable is generated. These trials
represent the financial impact of every individual loss and their sum is one scenario of the total loss. This
algorithm is repeated many timesin order to get the probability distribution of the total loss.

Panjer recursion method is the second most frequently used method for the aggregation of frequency and
severity model and represents an analytical approximation of the total loss F.. If the chosen probability
distribution for modeling the number of losses py is a member of the group (a,b,0) then it satisfies the following
equation

b
py N a —pyn 1forn 1 (6)
n
and then the density function of thetotal loss f, can be expressed with the following formula
. 1 ! b k :
fi ———  a — f kf i k @)

1 a f,0 |
with theinitial condition

f,O p,O pynf."o0, 8)
nil
where f stands for the density function of the chosen probability distribution for the severity model. The
coefficients a and b depends on the chosen probability distribution of py and can be found for example in
Panjer, 2006. The distribution function of the total loss can be then expressed with the following formula
i
F, FicC fj 9)
jo
where C represents a given monetary unit of the financia impact of a single loss (the application of the Panjer
recurson formula requires a discretization of the continuous severity modd - for details of mid point
discretization method see Daykin, 1996).

2.3. LDA with Extreme value theory

The empirical operationa risk loss data for some event types have a right heavy tail of the probability
distribution. Because of this fact, it is useful to implement Extreme value theory (especially the version called
Peak over threshold - POT) in LDA framework.

According to respective theorem that was stated by Pickans (1975), Balkema and de Haan (1974), the
conditional probability distribution of a single loss above a high threshold can be very well approximated by
generalized Pareto distribution (for details of the Peak over Threshold approach to EVT see for example Panjer,
2006).

The application of LDA together with the Peak over threshold methodology consists of same steps as the
application of standard LDA. But this time the building of a model for the severity of asingle event isalittle bit
more complicated and consigts of the following steps.

1) determination of threshold,
2) building amode for the severity of asingle loss that don t exceed the defined threshold,
3) buildingamode for the severity of asingle loss that is higher than defined threshold.

There are several techniques to determine an appropriate threshold, for example a graphic representation of a
mean excess loss function (round about the selected threshold should be linear with the positive dope), an expert
opinion or a given percentile. Determination of the threshold is a trade-off between its sufficiently high value
and enough data for the parameter estimation of the generalized Pareto distribution.
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Steps for building a model for the severity of a single loss that don t exceed the defined threshold are the
same as in the case of standard LDA. Model for losses above the defined threshold consists of the utilization of
generalized Pareto distribution according to the above defined theorem. For details of application of Extreme
value theory see for example Panjer, 2006 or Cruz, 2002.

3. Application of LDA on operational risk loss database

Following subchapters contain a description of an application of LDA framework within a financia
institution. At first standard LDA according to the subchapter 1.2 is applied. Then an application of LDA with
the Peak over threshold methodology is presented. Afterwards both concepts and their result are compared.

3.1.  Operational risk loss database

The calculation of the operationd risk was done with the use of operational risk loss database containing 186
cases of externd frauds from retail banking. The figure 2 shows the empirical probability function obtained from
the mentioned database.
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Figure 2 Empirical probability function of the database

3.2, Model for the number of losses

In order to model the number of losses the Poisson distribution with the parameter  amounting to 47 was
used (average number of 1oss events per year). Goodness of fit tests between the chosen Poisson distribution and
the empirical data was not performed because of the short data series.

3.3.  Severity model of a single loss

The model for the severity of a single loss within standard LDA was done for lognormal, gamma and
Weibull distribution. Results of the parameter estimation are presented in the Table 1 (for further calculations the
results of the maximum likelihood estimation are used).

Distribution Parameters Maximum Likelihood Estimation Method of Moments
Lognormal distribution - 12,28 12,17
Lognormal distribution - 0,75 0,91
Gammadigtribution - 1,76 0,79
Gamma distribution - 165 858 370333
Weibull digtribution - K 1,20 1,62
Weibull distribution - 313827 306 078

Table 1 Results of the parameter estimation within severity models of standard LDA

The anaytical goodness of fit tests Kolgomorov-Smirnov and Anderson-Darling were calculated on the
confidence level of 5%. The following figures display the results of the graphical goodness of fit tests QQ Plots.
According to the results of the goodness of fit tests can be stated that none of the analyzed probability
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distribution is suitable for the modding of the right tail of the distribution of financia impact of a single loss.
Because of poor results of the goodness of fit tests LDA with the Extreme val ue theory was also applied.

1750000 ~

Theoretical distribution

250 000 -

0

1500 000 +

1250000 +

1000 000 +

750 000 -

500 000 -

Q-Q Plot
Lognormal distribution

500 000 1000000 1500000 2000000 2500000

Empirical distribution

1400 000 ~
1200 000 +
1000 000

800 000

600 000

Theoretical distribution

400 000

200 000

0

1250 000 -

1000 000 -

750 000 4

500 000 -

Theoretical distribution

250 000 4

0

Q-Q Plot

Gamma disribution

0

Q-Q Plot
Weibull distribution

T T T T |
500 000 1000 000 1500 000 2 000 000 2 500 000

Empirical distribution

T
0 500 000

T
1000 000

Empirical distribution

T T
1500000 2000 000

|
2 500 000

Figure 3 QQ Plots for severity modd s of standard LDA

As the first step within LDA framework with the Peak over threshold methodology a threshold has to be
determined. For this purpose a graphical representation of the mean excess loss function was used. The threshold
should be set in the area where the mean excess loss function is approximately linear with the positive dope
(determination of the threshold is a trade-off between its sufficiently high value and enough data for the
parameter estimation of the generalized Pareto distribution). The threshold was set out at 650 000 CZK (see

figure 4).
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Figure 4 Empirical mean excess loss function

Severity models for losses that don t exceed the stated threshold were done for the same distribution asin the
previous case (lognormal, gamma and Weibull). Results of the parameter estimation are presented in the Table 2
(for further calculations results of the maximum likelihood estimation are used).
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Lognormal distribution Maximum Likelihood Estimation Method of Moments
Lognormal distribution - 12,17 12,21
Lognormal distribution - 0,62 0,50
Gammadigtribution - 314 347
Gammadigtribution - 72442 65 582
Weibull distribution - K 1,96 2,00
Weibull distribution - 257 327 256 950

Table 2 Results of the parameter estimation within the severity models of LDA with the POT

The andytical goodness of fit tests Kolgomorov-Smirnov and Anderson-Darling were calculated on the
confidence level of 5%. The following figures display the results of graphical goodness of fit tests QQ Plots.
According to both type of goodness of fit test can be stated that the results are much better in this case compared
to the previous standard LDA where all data was used. It is obvious that the performed database split according
to the threshold of 650 000 leads to better severity models for losses not higher than 650 000.
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Figure 5 QQ Plots for severity models of LDA with the Peak over threshold methodol ogy
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The empirical data above the stated threshold (11 records) was used for the parameter estimation of the
generalized Pareto ditribution. Theresult is shown in the Table 3.

Generalized Pareto distribution Value
Parameter - 599 258
Parameter - 0,1

Table 3 Result of the parameter estimation of Generalized Pareto distribution
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The next figure 6 displays the goodness of fit test QQ Plot for the generalized Pareto distribution. According
to the performed QQ Plot can be stated that the generalized Pareto distribution describes the right tail of the
empirical data very well (this was not the case for the standard LDA).
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Figure 6 QQ Plots for the generalized Pareto distribution

3.4.  Aggregation of the model for the number of losses and the severity model

In the case of standard LDA the Poisson distribution was aggregated with the gamma distribution with the
use of the Panjer recursion formula (7). Discretization of the gamma distribution was done according to the mid
point method with the money unit C amounting to 35 000.

In the case of LDA with the Peak over threshold methodol ogy the Poisson distribution was aggregated with
the gamma distribution respectively the generalized Pareto distribution via Monte Carlo simulation with 500 000
scenarios of thetotal loss. Obtained distributions are displayed in the figure 7.
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Figure 7 Distributions of thetotal operational risk loss

3.5. Results

From the distribution of the total operational risk loss were derived usual risk measures like operational
Value-at-risk, expected and unexpected loss for different significance levels. Results are presented in the Table
4. The difference between both approaches is increasing with the higher percentiles of the distribution which is
in line with the expectations because of the Extreme value theory. The amount of the capital for covering
operational risk lass from analyzed business line and event type is equal to 24.8 million for LDA with the Peak
over threshold (sum of expected and unexpected loss for significance level of 0.1%) and is higher by 23% in
comparison with standard LDA.
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Expected loss 12 413 826 12 689 234 275408 +2%
Value-at-Risk (p=5%) 16 275 000 17 962 998 1687998 +10%
Value-at-Risk (p=1%) 18 060 000 20854 899 2794899 +15%
Value-at-Risk (p=0,1%) 20 230000 24812373 4582373 +23%
Unexpected loss (p=0,1%) 7816 174 12 123 139 4 306 965 +55%

Table 4 Obtained risk measures for the standard LDA and LDA with the POT methodology

Obtained results have proven that the Extreme value theory (in this case the version called Peak over
threshold) plays an import role in the calculation of the operational risk loss when the empirical data have a
heavier right tail compared to classical distribution functions.

4. Conclusion

This paper dedls with the quantification of the operationa risk according to the gandard LDA framework and
its extended version with the Extreme value theory. First part of the paper consists of a description of both
concepts which are afterwards applied on the database of a financia ingtitution.

According to the obtained results can be stated that the empirical operational risk data have a heavy right tail
of the distribution and because of this fact plays the Extreme value theory important role in the measurement of
operational risk. Difference between the capita requirement in case of the application of standard LDA and LDA
with the Extreme Vadue Theory (Peak over Threshold) has been 23%.
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Abstract. In our contrib ution, w e estimate the output gap that is consistent w ith a fully speci ed
D S6 E model. T he output gap is de ned in this framew ork as a deviation of actual outp ut from
its exible-price equilib rium level. The exible-price equilibrium corresponds to the state of the
economy W ith more e cient allocation. T hese estimates are thus useful indicators for monetary
policy. 0 ur output gap illustrates C zech business cyclesw hich are rather di erent to oth er estimates
(e.g.HP Iter).T his result may b e typical for economies in transition. Moreover, our results for the
C zech economy show that the turning points in the gaps are accomp anied hy government ch anges.
K eywords. 0 utputgap, D S6 E models, B ayesian estimation.

1 Introduction

T here are various n ethods and m odels to estin ate the potential output and outputgap.0neway is to
use pure statistical estin ates (e.g. HP Iter). Such an approach lacks of econom ic content. Production
function m ethod estin ates an aggregate production function w ith equilibrium inputs. "M ore econon ic"
approaches estin ate potential output w ithin the fram ework of the Phillips curve. These m odels exploit
reduced-form equations and the resulting output gaps are non-accelerating in ation m easure. In our
contribution, we estin ate the output gap (using B ayesian technigues) that is consistent w ith a fully
speci ed DSGE model.Theoutputgap isde ned in this fran ew ork as a deviation ofactual output from
its exible-price equilibrium level. The exible-price equilibrium corresponds to the state of the econon y
with moree cient allocation. T hese estin ates are thus useful indicators for m onetary policy.

0 ur contribution is structured as follows. The next section provides a sin ple variant of the N ew
Keynesian D SGE model which is used for our analysis. Section 3 explains used data and estin ation
techniques. In Section 4, our baseline estin ation results are presented and robustness of our analysis is
checked. Section 5 concludes this contribution.

2 Themodel

Themnodel is asinplevariant of the standard New K eynesian (NK) D SGE model used by Hirose and
Naganum af[4].Them odelconsistsofoptin izing householdsand m onopolistic rm s facing price stick iness.
i onetary policy follow s an interest-rate feed back rule. A Il real variables are detrended by anon-stationary
trend com ponent of the productivity process A¢ with the constant grow th rate . This assum ption
guarantees stationarity of them odel. W ew ill present only the n ain equations and log-linearized version
of the model. D erivation of rst-order conditions and details to the log-linearization of corresponding
equations are provided by Herber [3]. For further references and extensionsof basic NK D SGE m odel see
6 al [2].

2.1 The representative household

T he representative household is in nitely lived. Its utility is derived from com posite consum ption good
Ci, real money balances M=P¢ and leisure 1 N¢. W e assum e a consum ption habit forn ation. The
household m axin ize the follow ing expected utility function:

2

! 3
LE]
= X iD,. 4 1 Ciri + Meei " Nei 5. (1)
t i= 0 ! Clhi 1 1 b P 1+ 7
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where Dj is a preference shock, C{ ; represents habit stock with the habit persistence parameter 0 < h <

1.Parameter is the discount factor (0 < < 1), >0 is the intertemporal elasticity of substitution,

b 1 > 0 is elasticity of substitution between consumption and real money balances and ! > 0 is

elasticity of substitution between consumption and labor. Parameters >0 and >0 are scale factors.
Given the aggregate price index, we have following budget constraint:

My By W Mt 1 Bt 1
Ci+—+—=—N;¢+ +R + ¢ 2
TPy Py Pt Py t 1P, ! )
where B¢ are nominal government bonds with nominal interest rate R, W=P; is the real wage and
is real pro ts of the rms (households are the owners).

2.2 The rms

The nal (composite) consumption good Y¢ is produced using di erentiated intermediate goods Y:(j),
k 2 [0; 1] which are produced by monopolistic rms. Final good is produced (aggregated) using following
technology (C ES index): .
1 1 ttl
Ye = Yi(j)  © dj ; ()
0

where >0 is time-varying elasticity of demand for each intermediate good Y¢(j). The cost minimization
problem of the nal good producer gives the demand function for good j and aggregate price index:

Z 1
) P:(j t v N
vy= 2 v pe= TRG) @
t 0
Each monopolistic rm faces demand curve 4. We assume a linear production function
Yi() = AcNe(§); ®

where A¢ is exogenous productivity shock and N¢(j) is labor input. Each rm minimizes its total costs
T Ct which are expressed as a product of real wages ‘Q—’: and total hours worked N¢ = X—tt:

Wt Y
TCi=——: 6
£T Py Ac ©)
R eal marginal cost  must satisfy the condition
@ T Ct Wt:Pt
= = 7
t= 3y, A @)

The rms have an opportunity to change their prices in a given period with probability 1 I (see
C alvo [1]). Each rm j chooses the price P¢(j) to maximize expected discounted pro ts

X Ps (i
E¢ !IQt;t+i Pt—(J) Ye+i() t+iYewi() ®)
i=o0 t+i
where Qg¢+i = '% is the discount factor. Equilibrium condition C¢(J) = Y¢(j) holds.

¢t

2.3 Flexible-price equilib rium and monetary policy

We consider the case where all of the rms adjust their prices every period. The exible prices setting
is characterize when ! =0, optimal price P, = Py and markup Z; = Z. The de nition of real marginal
cost in (7) implies:

We _ A,

Py Z° ©)
This relationship is combined with the rst order conditions of the households and equilibrium condi-
tions of the whole economy. We may thus de ne optimal consumption, hours worked and exible-price

equilibrium output with the superscript f. The output gap is de ned as:
gape =ye Vi (10)

where y; is a log of the actual output and yf is a log of the exible-price equilibrium output. The gap
measures the percentage deviation of the actual output from its exible-price equilibrium.

The model is closed by specifying a monetary policy rule. We use the standard Taylor-type rule which
links the nominal interest rate with the movement of in ation and the output gap from its target levels.
Equilibrium dynamics is forced by demand shock d¢, cost shock z¢ and productivity shock a;. These
shocks follow the stationary AR(1) processes.
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2.4 Log-linearized equations

Our system consists from following log-linearized equations:

Uct Yt =EtUcirr EtYeer +Te Et a2 (11)
Wy pr=de+ Ne Ucet+ Ve (12)
1
Uce =7, (1 ) @+ by hye 1 hEtyi
+dt  hEde (13)
1 na ot 1 1
t= Bt tv1t+ ( l)( ) vt (2t YEtZt+1) (14)
1
yt =&t + 1+ UC‘; 1+ dt (15)
1
ude=r—+ @ ) @+ by hyl, hEy,
+dt  hEde+ (16)
= (e 1+(1 r) t+ y(e YI) + it an
de = gdt 1+ gt (18)
Zt = zZt 1+ zt (19)
at = adt 1+ at (20)

L ower case letters are logarithms of the corresponding upper cases. We have seven equations for endoge-
nous variables and three equations which describe exogenous processes. The system includes four shocks {
rt; d:t; z:t@ ax. Previous equations may be read as follows: Equation (11) is a New Keynesian IS curve
(Euler equation for the consumption). Equation (12) represents labor supply curve of the households.
Equation (13) express marginal utility of consumption. Equation (14) is a New Keynesian Phillips curve.
Equation (15) de nes potential output. Equation (16) re ects marginal utility of consumption in the case
of exible-price framework. Equation (17) is a modi ed Taylor rule. Equation (18) is the AR(1) process
of demand shock. Equation (19) is the AR(1) process of cost shock. Equation (20) is the AR(1) process
of productivity shock.
We will use the log-linearized versions of both production function and real marginal costs:

Yt = ar + Ny, (21)
’t = W¢ Pt at. (22)

We estimate 15 parameters. These parameters are described in the Table 1.

3 Estimation

We use Bayesian techniques (Random-Walk metropolis Hasting algorithm) and Kalman Iter algorithm
in order to estimate both the parameters and unobserved potential output. The model is thus identi ed
by using the Dynare toolbox for Matlab [5]. We use quarterly seasonally adjusted macroeconomic data
of the Czech Republic from the second quarter 1996 to the fourth quarter 2008. Observable variables
are quarter-on-quarter productivity growth, in ation and nominal interest rate. Productivity is obtained
from the output growth of real GDP divided by the labor force. The in ation rate is based on CPI and
interest rate is the 3M PRIBOR. In ation and nominal interest rate are annualized. One of the alternative
models uses data of the in ation target. The variables in the model are expressed as deviation from their
steady-states. We have added measurement equations that relate the model variables to the data (instead
of pre ltering the observed data):

Ytobs — s +Vi Vi o1 (23)
tobs = S 44 . (24)
RI® = rrss + S5 +4rg (25)
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Table 1. Parameters

Parameter Description Range Density
T Intertemporal elasticity in consumption RT Gamma
Discount factor (0;1) Beta
h Habit persistence ;1) Beta
1 Elasticity of substitution between labor and consumption IR* Gamma
1 The share of non-optimizing rms [0; 1] Beta
Elasticity of the interest rate with respect to in ation R Gamma
y Elasticity of the interest rate with respect to output gap IR*™ Gamma
r Interest rate smoothness [0;1) Beta
d Persistence in the demand shock [0;1) Beta
2 Persistence in the supply shock [0;1) Beta
a Persistence in the productivity shock [0;1) Beta
r Standard deviation of the monetary shock R* Inv. Gam.
d Standard deviation of the demand shock R* Inv. Gam.
2 Standard deviation of the supply shock R* Inv. Gam.
a Standard deviation of the productivity shock R* Inv. Gam.

where SS is equilibrium growth rate of a non stationary technology shock, 3% is annualized in ation at
the steady-state and rrss is real interest rate at the steady-state.
Priors are presented in the Table 2. They are mostly in line with the estimates of similar estimates
for the Czech Republic (see Musil and V as cek [6] or Remo and V as cek [7]). Prior hyperparameters of
SS and rrss are obtained from the historical averages of in ation and real interest rate.

4 Results

Table 2 reports posterior distributions of the structural parameters. The posterior mean of the parameter

is 2:31, intertemporal elasticity of substitution  * is thus 0:43. Households prefer actual consumption to
future consumption. The parameter h is 0:97, i.e.past consumption plays crucial role in current decisions.
The parameter is 1:54. Elasticity for labor supply is therefore 0:65. This low elasticity is typical for
the Czech labor market because of low exibility of the labor force. Price rigidity is related to the
parameter !. The mean value 0:8 means that only 20% of rms change their price every quarter. The
mean contract duration is thus ve quarters. The reaction function of the Czech National Bank is based

Table 2. Estimates - parameters and shocks

Parameter Prior mean Prior s.d. Post. mean 90% HPDI

1.10 0.50 23128  1.5128 3.0692

h 0.80 0.10 0.9661 0.9317 0.9982
1.50 030 1.5442  1.0440 2.0247

! 0.60 0.20 0.7944 0.7163 0.8774
1.50 030 13157 0.9985 1.5823

y 0.30 0.15 0.2706  0.0627 0.4794
r 0.65 0.25 0.7290  0.6603 0.7990
d 0.50 0.25 0.8308 0.7253 0.9414
z 0.50 0.25 0.5724  0.2029 0.9779
a 0.70 0.25 0.9336  0.8790 0.9953
s 0.50 030 0.6725  0.5067 0.8467
s 3.50 0.50 3.6368  2.8588 4.3909
rrss 1.80 0.30 1.7559  1.2991 2.1924
r 0.30 a1 0.3355  0.2771 0.3946
d 0.50 1 1.0901 0.4321 1.7915
z 0.50 1 0.4230  0.1050 0.9410
a 0.80 1 1.4366 0.8301 2.0816

on the parameters , a . Interest rate rule may be w ritten as

re= 0:73rg 1 +0:36 ¢ +0:07gape+ i (26)
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The smoothing parameter is relative high and plays the most important role in monetary decisions. C en-
tral bank places ve times less weight on the output gap relative to in ation variations. The autoregressive
coe cients for the shocks represent persistency of the shocks.

Figure 1 plots the posterior mean of smoothed estimate of the output gap and its 90% con dence
intervals. This trajectory may be compared with the gap obtained using H odrick -P rescott Iter. U sing

]

5 I
Thom 1998 2000 2002 2004 2006 2008 2010

Fig. 1. Output gap and con dence intervals

U .S. data we were able to replicate the original results presented by H irose and N aganuma [4] which are
similar compared with other commonly used estimates. 0 ur output gap, on the other hand, illustrates
C zech business cycles which are rather di erent to the estimate using H P Iter.

0 ur approach shows the potential of the economy with exible-prices that would prevail in the absence
of cost shocks. W e may present alternative estimates which measures output gap as the deviation of the
actual output from its equilibrium (trend) level. In this case, the dynamics of the gap should be in
accordance with H P Iter estimates. This may be shown on the F igure 2. R esulting trajectories di er in
levels because our data are detrended by steady-state growth rate of a technology shock (parameter ¢g).
A s argued by W oodford [8], an optimal monetary policy replicates exible-price equilibrium, which can
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Fig.2. A ctual output gap and potential output gap

be the best outcome of the economy where government o sets monopolistics distortions by appropriate
transfers. The output gap that is de ned here should be a useful measure for monetary policy makers
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(from a welfare perspective). Monetary policy is able to stabilize in ation and welfare of the households
(approximated by the output gap). These goals are conformable with each other.

New K eynesian approach to the output gap o ers relevant economic background compared to the
"traditional" estimates. Output gap is linked to real marginal costs which in uence in ation within the
Phillips curve framework. There is a strong relationship between output gap and in ation which may be
used by monetary authority.

What says our output gap in the Figure 1? Its trajectory indicates the existence of rigid prices in the
Czech economy. On the one hand, these rigidities have damped impact of recession in the period since
1997 and 2001 (positive output gap). On the other hand they restrain economic growth in the periods of
the booms (negative output gap since 2005). Our results for the Czech economy show that the turning
points in the gaps are accompanied by government changes (1998, 2002 and 2006).

4.1 Prior sensitivity and model alternatives

Our results may be in uenced by the choice of prior hyperparameters. We have speci ed two alternative
prior sets based on tight and loose prior. Our choice concerns following parameters: , h, , I, vy

SS, SS and rrss. In the case of "tight prior" the prior standard deviation equals a half of the base
one. In the case of "loose prior" the standard deviations has been doubled. As expected, for most of the
parameters, deviations of the posterior estimates from the prior means were remarkable under the loose
prior. The tight prior leads the posterior estimates close to the prior. Figure 3 depicts the corresponding
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Fig. 3. Output gaps - prior sensitivity

estimates of the output gap. We can see that the output gap is similar to the gap under the loose prior at
the beginning of the period and to the gap under loose prior in the second half of the period. The output
gap under the tight prior exhibits smaller volatility due to the smaller values of h and !. The dynamic
of all trajectories is almost the same within the whole period. Our baseline estimate may be taken as a
relevant " compromise” estimate. For further discussion regarding sensitivity analysis see Herber [3].

We have made three alternative speci cations of the model which may be more appropriate to de-
scribe the Czech economy. The rst model (Model 1) assumes time-varying steady-state growth rate of
technology shocks:

SS SS
t = a1t

it + N(©; 2): (@7
The second model (Model 2) assumes time-varying steady-state in ation:

= ot o © N(O; ?): (28)
This assumption a ects the dynamic of nominal interest rate that should be rewritten as follows:

RIS = rrsS + 55, +4ry: (29)
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The last model (Model 3) takes into account in ation targeting. In ation gap will be de ned as the
di erence between actual in ation and its target level

s prtt=g g (30)
Nominal interest rate is thus determined by
RObS = 1SS + 4ry; (31)

where the parameter r® is annualized steady-state nominal interest rate. The relevant prior is based on
historical averages.

The results are not sensitive to the changes in measurement equations. Obtained output gaps (see Fig.
4) have similar dynamics in comparison with the basic model. They di er only in levels of the gaps and
in the con dence intervals which are larger. Interesting results are o ered by Model 3 which takes into
account in ation targeting. Central bank was not able to achieve its in ation target at the beginning of
the period of in ation targeting. This fact leads to higher volatility of the in ation gap in our model. The
Phillips curve and the dynamics of the real marginal costs are the mechanisms through which the volatility
of the output gap increases. For more detailed discussion about our alternative models (including the
trajectories of time-varying steady-state values) see Herber [3].
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Fig. 4. Output gaps - alternative models

5 Conclusion

In our contribution, we estimated the output gap which is consistent with the fully speci ed D SG E
model. This gap is a useful measure for welfare of the economy. The output gap is a plausible indicator
for monetary policy. Structural parameters may provide an economic interpretation for movements of the
estimated output gap. Using U.S. data we were able to replicate the original results presented by Hirose
and Naganuma [4] which are similar compared with other commonly used estimates. Our output gap,
on the other hand, illustrates Czech business cycles which are rather di erent to other estimates (e.g.
HP Iter). This result may be typical for economies in transition. Rigidities in the Czech economy have
damped the fall of economy in the periods of recession but they have hindered the potential growth in
the periods of booms. Moreover, our results for the Czech economy show that the turning points in the
gaps are accompanied by government changes.

Acknowledgement This work was supported by MSMT project Research centers 1M0524, and funding of
speci c research at £ SF MU.
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Abstract. This paper dea's with empirical analysis of international trade between Visegrad countries and EU-
15 during past two decades. The goal of the paper isto find out if the growth in export is of intensive or
extens ve type. We follow methodol ogy of Kehoe and Ruhl (2002) and use detail ed trade statistics on the
value of trade flows by commodity according to Standard International Trade Classification (SITC) codes.
We find out that the goods that were traded the least in the benchmark year account for disproportionate share
in trade after liberalization and reduction of trade barriers. The most significant increase was found in
Hungary. The set of goods which accounted for only ten percent of trade in 1993 accounts for about forty
percent of trade following the liberalization. Similar patterns were identified also in other Visegrad countries.
The countries thus began to export goods that they had not been previously trading. Thisis growth on the
extensive margin and it should be reflected in model s of international trade.

Keywords. International trade, trade barriers, liberalization, export growth, intensive and extensive margin,
Visegrad countries

1. Introduction

This paper analyses international trade between Visegrad countries and EU-15. The goal of the paper isto find
out if the growth in export is of intensve or extensive type. We follow methodology of Kehoe and Ruhl (2002)
and use detailed trade statistics on the value of trade flows by commaodity according to Standard International
Trade Classification (SITC). The results show that the goods that were traded the least in the benchmark year
account for disproportionate share in trade after liberalization and reduction of trade barriers. In other words the
countries began to export goods that they had not been previoudy trading. This is growth on the extensive
margin and should be reflected in models of international trade and aso in decisions of policymakersthat usually
focuses only on supporting of traditional export industries.

The rest of the paper is organized as follows. Section 2 briefly describes data used for analysis and section 3
focuses on measures of extensive margin growth. The results are presented and discussed in Section 4. The stress
isput on analysis of Hungary and the Czech Republic. Section 5 deals with sensitivity analysis of the measure of
extensive margin and itsinfluence on results. Final section concludes with prospects for further research.

2. Data

The data are obtained from OECD database. The measure is annua flow values of exports of particular country
into EU-15. The data are disaggregated by commodities according to four-digit Standard International Trade
Classification (SITC), revision 2. The data are quoted in thousands of U.S. dollars, however we are interested in
relative quantities and thus the units are not important. The data sample for each country is determined by
availability of data. The data sample startsin 1992 for Hungary and Poland, in 1993 for the Czech Republic and
in 1997 for Slovakia. The last available period is 2006 for al countries. It must be mentioned that the process of
trade liberalization was gradual and in some cases already started before period that we study. However, main
reduction of trade barriers happened before accessions of Visegrad countries to European Union in 2004 which
iscovered in our analysis.

3. Measures of the extensive margin

For each country s exports into EU15, the SITC codes are ordered by their value of trade in the first three years
of the sample.? Then the cumulative sets of the ordered codes are constructed. Every set includes one-tenth of

! Thiswork issupported by M MT project Research centers 1M0524 and funding of specific research at ESF MU.
2 Average valuein three yearsisused for the sake of robustness of the ordering. |mplications of the way of ordering (one year or three years
average) are discussed in Section 5.
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total export. The first set starts with the smallest codes® and other codes are added to this set until the sum of
their values reaches one-tenth of total export value. The next set is formed in similar way by summing the
remaining smallest codes until the value of the set reaches one-tenth of total trade. This procedure produces ten
sets of codes where each set represents one-tenth of total trade. The first set consists of the least-traded
commodities they have the smallest export value. Subsequent set contains less codes then the previous set as
the (relative) trade value of the codes increases. Since the set comprises exactly one-tenth of total export, some
codes are split into two sets. Therefore the number of codes in the set need not be integer number.

Given this partitioning of the SITC codes, two measures of export growth are considered. First measure
corresponds to change in each set s share of trade over the sample period, second measure focuses on the time
evolution of the least-traded set of codes with the aim to capture timing of the export growth of these goods.

The first measure is constructed by calculating the share of total exports for each of the ten sets of codes in the
last year of the sample period. The interpretation of this measure is as follows. If the growth in trade is driven
only by proportiona increase in the value of goods already traded, each set of codes would retain its one-tenth
share in trade. On the other hand, if the trade liberalization leads only to trade of goods that were previoudy
untraded, the first set of codes would gain trade share, while share of other set would decline. The first case is
intensive margin, the second case is extensgve margin in trade growth.

The second measure uses the same partition of SITC codes but looks only on the share of least-traded goods in
total export. This shareis caculated for each year of the sample period. If the lowering of trade barriers leads to
trade of goods not previoudy traded, there should be an increase in the share of trade accounted for by this set of
goods. This measure should show the timing of any change it the trade of new goods. If an increase in the share
of exports coincides with the implementation of trade reforms, we can think of it as an evidence of the link
between trade liberalization and growth in the extensive margin.

4. Results

Overall results indicate significant export growth on the extensive margin for all Visegrad countries. Table 1
shows the end of sample export shares of the least-traded goods. The most significant increase in the extensive
margin is observed in Hungary. Least-traded goods comprise 41 % of the total export sharein 2006. Thisismore
than four times its original trade share. The shares of least-traded goods in Poland and the Czech Republic
account for 29 and 27 percent, respectively, which is aso quite high. The sharein Slovakiaisonly 19 % but this
fact is probably influenced by shorter sample.

Country Benchmark year Share of least-traded goods
Czech Republic 1993 0,27
Hungary 1992 0,41
Poland 1992 0,29
Slovakia 1997 0,19

Table 1: Share of export value in 2006: least-traded goods in benchmark year

The most evident example of extensive margin growth is Hungary. Graph 1 shows the decomposition of trade
into individua sets of goods for this country. The set of least-traded goods that account for 41 % trade share in
2006 includes 564 SITC codes. Given the detailed structure of the measure, we can find that the most significant
increase in trade share has code 7132: Internal combustion piston engines for propelling vehicles  more than
10 % -- followed by code 7643: Radiotel egraphic & radiotel ephonic tranamitters with nearly 6 % increase.

% Theterm smallest codes means codes that account for the smallest value of total trade.
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Graph 1: Composition of Exports: Hungary into EU 15

Trade growth in Hungary also shows interesting timing. Graph 2 plots the trade share of the least-traded goods
over the sample period for all countries. In case of Hungary (dashed line), there is abrupt and large increase in
the trade share between years 1996 and 1997 from 10 % up to 30 %. What are possible causes of such change?
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Graph 2: Time evolution of least traded goods: Hungary

Hungary's Trade Association Agreement with the EU became effective in February of 1994 and provided for an
asymmetrical liberalization of trade over the next 5 years. The agreement immediately removed EU duties on
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70% of Hungary's industrial exports to the EU and lifted quotas on 60% of its total exports.* However, there is
not any change in trade share following this event. The argument that some time is needed for setup of
production and managing export probably does not hold. We should see (at least gradual) increasein least-traded
sharein thefirg or second year after liberalization, not abrupt jump in the third year. In sum, this event does not
coincide with our measure showed in Graph 2. Probably one of the most important developments influencing
trade between the EU and Hungary has been the so-called Pan-European Cumulation System (PECS). This
system comprises a set of EU bilateral agreements, which aims to harmonize standards and rules-of-origin laws
between the EU, EFTA, CEFTA, and other countries. The Government of Hungary joined the PECS in
December 1996, with an effective date of July 1, 1997. Increase in the least-traded share surprisingly coincides
with implementation of this system.®

Graph 3 shows trade decomposition in the Czech Republic. The set of least-traded goods includes 535 codes and
comprise 27 % of export share in 2006. There are not many single codes (among least-traded goods) that would
achieve large share over the analyzed period.® However, it is worth to note that goods in two last deciles (most-
traded goods) account for more than proportional increase in their sets. No wonder that these sets include codes

7810: Passenger motor cars for transport of pass. & goods and 7849: Other parts & accessories of motor
vehicles  traditional branches of Czech industry.’
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Graph 3: Composition of Exports: Czech Republic into EU 15

For time evolution of least-traded goods in the Czech Republic we look again on Graph 2. Compared to Hungary
there is not such sudden increase of the share. Regardi ng trade liberalization, the free trade agreement between
EFTA and Czechoslovakia was arranged on 1 July 1992.° EFTA states abolished the customs and quantity limits
unilaterally as the agreement came into force. Since we have data from 1993, the effect of this liberaization is
partly distorted. However, we can see two waves (accruals) in the share of least-traded goods. one from 1995 to
1998 and the second from 2000 to 2004. But it is hard to find some concrete causes. The Czech Republic also
joined the PECS, but this event does not have such important effect as in Hungary. Why the evolution in the
Czech Republic and Hungary is so different deserves further study.

Detailed analysis of the composition of exports in Poland and Slovakia can be found in Hlou ek (2009).
Regarding time evolution of least-traded goods, development in Poland is quite similar to the Czech Republic.

4 See: http://www.factbook. net/countryreportshu/HuTradeRegs.htm

5 However, there could be objection that half a year of functioning of this system can not be capable to produce such large change.
6 Thelargestincrease by 4 % wasrecorded for code 7523: Complete digital central processing units .

7 These two codes increased their share by 5 % and 7 %, respectively.

8 After splitting of Czechod ovakiait was automatically related to the Czech Republic.
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Comparison with Slovakia is difficult due to shorter data sample but the extensive margin growth is aso
considerable.

5. Sensitivity analysis

This section focuses on sensitivity analysis of our empirical measures. First, we check how the results depend on
the choice of cutoff level. Table 2 reports the extensive margin growth rates for 5%, 10% and 20% cutoffs. Each
column shows percentage growth rate of the least traded goods between benchmark year and year 2006. All
countries exhibit the same pattern. If we consider smaller cutoff, the least-traded goods grow more. It again
support the idea, that goods with very small trade shares drive the extensive margin growth and our measure that
uses 10% cutoff can even underestimate size of the extensive margin growth. The measure cal culated with 20%
cutoff shows smaller growth and it is roughly one haf of the measure using 10% cutoff. Even if larger cutoff
makes the set of least-traded goods quite big, theincrease is till significant.

Cutoff
Country Benchmark year 5% 10% 20%
Czech Republic 1993 267,4 1724 84,5
Hungary 1992 560,4 312,0 157,4
Poland 1992 281,0 1932 92,1
Slovakia 1997 151,2 94,5 32,7

Table 2: Results under different cutoff values

Second sensitivity check deals with ordering of the goods at the beginning of the sample period. Primary
andysis made in the paper used the average of export value in first three years. The goods were then ordered
according to this measure and the first year was chosen to calculate the deciles. Alternative way is to order the
goods according to their value in the first year. The least-traded goods thus contain little different set of codes
(usually more of them). The results of this procedure are reported in Table 3. The extensive margin growth is
higher for al countries and thus our analysis understated the importance of this growth.’ The largest differenceis
for Slovakia. Contrary to previous measure, the least-traded goods now comprise 36 % of total export value. It is
even more than in Poland and the Czech Republic. Detailed analysis reveals that code 7611: Teevision
receivers, color is responsible for this change.® Time evolution of least-traded goods for Visegrad states using
alternative ordering is shown in Graph 4. What is different? We see that the share is growing dready from the
beginning thereisnoinitial decreasein first yearsthat was present in Figure 2. Main trends are very similar for
al countries except of Sovakia. Here, the share of least-traded goods exhibits rapid growth from 2002 that
finally overtook the sharein other countries, as discussed above.

Country Benchmark year Share of least-traded goods
Czech Republic 1993 0,32
Hungary 1992 0,44
Poland 1992 0,33
Slovakia 1997 0,36

Table 3: Share of export value in 2006: least-traded goods in benchmark year

To summarize it, using smaller cutoff implies more significant extensive margin growth. Similarly, ordering of
the goods according to the first year export value (instead of the average of three years) increases the importance
of new goods margin in international trade.

9 Compareto Table 1.
10 This code was included in the third decil when previous ordering was used. (according to the average of first three years)
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Graph 4: Time evolution of least traded goods:Visgrad countries

6. Conclusion

This paper analysed international trade between Visegrad countries and EU15. Results show that there is clear
evidence of extensive margin in trade growth. Countries are exporting goods that they had not been previoudy
trading. It is sometimes hard to find if trade liberalization was the main cause of this change because reduction of
trade barriers was gradual. This issue deserves more attention. The implications for economic theory are
clearcut. International trade models should focus on modeling of the extensive margin. The modified Ricardian
model used in Kehoe and Ruhl (2002) is one of the examples. Calibration of this model using data on intra-
industry trade istopic for further research.
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Abstract. T here exist many approaches to the estimation of probability distribution function.
A general principal is to reduce a noise (more precisely, a w hite noise) in data by means of e.g.
stochastic processes, kernel regressions, integral transforms, w avelet transforms, or even fuzzy Iters.
I ithou t applying such a method the data set w ould be deformed by a noise so that the resu Iting
interpretation might b e prob lematic or, w hat w ould b e w orse, misleading. Moreov er, a constru ction
of valuable models from such data is also complicated. In this paper we propose and apply a
relatively new and more or less simple approach to Iter a noise from data { the fuzzy transform
(F-transform) originally introduced in Per lieva [6]. More particularly, we will introduce a Iter
using the direct and inverse F-transform and show that the Itered data have a smaller noise, i.e.,
the variance of the random variab le describing a Itered data noise is smaller than the variance of
the random variab le ex pressing an original data noise. Finally, the proposed Iter is illustrated w ith
the aim to estimate the probability distribution function of nancial market returns.

K eywords. Fuzzy transform, probability distribution, nancial returns.

1 Introduction

W ithout loss of generality w e can say that any economic variab le or, more correctly { its state (e.g. the
price), follow s a stochastic process, i.e. it moves randomly in time. In order to describ e such a randomness,
a suitab le probability distribution can be used. D oing that, either characteristic fu nction, or cumu lative
distribu tion fu nction, or density function can be used. Since the data are generally observable only in a
discrete time, some approach of statistical inference mu st b e applied in order to get a continu ou s fu nction,
e.J., a density function, and remove a w hite noise from the data.

A basic principal is to reduce a w hite noise in data by means of e.g. stochastic processes, kernel
regressions, integral transforms, w avelet transforms, or even fuzzy |Iters, see e.g. [L{4] for more details.
For example, a relatively new approach of smoothing by fuzzy Iters utilizes a discrete fuzzy-transform,
w hich is based on fuzzy partitioning of the universe into fuzzy sub sets.

The aim of this paper is to introduce the fuzzy transform and develop a Iter based on it that w ould
allow use cient smoothing of probab ility distribution of nancial market returns.

I/ e proceed as follow s. The intention of the follow ing tw o0 sections is to set the preliminaries for
stochastic processes and prob ab ility distribu tion estimation (Section 2) and fuzzy transform (S ection 3).
N ext, the Iter to smooth the probability distribution function is introduced (Section 4). F inally, the
proposed model is applied in order to estimate a smooth distrib u tion fu nction of nancial data (S ection

5).

2 Probability density estim ation for nancial data

A ssume a time series of nancial data fx¢jt=1;:::;T7 g. A general model for x; can look as follow s:
Xe =F(Xe 1)+ "t )
w here F(X¢ 1) can be any function (linear, non-linear) of preceding values Xy;:::;%X¢ 1 or simply agiven

constant and "¢ describes a w hite noise, i.e., "¢ is a value of random variab le v ith zero mean and no
au tocorrelation.

make a deeper analysis of data w e are often interested in the unknow n prob ab ility density function of

? T he support of 6 A CR (C zech Science Foundation { 6 rantova A gentura C eske R epubliky) under the project
N 0.402/08/1237 is kindly annou nced.
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the random variable X. In practice, we usually use some of methods for a probability density function
estimation. P erhaps, the simplest method how to approximate the probability density function (shortly
P DF) is a method called a histogram. L et the suitable interval be divided in M mutually disjoint bins Bj
of binwidth h covering the considered interval. The P DF is then given by

1 X
fhx) = o5 I (% 2 Bj)I(x 2 Bj); )
t=1j=1

where T is the length of the series of data and 1() is an indicator function

1; if A holds,

1(A) = 0; otherwise. ©)

It is easy to see that the histogram appears to be strongly dependent on h and the P DF is neither smooth
nor continuous. Therefore, the most standard approach how to smooth empirical observations of random
variable is to apply a P arzen window s estimator based on a kernel function K(y):

1 X Xt X
fo=3 K ={= @
t=1
where h is a bandwith parameter for the window size description. A natural choice for kernel function
K(y) is the ¢ aussian kernel or any kernel from the symmetric B eta family. Note that this approach is
a special case of the K ernel regression (see [1]). For a comparative study of various probability density
estimation methods as well as references to the substantial literature we refer to [5].

3 Discrete F-transform

In this section, we will describe the direct discrete fuzzy transform (shortly, F-transform). The key idea
on which the F-transform is based is a fuzzy partition of the universe into fuzzy subsets (factors, clusters,
granules etc.). A fuzzy partition may be understood as a system of neighborhoods of some chosen nodes.
A su cient representation of a function we may consider its average values over fuzzy subsets from the
partition. Then, a function can be associated with a mapping from a set of fuzzy subsets to the set of
thus obtained average function values. We take an interval [a, b] as a universe. That is, all (real-valued)
functions considered in this section have this interval as a common domain. The fuzzy partition of the
universe is given by fuzzy subsets of the universe [a, b] (determined by their membership functions) which
must have properties described in the following de nition.

De nition 1 ([6]). Let x; < <X, be xed nodes within [a;b], such that x; =a, X, =bandn 2.
We say that fuzzy sets Aj;:::;An, identi ed with their membership functions A;(X);:::; An(X) de ned
on [a; b], form a fuzzy partition of [a; b] if they ful Il the following conditions for k = 1;:::;n:

(1) Ax:fa;b] ¥ [0;1], Ak(Xk) = 1;
(2) Ak(X) =0if x 8 (xk 1;Xk+ 1) where for the uniformity of denotation, we put xo = a and Xp: 1 = b;
(3) Ak(X) is continuous;

(4) Ac(X), k =2;:::;n, strictly increases on [Xx 1;Xk] and Ax(X), k =1;:::;n 1, strictly decreases on
[Xk; Xk+ 1];
(5) for all x 2 [a;b]
X
Ap(x) =1 ®)
k=1
The fuzzy sets Az;:::; An are called basic functions.

A set of basic functions which form a fuzzy partition of [a; b] will be denoted by AL or simply A, when
we need not to consider a concrete interval [a; b].

of [a;b], if Xix 12 Xij=hforanyi=1;:::;n 1, where h> 0 is a constant, and there is a symmetric
fuzzy set® A:[ h;h] ¥ [0;1] such that A(x) = Aj(x;j X) for any x 2 [a;b] and i =1;:::;n. 0 bviously,
A(0) = 1. Since all basic functions may be determined from a one fuzzy set, the uniform fuzzy partitions
seem to be very pro table from the practical point of view. L et us show two examples of uniform fuzzy
partitions.

1 It means an even function.
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Example 1. Let A;B :[ h;h] ¥ [0;1] be fuzzy sets de ned as follows:

<t x2[ h;0]

AX) = _ DX x 20;h], B(x) = 0:5 cosp(x  xi)+1 :x2[ hih],

~0; otherwise, 0; otherwise.
If x; < < X, are nodes within [a;b] such that x; = a, X, = b and x; = x; + (i 1)h, then
Al =FAi JAX) = Ai(xi X); i=1;:::;ngand B2 =fB; jB(x) =Bi(xi Xx); i =1;:::;ngde nea

triangle and a cosine uniform fuzzy partition of [a; b], respectively. On g. 1 we can see the triangle and
cosine uniform fuzzy partitions of the interval [2;7] for h = 0:5.

10f 1.0
081 08l
06f 06f
04t 04t

0.2 02

Fig. 1. Triangle and cosine uniform fuzzy partitions

The following lemma shows a useful property holding for the uniform fuzzy partitions.
Lemma 1. Let AS be a uniform partition of [a;b] such that n 3. T hen

Z, Zy h
Ar()ix = Ap(X)dx = > ®)
a fb
Ai()Ix = h Q)

a

Proof. See [6].

Now, we can introduce the de nition of the discrete fuzzy transform (shortly discrete F-transform) which
assigns, using basic functions, to a discrete function f a vector of real numbers representing the discrete

function f. Let xg;:::;% 2 [a;b] be nodes and AL be a set of basic functions. We say that the set of
nodes Xp;:::;X issu ciently dense with respect to Ag, if for each A 2 Ag there is a node x; such that
Ax(x;) = 0.

[Fag;1;::05 Fag;n] is the discrete F-transform of £ with respect to AL if
Pl FOg)A)
1 FOX) AKX
Fagk = —P———— @®)
j=1 Ak(Xj)

For more information about the discrete F-transform we refer to [6].

4 FT-smoothing Iters

In the following part, we will propose a smoothing Iter which is based on the discrete F-transform. Let R
denote the set of all real numbers and X be a subset of R. We say that a function f : X ¥ R is discrete,
if X is a nite set. Let A be a set of basic functions which form a fuzzy partition of [a;b]. We denote
Day the set of all discrete functions f such that min(Dom(f)) = a and max(Dom(f)) = b, Dom(f) is
su ciently dense with respect to A% and jA2j < jDom(f)j. Obviously, the set Day contains all functions
on which the discrete F-transform may be applied. Finally, let C([a;b]) denote the set of all continuous
functions.
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De nition 3. Let Ab = fAy;:::; Ang be a set of basic functions. An FT-smoothing Iter determined by
A} is a mapping Fap : Dap ¥ C([a;b]) de ned by

X
Fas(H)() = Fag:kAk(X) (C))
k=1
for any x 2 [a;b], where Fap.k, k =1;:::7n, are the components of the discrete F-transform.

R emark 1. One can check easily that the linear combination of continuous functions is a continuous
function. Hence, our de nition is correct and F »y is really a mapping to the set of all continuous functions.

Remark 2. Let us note that our de nition of FT-smoothing Iter is the inverse F-transform for the
continuous case. For the discrete case the resulted function of the inverse F-transform is again a discrete
function, more precisely, if f is a discrete function with Dom(f) = fxy;:::;xg, then

T (i) = Fap (F)(xi) (10)
de nes the discrete function which is the inverse F-transform of £ in the sense of D e nition 5 in [6].

Now,wemayask,ifthen apping Fagm ay beconsidered asa sn oothing [Iter,thatm eans, ifitreduces
the white noise of the original discrete functions. To give an answer we w ill investigate the properties of
random functions expressing the original functions, where a white noise is supposed. First, however, let
usrecalla de nition ofrandom function.Let ( ;G;P )beaprobability space. A function f: X IR
is called a random function, if f1 j £(x;1) yg2 G holds forany y 2 Rand x2 X. 0 bviously, fis a

random function ifand only if £(x) isa random variable.W e say thata random function f:X IR
is discrete, if X isa nite set. Now,suppose that
9() =f(x) +"(x) an

is a discrete random function such that £ is a discrete function and " is a discrete random function
describing the white noise such that

(i) "(x) isa random variable w ith the probability distribution N(0; 2) for any x 2D on (F),
(i) "(x);"(y) are independent randon variable for any x;y 20 on (F) with X & y.

Letusnote that £ is often an unknown discrete function and g is a discrete randon function w ith the
probability distribution N(F(x); 2) for each g(x). Now, we m ay consider Fag asa snoothing Iter, if
the variance of the probability distribution of Fap(9)(X) is sm aller than the variance of the probability
distribution of the random variable g(x) for any x 2D on (g) and g 2 D. In another words, the function
after applying an FT -sm oothing [Iter hasno such outliers that can deform it as the originalone.

Theorem 1. Let g(x) = f(X) +"(x) be a discrete random function from (11) such that "(x) is a random
variable satisfying (i) and (ii), Fag be an FT -smoothing Iter determined by Al and f 2Da. Then

Fag (@)(X) = Fap (F)(X) + Fas (M)(X) (12)
is a random function de ned on [a;b] such that Var[F s (")(X)] 2 for any x 2 [a;b].

Proof. Let g(x) =F(X) +"(X) be a discrete random function such that ™ satis es (i) and (ii), D om (g) =
TX1;:00x19, Fag be an FT -smoothing Iter detern ined by Al =FA;; i Apgand £2 Dag. First, we
will describe the com ponents Gapy, k=1;:::5n, of the dlrectF -transforn . It is easy to see that Gk
k=1;:::;n,arerandon variab les. In fact We can write

P P
- 1(f,(,x)+"(x DA _ gy FODAKD) e "0 AK()
|
L 1 A(x) i- 1 AK(K) 1= 1 Ak(x)
Where Fagc and Eap; are the k-th com ponent of F-transforn , w here clearly Eap, is a randon variable.

Hence, Gap;k Isa random variable. Further, the expected value ofthe random variable Eap;c is O for any
k=1;:::;n,since

Cagik = = Fagk + Bagii

E[Eas4] =E _plxﬂ ,b ELOOIAKCG) _ 510 Akbi) _
[Easkl L Ak(Xi) L AG) ] 1Ak(x)
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where we use the well-known equality E[a; X1+ +anXn] = a;E[X1]+ +anE[Xu] for any real number
ai;::1;an and random variable Xy;:::; Xn. For the covariance of Exp;x and Eap;0 we have

P P00 AR )
. b Lo — b bovol = i= :I'ﬁ ji=1 pSay) K ko (Xj —
E[Eag;k O)(Eage 0)] =E[Eag;kEag o] = E T A }—1 Ao (5)

P: 1 Z_l ()" (X)) Ak (Xi)Aws (X5) ﬁ_ LE(xi )Z]hk(x A (Xi) _
A T  Axy) LA S A(k)
= : 1 Al<().(_l,)'°‘l<0 *4) 2
LA oy Ale(x))
where the independence of random variables "(x1);:::;"(xi) is applied, i.e., E["(xi)"(xj)] = 0 for i & j.
We can see that the random variables Eag;1;:::; EAb n are not mutually independent in general. P ut

P
i= 1Ak().(_l‘)Ak°(X')
i= 1Ak(X) _1Ak0(X)

- D

akke = Py

(13)

It is easy to see that axw 1 and thus the covariance of Eag ;i and Eapyio (i, kko = aike 2) is smaller
than or equal to 2. Now, let us apply the FT-smoothing Iter Fay tog,ie,

X X
Fas (@) = GagAk(X) =  (Fagk + Eag)Ak(X) =
k=1 k=1

X
FagkA(X) +  EagAk(X) = Fap (F)(X) + Fay (M)(X):
k=1 k=1

Since Eap;k, kK =1;:::;nis a random variable, then F s (€)(X) is also a random variable for any x 2 [a; b]
and Fay (g)(x) is a random function. Further, it is easy to prove (analogously as in the previous part)
that E(FAb( (X)] = 0 for any x 2 [a;b]. For the variance of F s (")(X) we can write

X XX
Var[F ap ()] = E[(Fag (V())* 1 =E[( EagAk(X))?] = E[ Eag:kAk(Eag oAk (X)] =
k=1 k=1 ko=1

X X )
E[Eay:kEaz;ko] Ak () Ak (X) = akk “Ak(X)Ak (X) =
k=1Ko=1 k=1Ko=1

! ! 1
X X x 2
A AO)AK (X) 2 AA()  *= A 2= 7
k=1k0=1 k=1k0=1 k=1
. P, . . .
since | _; Ak(X) = 1 (see the presumptions on the basic functions). tl
Remark 3. As we proved the components Eap;1;:::;Eag;n are mutually dependent in general. Note that

this fact is a natural consequence of the procedure to obtain a smooth shape of the resulted function.

5 Hlustrative example

As in similar studies, a data set of continuous nancial returns (ie. a natural logarithm of discretely
observed prices) is considered here. We choose continuous nancial returns since they are (relatively)
scale-free and since their statistical properties allow us easy handling. Thus, the data set consist of 2017
daily returns of C ZK /E U R exchange rate over last eight years.

Now, we can use the FT- smoothing Iter to estimate the unknown P DF as follows. First, we create a
discrete function f(x;; f(x;)) ji=1;:::;0 g, where Xx; are the centers of bins and

X
f(xi) = % 1(X¢ 2 Bj): 14)

t=1
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Further, we apply FT-smoothing Iter determined by a uniform fuzzy partition on the discrete function
T(xi). On the left side of Fig. 2 we can see the smooth functions Fas (f)(X) for the triangle and cosine uni-

form fuzzy partitions. Since the integral is not equal to 1, then, according to Lemma 1, the normalization
is de ned by

Fas (0
g(FAg;l + FAg;n) +h -

FAR.F)(X) =

(15)
?—21 FAb

The PDF estimation for the nancial returns can be seen on the right side of Fig. 2.
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Fig. 2. FT-smoothing of PDF for nancial returns based on a triangle and fuzzy p artition
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6 Conclusions

In this paper we have proposed an alternative approach to density function estimation. The application on

nancial market returns was presented. The approach based of discrete fuzzy-transform Itering can be of
great value for nancial modeling and forecasting. The future research should be devoted to comparison
of the e ciency for various data, as well as the time costs of this method as compared to more standard
approaches.
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Abstract. We are motivated by the following feature of equilibria of infinitely countably repeated
partnership games with discounting of future payoffs: the expected output is not maximized after some non-
terminal histories that occur with a positive probability in equilibrium. This raises the question whether
subordinating the partners to a non-working principal (i.e. transforming the partnership into a corporation)
can change the outcome. We give an example of a game between the principal and two agents (former
partners) in which the answer to the above question is affirmative. A weakly renegotiation-proof public
equilibrium is the solution concept that we apply. It results from the application of Farrell s and Maskin s
concept of a weakly renegotiation-proof equilibrium to a perfect public equilibrium. We show that for
discount factors close enough to one the game has a weakly renegotiation-proof public equilibrium with the
following properties: the sum of players equilibrium payoffs equals the maximal sum of their feasible
payoffs and the expected output is maximized after each non-terminal history that occurs with a positive
probability in equilibrium and the agents choose their actions after it. Thus, the equilibrium payoff vector is
strictly Pareto efficient with respect to the set of all feasible payoff vectors in the repeated game.

Keywords. Repeated game, principal-agent game with two agents, perfect public equilibrium, weakly
renegotiation-proof equilibrium, maximal expected output.

1. Introduction

Equilibria of infinitely countably repeated partnership games (of two partners) with discounting of future
payoffs have an undesirable property. The expected output is not maximized after some non-terminal histories
that occur with a positive probability in equilibrium. (This holds unless the stage game has a strategy profile that
maximizes the expected output and at most one partner can increase his stage game payoff by a unilateral
deviation).

A perfect public equilibrium (henceforth PPE), which the authors of [2] analyze, is the best known type of
equilibrium in these games. Nevertheless, sequential equilibria, in which players actions can depend on their
private histories, also suffer from the above mentioned shortcoming. Kandori s result [3] is not relevant here
because it is formulated for games with at least four players.

This undesirable property of equilibria stems from their two features resulting from the fact that the
partnership game is a game with two-sided moral hazard. First, as the identity of a deviator cannot be
established, a punishment has to harm both partners. Thus, continuation equilibrium payoff vectors in subgames,
in which a suspected deviation is being punished, are not (even weakly) Pareto efficient. Moreover, the partners
expected joint output is not maximized when a punishment takes place. Second, an effect of a deviation cannot
be distinguished from an effect of random factors on the partners joint output. Therefore, the punishment has to
be triggered with a positive probability even when nobody deviates. Thus, non-terminal histories, after which it
is triggered, occur with a positive probability in equilibrium. The latter feature cannot be eliminated when the
moral hazard applies to at least one player. The former feature cannot be eliminated when as in partnership
games - the moral hazard applies to all players. An interesting question is whether it can be eliminated when
there is at least one player to whom the moral hazard does not apply. In particular, with respect to the partnership
game, a natural question is whether subordinating the former partners to a non-working principal i.e.
transforming the partnership into a corporation can eliminate the former feature. We give an example of a
game between the principal and two agents (former partners) in which the answer to the above question is
affirmative.

We apply the solution concept called a weakly renegotiation-proof public equilibrium (henceforth
WRPPE) to the analyzed example. It results from the application of Farrell s and Maskin s [1] concept of a
weakly renegotiation-proof equilibrium to a PPE. We take into account that in our model the stage game is an
extensive form non-cooperative game and all subgames in the repeated game are not identical.
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We show that, for discount factors close enough to one, the analyzed example has a WRPPE that has two
additional desirable properties. First, the sum of equilibrium payoffs equals the maximal sum of feasible payoffs
in the repeated game. Thus, the equilibrium payoff vector is strictly Pareto efficient. Second, the expected joint
output of the agents equals the maximal possible one after each non-terminal history that occurs with a positive
probability in equilibrium and the agents choose their actions after it.

2.  The analyzed example

2.1.1. The stage game

The stage game G is an extensive form non-cooperative game with two phases. There are three players: the
principal - player 0 and two agents players land 2. The sets of agents feasible actions when they work for
the principal are A, A, 0,1 . Actionl corresponds to working and Oto shirking. The costs of these

actions (in terms of disutility caused by taking them) are ¢, 1 ¢, 1 1l.land ¢c,0 ¢, 0 0.The
agents can also take the outside option (i.e. not to work for the principal), denoted by 1. It gives them zero

expected payoff. We let A; 1 Aforeachi 12, A A A,,and A A Az. An agents

action when he works for the principal can be observed neither by the principal nor by the other agent. The
taking of the outside option by an agent is observed both by the principal and by the other agent.

The set of feasible levels of a joint output of the agents, expressed in pecuniary terms, isY ~ 10,5,0 . The
probability distributions on Y conditional on a profile of agents actions are
11 10041, 511, 011  04,040.2,
10 1,1 01 11 0.39,0.01,0.6 ,
0,0 1, 1 0,1 10 0,01 .
The reward scheme is a function q:Y 0,10 2 with the property that ¢, y Q, y Yyfor
eachy Y .Here g, Y isthe pecuniary reward that the principal pays to agenti 1,2 wheni does not take
the outside option and the output is Y . We denote the set of all reward schemes by Q .

In the first phase of G the principal announces the reward scheme. This announcement is observed by both
agents. In the second phase each agent i 1,2 chooses an actiona, Ai.LetLa i1 12|a 1.
The principal s expected payoff equals Y itaQi ¥ y|a . The expected payoff of agent

i L a equals yvadi Y y|a C; @ . Theexpected payoffofagenti L a equals zero.

Note that action profile a’ 11 is the only action profile that gives the maximal expected output (equal

to6) and the maximal difference | y Yy y|a C,a C,a, on A(equal to3.8). The sum of players’
expected payoffs in G equals vy Yy y|a i LaC; @; . Taking of the outside option has the same effect

on the expected output as shirking. Therefore, a” maximizes the sum of expected payoffs inG .

2.2. The repeated game

The repeated game, , is an infinite countable repetition of G with discounting of future payoffs of all
players by a discount factor 0,1 . Payoffs in it are expressed as expected discounted average payoffs over
its time horizon. Thus, the maximal sum of players’ payoffs in equals to the maximal sum of their payoffs
inG.

A public history leading to phase kK 1,2 of period t N contains reward scheme announced by the
principal, identities of agents taking the outside option, and output from the beginning of the game up to (but
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excluding) phase K of periodt. We denote the set of such public histories by H Yk and et
H L H" H" . H*" contains only the initial (empty) public history. A private history of agent
I 1,2 leading to (the beginning of) period t N contains his action in each period L.t 1in
which he did not take the outside option. We denote the set of such private histories by H it .Foreachi 1,2 ,

H." contains onlyi s initial (empty) private history.

In our example we restrict attention to pure strategies in . Nevertheless, allowing behavioral strategies
(conditioning actions on signals of a private or the public randomizing device) would not change our results. A

principal’s pure strategy is a functions, :  \H tt Q. We denote the set of her pure strategies by SO. A

pure strategy of agent i 1,2 is a functions; : N H "2 Hit Ai . We denote the set of pure

strategies of agent i 1,2 by S, and letS S, S, S, . Function :S assigns to each
profile of pure strategies expected discounted average payoff of player i  0,1,2 in . We define function
:S by s 0S, 1S, ,8S

Astrategy S; S, of agent i 12 is public if it does not depend on his private histories. That is, S; is

public if s, h,h” s, h,h” foreacht N, eachh H"“* andeach h,h~ H; ? . We denote the
set of public strategies of agent i 1,2 by S; andletS S, S, S,.

Foreacht N\ 1andeach h H "' wedenote by h the subhistory of h leading to the first phase of

periodt 1.Foreacht Nandeach h H “? we denote by h the subhistory of h leading to the first phase

of periodt. For each h Ca H tt W H “2 et gh g, h,q, h be the latest principal's

announcement of a reward scheme contained inh . For each h N H " jet Y h be the latest output

contained inh. For each t N\ 1 andeach h H "' let | h be the set of agents who took the outside
option in periodt 1.

We denote by the public subgame of following non-terminal historyh. It is a class of
standard’ subgames (that follow a profile of histories formed by a public history and a private history for each
agent). When h H ' then . contains the subgame following h,h h,  for
each hl',hz' H,' H, . We use the subscript h in symbols denoting restrictions of sets and functions
already defined for to |

2.3.  The solution concept

DerINITION 1: A profile of public strategies s" Sis a PPE of if there does not exist
i 012.,h H,ands, S, suchthat ,, S;,S;, S

In Definition 1 we consider only deviations to public strategies. Nevertheless, it is easy to see that an agent,
who can increase his payoff in (each subgame contained in) a public subgame by a deviation to a non-public
strategy, can do so also by a deviation to a public strategy. (This follows from two facts. First, the other agent
uses a public strategy in a PPE. Second, private histories are payoff irrelevant. They affect neither the sets of
players’ future feasible actions nor their payoff consequences.) Thus, a PPE is immune also to unilateral
deviations to strategies that are not public.
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DEFINITION 2: A strategy profile s Sis a WRPPE of if it is a PPE of and it satisfies the
following conditions:

(i) There does not existh H' and h™ H™ \'h suchthat ., S, e S
t N t N
foreachi 01,2 .

(i) There does not exist h W H “2 and h* W H “2 \ h such that gh g h™and

ST .- S, foreachi 012 .

Farrell and Maskin [1] study an infinite countable repetition of a strategic form non-cooperative game with
perfectly observable actions and with discounting of stage game payoffs. In such game all subgames are
identical. They satisfy two conditions. First, their game forms coincide. Second, the same strategy profile leads
to the same payoff vector in all of them. Therefore, they define a weakly renegotiation-proof equilibrium as a
subgame perfect equilibrium in which no continuation equilibrium payoff vector is strictly Pareto dominated by
another continuation equilibrium payoff vector. In our example the stage game is an extensive form non-
cooperative game. Public subgames starting in different phases of a period have different game forms. In public
subgames starting in the second phase of a period the second condition is satisfied only if the latest principal’s
announcement of a reward scheme preceding them is the same. This is reflected in the formulation of
Definition 2.

3. The result

PROPOSITION: There exists S~ S with the following properties: (i) it is a WRPPE of for
each 0.951 i) 2, ;s° 3.8, and (iii) the expected joint output of the agents in the first period of

h equals 6 for each h v H "2 that occurs with a positive probability when the players follow s .

PROOF: Description ofs™. Let g, Yy ¢,y O0.5yfor eachy Y, gy q y O for
1 2

eacchy Y, q 0,,0, ,anddq Q,q .We define s” by induction on the length of public histories.

1 2
We  sets, g. For each h H%“¥and each i 12we haes h Llifgh g,
otherwises; h 1. Next suppose that there is N\ 1 such that we have already defined S; h for each
h tllH ““and s’ h for each i 12 and eachh tllH “2 . Takeh H *. we

sets; h qifl h ,yh 0, and eiterqh s;h orgh g s;h .1fgh s;h

ogh g s;h ,and Ih then S; h @, for each i L2\l h and s; h q for

eachi | h .wesets, h qifl h ,yh 0,andeitherqh s;h ogh g s, h .if

gh s;h and gh qthen s; h @, foreach i 1 hands;h qforeachi 12 \Ih.

For ecch h H “and each i 12 weset s, h lifeither gh s;h orgh q s, h,
otherwise s; h 1. Note that s, h s, h 1 for eacchh , H “* occurring with a positive
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probability when the players follow s”. Therefore, the expected joint output of the agents in the first period of
n  equals6 .

Continuation payoffs. LetV s” . Denote by W, be the continuation payoff of agent i 1,2 in a public

subgame in the first period of which he faces zero reward for each output. Let W, (W,, ) be the principal's

continuation payoff in a public subgame in the first period of which both gents face (one agent faces) zero
reward for each output. We have

w, w, 1 02 ' 111 08v, &w, 1 02 '61 08v,, (U
v, v, 31 02 1ll&v, 12 ,w, 31 08 v, 0.2w,. )

Note that
Vo ViV, W, WoW, W, VoW, W, w, Vv, 3.8. (3)

Consider the principal single period expected payoff when the profile of agents’ actions is 1,1 . It equals 6 for

reward scheme(, 3 for reward schemes Q,,q and Q ,q, ,and zero for reward scheme ( .Therefore, we
2 1

haveW,, W, V,.Notethat v, W,foreachi 1,2 and each 01.
Unilateral single period deviations by agents. is a game continuous at infinity. Thus, we can apply the
single period deviation principle in the analysis of unilateral deviations. First suppose that 1 1,2 deviates

from working to shirking when he faces zero reward for each output. Such deviation does not increase his
continuation payoff if and only if

01 1 208v, 02w, 111 13 1 20.8v, 0.2w, . 4)

This inequality holds for each 11/121 , so it holds for each 0.951 . Next suppose that 1 1,2

deviates from working to shirking when he faces ;. Such deviation brings lower single period expected gain

than the previously considered one. (It decreases the expected reward from the principal from 3 t01.975.)
Nevertheless, the probability of the punishment is the same. Thus, it cannot increase the deviator’s continuation
payoff. A deviation from working to taking of the outside option does not increase a single period expected gain
in comparison with the deviation to shirking. However, it increases the probability of the punishment from

0.6 to 1. Thus, it cannot increase the deviator's continuation payoff. A deviation by i 1,2 from taking of the

outside option to working gives a single period expected gain bounded from above by
039 10 0.01 5 11 2.85.

Therefore, it does not increase the deviators continuation payoff if and only if

2851 11 1 208v, 02w, 19 1 208v, 0.2w . (5)

This inequality holds for each 0.951 .
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Principal s unilateral single period deviations. A deviation from S; h to g Qgives the principal

continuation payoff Vv, Vv, oh S*h . A deviation from S; h qto Qgives her continuation

equilibrium payoff v, i h S*h . Thus, a deviation decreases her continuation payoff.

Strategy profile S is a WRPPE. For each h ,  H "' (each h . H “Z withgh Q)
h S*h is strictly Pareto efficient. For each h . NH “2 with g, h ;.4 for at least one
1
i 12 we have h S*h V. Thus, it does not violate condition (ii) in Definition 2. Finally, consider

qg Q\ g with g, q,,q for eachi 12, h NHt‘2 withgh g s;h , and

t

h= o H “2withgh g sy h™ . Then there is ] 12 withq q .
]
on S Vo Vo op-Sp-.and oS-V, W,  Sou .Thus neither | S,
strictly Pareto dominates | - S*h. nor vice versa. Q.E.D.
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Abstract. European Credit Transfer and Accumulation System (ECTS) is known to be a credit
system for higher education that was adopted within the Bologna Process in June 1999. Thirty one
countries have adopted ECTS by law for their higher education systems. ECTS is a student-centred
system for credit accumulation and transfer that aims to facilitate planning, delivery, evaluation,
recognition and validation of quali cations and educational programmes. The whole ECTS consists
of several parts. The authors of the paper have focused on the part which is concerned on allocation
of credits to courses of study programmes. The aim of the research was to nd factors in uencing
on students- workload which is ECTS based on. Another aim of the research was to recognize the
strength of the in uence of these factors. The students- workload is supposed to be from 1500
to 1800 hours for an academic year. At once the paper contains a list of factors that could have
any in uence on the students- workload and gets in an example of application of these factors
on the planned new study programme Economics and Management, specialization Economics and
Management of Services of Faculty of Economics, Technical University of Liberec. The calculated
credits are based on Saaty matrix of the workload factors and the weights derived from this matrix.
The weights of factors together with the particular values for each taught subject produced relative
di culties of subjects, which were modi ed to give the total number of credits demanded by the
study programme.

Keywords. Bologna Process, European Credit Transfer and Accumulation System (ECTS), factor,
multicriteria decision making, Saaty matrix, workload.

1 Introduction

It is more than twenty years when the European Credit Transfer System was set up as a pilot scheme
within the framework of the Erasmus programme. The rst Czech universities have begun to implement
this system to their study programmes since 1991. The process of implementation of the current version
of European Credit Transfer and Accumulation System (ECTS) has been proceeding at the Technical
University of Liberec (follows as TUL) as well. Activities concerning with ECTS are presently carrying
out within the university development project focused on the implementation of ECTS into all study
programmes of all the faculties of TUL.

1.1 Whatis ECTS ?

ECTS is one of the most important ideas of the Bologna process. The Bologna Declaration of 19 June
1999 is a joint declaration of the European Ministers of Education. The main points of the Bologna
Declaration [9] are:

adoption of a system of easily readable and comparable degrees,

adoption of a system essentially based on the two main cycles, undergraduate and graduate,
establishment of a system credits,

promotion of mobility for students, for teachers, researches and administrative sta ,
promotion of European co-operation in quality assurance,

promotion of the necessary European dimensions in higher education.

Today the Bologna process has 46 signatory countries. The Czech Republic belongs to them.
ETCS is de ned as a student-centred system based on the student workload which is needed for
achieving of expected outcomes of study. The outcomes of study describe what a student is expected to
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know, understand and be able to do after successful completion of a study of a certain subject. ETCS
makes study programmes easy to read and compare and its advantage is that can be used for all types
of programmes. It has bene ts for the both, mobile and non-mobile students. It can be used for credits
transfer between institutions and for credits accumulation within a home institution.

ECTS is based on the principle that every full-time student has to obtain 60 credits during one
academic year. These 60 credits measure the student workload. The workload of a full-time student is
supposed to be mostly around 1500 1800 hour per year. It results in the conclusion that one credit
stands for around 20 to 30 working hours.

In ECTS students can obtain credits only after a successful completion of the learning activities
required by their study programmes. They have to achieve appropriate learning outcomes. The use of
learning outcomes facilitates students to understand what they have to do to obtain ETCS credits from
any subject and makes the comparison of quali cations easier. Credits are allocated to study programmes
as well as their educational components. The term educational components means courses, dissertation
work, placement, laboratory work etc.

1.2 Student Workload

Student workload is one of the most important terms for our research presented in this paper. Student
workload is expressed in time that students typically need to complete all the activities connected with a
study of a certain subject. It includes e.g. lectures, seminars, practical work, private study, examinations,
semester projects etc. The estimation of workload must not be based on contact hours only. And another
wrong way how to allocate credits is to link it to the status of a course or the prestige of a teacher.
According to main ECTS documents the allocation of credits should be based on an estimation of the
real student workload that average student needs for achieving learning outcomes.

As ECTS users: guide mentions [4] the university project Tuning Educational Structures in Europe ,
supported by the European Commission in the framework of the Socrates programme, identi es a four
steps approach for determining student workload:

1. Introducing modules/course units.
The system can be modularized and non-modularized. The di erence between these two systems
consists in a di erent number of credits that each course can have. In a modularized system the
course has a xed workload. On the other hand, in a non-modularized system each course unit can
have the di erent number of credits.

2. Estimating student workload.
Teachers estimate the time that students need to complete their learning activities. The learning
activities can be de ned by considering the aspects such as types of courses (lecture, laboratory work,
seminar, project work, etc.), types of learning activities (attending lectures, writing papers, practising
special skills, etc.) and types of assessment (oral or written examination, thesis, oral presentation,
etc.).

3. Checking the estimated workload through student evaluations.
It is necessary to check if a teacher estimated student workload correctly. There are a few methods
how to do it. The most common method is a questionnaire survey. Students are asked about the time
spent on all the activities connected with the completion of the course.

4. Adjustment of workload and/or educational activities.
Generally, it is necessary to adjust workload and/or educational activities anyway when the survey
shows that estimated student workload does not correspond to the actual workload.

1.3 Base of the Research

In our opinion the current criteria for credit assignment mentioned above are very subjective and not able
to describe a real di culty of any course perfectly. Moreover, we spent a lot of time over the discussion
about meaning of the terms average student or typical student . How to recognise an average student

? Is it possible to measure it ? Is an average student same in 2000 like in 2009 ? The ECTS Users:
Guide [4] mentions: However, basing a programme on a reasonable and realistic estimate of the time
required by an average learner protects all students from unrealistic and overloaded programmes or from
excessively light and undemanding ones. It sounds logically but nobody has showed how the average
student looks like. It is a considerably abstract term. In reference to these facts we decided to supplement
the current criteria for determining student workload with others which allow estimate the workload more
exactly. We tried to nd the most important items which in uence the student workload but at the same
time do not depend on the students- quality.
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2 Calculation Method

In March 2009 TUL, Faculty of Economics, proposed for accreditation a new study programmeéconomics
and Management, the specializationEconomics and Management of ServicesThe proposal included
credits of all courses. These credits are usually derived from the data like amounts of hours of lectures,
hours of practising and studying hours for written or oral exam, which are stated by tutors in a special
guestion-form. At TUL the broad issue of credits, their correction respectively, has been already discussed
for a long time. On that occasion we decided to develope a new and more objective calculation method.
Our proceeding was composed of the following steps:

to set new criteria (factors) and create a new question-form

to compare the criteria and to set the weights of factors

to collect the data (lled question forms) from tutors

to calculate the relative di culties of all the courses

to modify them to integers according the required total of the credits

arwNPE

2.1 Workload Factors

As mentioned above, we considered the current question-form not to be fully objective, so we prepaired
a new form with new criteria - workload factors The number of criteria we will further denote k.

These new factors are not dependent on students’ quality or the estimates of amounts, so they should
be more objective. We decided to evaluate the courses of the selected study programme from the following
points of view:

1. amount of homeworks (number from [0; 1] - it means how often students get any homework, whereas
it is assumed that a typical homework needs 30-60 minutes. For example, if it equals to 0.50, on
average the homework is enjoined every second week of semester.),

the number of semestral works,

the number of tests,

whether there is a written exam,

whether there is an oral exam (obviously the both are also possible),

if some courses are required as precourses,

handling with any special tools (specialized software etc.),

the total time of lectures per week,

the total time of practising per week.

©CONOORWN

2.2  Weights of Factors

Now we estimated the weights of factors bySaaty’s method. We constructed Saaty matrixS i  (Table
1) with elements s;; ; i;j =1;:::;k; wheres; = i (details in [?], [?]), its values emerged from a discus-
sion with our collagues and students.

Criteria 112|3|4(5(6|7|8(9| vi (w; (%)
Homeworks 113(2]%5]1]3(3[2/0.61 4
Semesral work  [4[1]%|2|%[3]2[5|4]1.12 8
Credit test 5/4|1|7|¢|3|5|7(6]2.01] 14
Written exam 8/6(4|1|%|5/6(7|6(3.40 23
Oral exam 9/7|6/4|1|8|9/9/8/5.83 39
Precourses 1%]%[%|%|1|2]2|2|0.66 4
Special tools $12|2]5]5|5]1]2]1]|0.44 3
Lectures amount |3(2[2]2|1|1|2]1|1|0.29 2
Practising amount|3||¢|%|%|5(1]3]1]/0.44 3
Table 1

From this matrix we calculated the weights v; of all criteria. To simplify we used a geometric mean of
the values on every row
A
vi=( sk (1)
j=1

Vi

Then we standardized them whenw; = P
c_a Vi
ji=1 Yl
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2.3 Data from Tutors

Further, we needed the data, i. e. to know values of all criteria for each course of the surveyed study
programme. Therefore we distributed our question-form to the tutors of all the courses and having their
feedbacks we created a matrixX i ny with elements x;; ; where n denotes the number of all the courses
and k the number of the criteria. As we dealt with more than 50 courses within this study programme,
we present for example only three columns of the matrixX here.

Course Microeconomics |[Statistics |Accounting |
Homeworks 0.50 0.30 1:00
Semedsral work 0 0 0
Credit test 2 1 0
Written exam 0 1 0
Oral exam 1 0 0
Precourses 0 1 1
Special tools 0 1 0
Lectures amount 2 2 2
Practising amount 2 2 1
Table 2
2.4 Relative Di culties of Courses
We decided to calculate the relative diculty rj;j =1;:::;n of a particular coursej as sumproduct
r=w TXJ' (2)

where the vectorw contains the weights of the factors (see the last column of Table 1) and the vectox;
is the j -th column of matrix X; i. e. the values of the criteria ofj -th subject. In Table 3 there are relative
di culties of the selected subjects from Table 2.

Course Micro economicgStatistics |Accounting |
Re lative di culty 0.78 0.55 0.29
Table 3
2.5 Credits

The values like in Table 3 cannot be naturally used as ECTS credits, as they should be integers, so
any transformation is necessary. The only constraint, which we took into account, is the total of credits
- according [?]li',t is 180 credits within the rst three years of the study. So we sumed all the relative
diculies r =", ri (r =31:61) and multiplied all r; by 8 to get the credits ¢ for all the courses

j=1::5n

G =r 3)
P n . . .
Note that 2, ¢ =180: But still ¢ are real numbers, not integers, so we rounded them keeping at
the same time the demanded total of 180 credits. After the rounding we got the nal integer values of
credits C;

Course Micro economicgStatistics [Accounting |

Cred its ¢ 4.44 3.13 1.65

In teger credits C;j 4 3 2
Table 4
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3 Conclusion

Our attempt does not change the ECTS grounds at all. It is only a local modi cation of credit calculation
and it has served for TUL needs. Although we managed to appreciate the di culties of the courses, it

is nearly impossible to create any comprehensive and comparable system applicable for all concerned
universities (within ECTS). The reason is, among others, that various universities can teach the same
course according its name but with di erent syllabi and di erent requirements (i. e. di erent criteria
values). Thus, such a course would be assigned to di erent credits at di erent schools. Obviously, it
would be better and more comfortable in general, if the same courses have the same credits and be
compatible.
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Abstract. One of the good features of VAR models is that they allow us to test for the direction of causality.
Suppose the relaionship between two stationary variables, say y; (red GDP) and x; (stock market prices), is
captured by a VAR model. We will adopt an appropriate procedure  Granger causality test that alows us
to test and statistically detect the cause and rel ationship between thase variables.

The dataset used in estimation and testing consist of quarterly observations of CZ GDP and CZ PX index
from the first quarter of 1996 to the third quarter of 2006. The results show that the causality direction runs
from the CZ PX index to the real GDP, while the opposite hypothesis that real GDP Granger causes stock
market prices is strongly rejected. Thus, one can suppose that the PX index is leading indicator of GDP
dynamics.

Keywords: Granger causality, VAR model, leading indicator, efficient market hypothesis

1. Introduction

The overal movement in stock market prices is regarded as a leading indicator of future economic growth
dynamics. It is assumed that an aggregated decline in stock market prices (bear market) is sooner or later
followed by a recession and vice versa: aggregated increase in stock market prices (bull market) is a signal for
improved future economic situation.

Granger causality (GC) test is used to fulfil the objective of this paper: empirica verification of the effect of
changes in stock market prices towards the anticipated economic growth in the Czech Republic (CR). The
relation between stock market index PX and Czech real GDP was tested upon quarterly data from 1.Q.1996 to
3.Q.2006, which were used for estimation of the base two-equation VAR(3) model. The actual GC test is built
around a chi-square ( %) statistics, asincluded in the PcGive software we have applied.

2. Empirical VAR model

Granger causality test for two stationary variablesy; (real HDP) and x; (PX index) is based on the estimated two-
equation VAR(3) model

yt a’l ) i yt i ) iXt i ut ' (1)

t a'2 i yt i iXt i Vt ' (2)
il il
where vy, isthe second difference of seasonally adjusted real GDP, using prices from the year 2000,

X second difference of the PX index,
U, V¢ spherica random factors.

! Financial support fromtheGA R No. 402/09/0273 is appreciated.
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Unit root tests as performed using the ADF criteria indicated that both time series are integrated of order 2, i.e.
1(2). Both time series were found trend stationary in their second differences at a 1 percent significance level,
hence standard procedures of statistical induction (eg. Hu ek, 2007) may be applied to the VAR(3) model.
Optimal lag length of 3 quarters was chosen using the Akaike information criteria (AIC).

Least squares estimation (LSE) of equations from the model (1) and (2) provided us with regression parameters
asshown in table 1.

Table 1: Estimates of VAR(3) model parameters

GDP equation Point estimate Standard error t probability
a; 1070,91 411,400 0,02
1 - 0,69082 0,155 0,00
2 - 0,70961 0,135 0,00
3 - 0,74680 0,147 0,00
1 19,48090 5,176 0,01
2 17,45830 6,730 0,02
3 7,13234 5,434 0,20
PX equation
a, - 8,87685 15,570 0,57
1 0,00068 0,006 0,91
2 0,00337 0,005 0,52
3 0,00839 0,006 0,14
1 - 0,80759 0,196 0,00
2 - 0,20961 0,255 0,42
3 0,12632 0,206 0,54

F test values confirm that the model as awholeis statistically significant at 1 a percent significance level.

3. Statistical Granger causality test

The substance of GC testing (Granger, 1969) lies in validating whether changes in one variable precede changes
in other variable, i. e. whether the inclusion of an additional variable into a regression model provides
significantly improved explanatory power. Hence, in Granger s conception, variable y; stipulates x; if the
inclusion of lagged y; valuesimproves x, forecasts, provided other explanatory variables in the regression remain
unchanged. Also, an alternative test for causality in econometric models was set up afterwards by Sims (1972).

GC test is used to verify the null hypothesis that x; does not Granger-cause y; within the two estimated
regressions, which for our VAR(3) model are outlined as

3 3

yt a’l i yt i iXt i ut ' (3)

il il

Yo & _ iYoi Ue (4)
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Given the asymptotical normality of parameters from the correct specified VAR model estimated using LSE
method, we are able to use the F test values in order to verify statistical significance of lagged values of the
variables x.; from equation (3), as follows:

F RSS; RSS, T K’ )
RSS, m

where RSSg, RSSy arethe sums of squared residuals from the restricted (4) and unrestricted (3)
regressions,
T number of observations,
m=3 number of parameter restrictions in equation (4),
k=2m+1 number of parameters estimates from equation (3).

For F values calculated from (5) where F > F*, 1, we rgect the null hypothesis in favour of the alternative
hypothesis that variable x; stipulates y;. Gujarati (1995) pointed out that testing for Granger non-causality might
be susceptible to the choice of lag length m.

Our VAR(3) model (3) and (4) may lead to different GC conclusions.

Coefficients of lagged x.; valuesin (3) significantly differ from zero and lagged y;; valuesin (4) do not
have coefficients significantly different from zero. Hence, x; stipulatesys.

Coefficients of lagged y,; valuesin (4) are statistically different from zero, but coefficients of variables
Xt.i from (3) do not significantly differ from zero. Then, conversely, y; stipulates x;.

Coefficients of lagged values of both variables from equations (3) and (4) are statigtically different from
zero, so both variables are mutudly stipulating each other (bi-directional causality).

Coefficients of lagged values of both variables from (3) and (4) do not statistically differ from zero
hence x; and y; are mutually independent.

When testing for GC, we found out that all ; parameters from equation (3) differ from zero at a one percent
significance level, therefore we rejected the null hypothesis that variable x; does not Granger-cause the variable
Y. Next step consisted of testing the null hypothesis that variable y, does not Granger-cause the variable x;. For
this purpose, we swapped both variables from the regression equations (3) and (4). In this second step of our GC
testing, we have accepted the null hypothesis that y; does not stipulate x.. Therefore, we have concluded that x;
does Granger-cause y;, i.e. PX index lagged values contribute to increased accuracy of real GDP forecasts. This
conclusion, however, may not be interpreted asif variables x; and y; were in a cause and effect type of relation.

Additionaly, it should be noted that GC tests for two variables may be performed even with VAR modds
consisting of more than two equations (e.g. L tkepohl, 1993). Also, Sims (1972) identifies the existence of
Granger non-causality with the exogeneity of variables. In reality, however, it s only related to the so called
weak exogeneity, given Granger non-causality provides only for the necessary condition of the so called strong
exogeneity (Maddaa, 1992). VAR modéds, though more typically deal with long time-series, can also be applied
to panel data. See e.g. PAAkovA2005) with an application to Czech machinery data.

4. Conclusion

The test results of testing real GDP and PX index for GC have shown us that the PX index may be regarded as
the leading indicator of economic growth for the period 1996-2006. However, the efficient market hypothesis
(EMH) precondition must be met for PX index to be the leading indicator of GDP. EMH ensures that stock
prices quickly and accurately reflect any new relevant price changing information so that there are no
discrepancies between share market prices and their internal values. Also, market investors are assumed to form
rational expectations and therefore forecasts made by economic subjects do not suffer from systematic error
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(Fama, 1965). Preconditions being met, then in accordance with economic theory we may expect that decline on
share market shall be followed by a somewhat delayed economic recession and vice versa: increase in share
prices stipulatesimproved future economic activity.

We have found that GC between GDP and PX index is statigtically significant at a one percent significance level,
which is a surprising conclusion to some extent, given the actual level of market efficiency of Czech share
market.
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Abstract. This paper deals with the analysis of the purchasing power parity (PPP) in the selected European
Union s countries (Czech Republic, Hungary, Latvia, Poland, Romania and Sovakia) during the period
January 1999  November 2008 (119 observations) using the euro as a base currency. In the first step we
examine the dtationarity of the individual real exchange rates using the ADF (Augmented Dickey  Fuller)
and PP (Phillips  Perron) unit root tests. All the rea exchange rates were identified as to be non-stationary,
so the PPP can not hold. Further analysis was done using the Engle-Granger cointegration approach and
Johansen cointegration approach. Both approaches provide support for the validity of the PPP only for
Hungary - the values of estimated parameters, however, are not consistent with the PPP theory. Finaly we
present the Larson et a. panel cointegration technique which enables to overcome the problems with the low
power of the unit root and cointegration tests in case of short sample sizes. The absence of cointegration in
majority of anaysed countries makes it impossible to apply this modern technique.

Keywords: Exchange rate, purchasing power parity (PPP), stationarity, cointegration.

1. Introduction

Purchasing power parity (PPP) represents an important key building block in international macroeconomics.
Although the origins of this theory can be found in the sixteenth century in Spain, the term purchasing power
parity (expressing the link between exchange rates and national price levels) was first used by the Swedish
economist G. Cassdl in 1920s (see e.g. [8]). The PPP theory has become extremely popular since the advent of
flexible exchangeratesin 1970s. The studies deaing with testing of the PPP validity use various approaches. We
can divide these studies into three groups based on methods the authors used for analysis (see e.g. [7], [15]). The
early studies testing the PPP didn t take into account possible non-stationarities in the analysed series. The
second group build studies focused on testing for stationarity of the real exchange rates using various unit root
tests (see eg. [4]). The third group includes the various cointegration - based studies anaysing the trivariate
relationship among the nominal exchange rate, the domestic price level and the foreign price level or the
bivariate relationship between exchange rate and relative price. The main disadvantage of the studies using the
concept of stationarity and cointegration is in case of short sample sizes the low power of the tests. One of the
possibilities how to solve this problem is to analyse the time series data from a large number of countries using
the panel datatechniques (see e.g. [1], [15], [16]).

The main aim of this paper is to andyse the validity of the PPP using the stationarity and cointegration
concept and panel cointegration approach in case of some European Union s (EU s) countries during the period
January 1999 November 2008. We wanted to do the anaysis for exchange rates of all new member states
which became EU membersin 2004 and later and didn t adopt the euro during the above mentioned period (i.e.
Bulgaria, Czech Republic, Estonia, Hungary, Latvia, Lithuania, Poland, Romania, Slovakia). Since in Estonia
and in Lithuania, the Monetary Authorities committed themselves to retain the exchange rate of Estonian kroon
againgt the euro and Lithuanian litas against the euro, respectively, unchanged at the centra parity rate during the
Exchange Rate Mechanism |l (ERM 1) membership in order to maintain the stability and other benefits of a
fixed exchange rate regime, these countries were excluded from the analysis. One more currency excluded from
the analysis was the Bulgarian lev, which has been unilateraly tied to the euro since January 1999.

2. The Methodological Issues

1 Acknowledgements: This research was supported by the grant project VEGA No. 1/4652/07 Analysis of the current problems of the
Slovak economy development before the entrance into the European Monetary Union  econometrical approach .
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2.1. Testing for Unit Roots
The theory of PPP links the national price levels and exchange rates. In case that the PPP relationship holds,

the national price levels and exchange rates should form an equilibrium relationship. If we denote p; and p:
logarithms of the price levels in domestic and foreign® country, and § the logarithm of the nominal exchange
rate defined as the domestic price of a foreign currency (euro), the logarithm of the real exchangerate I, can be
then calculated as follows:

L b P )

The PPP can be considered to be valid if the logarithm of the real exchange rate I, is stationary. The

stationarity or non-stationarity (i.e. the existence of the unit roots) can be tested by various unit root tests, the
most famous of which are the ADF (Augmented Dickey Fuller) test and PP (Phillips  Perron) test’. The non-

stationarity of the I, indicates, that there is no tendency of the real exchange rate to return to its equilibrium

value, so the PPP could not hold. The rgjection of the unit root hypothesis on the other hand means, that the real
exchange rate has a character of the stationary stochastic process with a certain ability to return to its equilibrium
value.

2.2. Cointegration Tests

Since the typical feature of the majority of macroeconomic variables is non-stationarity (see e.g. [14]), the
another possibility how to test the PPP validity is the cointegration concept. In case of PPP validity, the sequence

f, formed by thesum § p: , expressing the logarithm of the domestic value of the foreign pricelevel, should
be cointegrated with the [; sequence. We can also analyse the following equation:

fo o P )

where  and ; are unknown parametersand , is an error term reflecting any short-run deviations from
the long-run equilibrium caused by stochastic shocks.

Totest for cointegration between two variables ( f,, p; ) the Engle-Granger method [5] and Johansen method

[10] can be used. The cointegration concept concentrates on analysis whether the linear combination of non-
stationary variables is stationary. Assuming that a pair of series has the same order of integration, it is useful to
examine the equilibrium relations further with the cointegration tests.

The Engle-Granger method isthe OLS (Ordinary Least Squares) based cointegration approach for a bivariate
system defined e.g. by equation (2). In the first step we need to determine the order of integration of both the
variables ft and Py . If they are both integrated of the same order* usually I(1), we can conclude that they are

cointegrated if the residuals from the equation (2) are stationary. It is not appropriate to use the classic ADF
critical values, the adequate critical values are more negative (see e.g. [4]). In order to say that the PPP concept

is valid, it is necessary to confirm that the cointegrating vector is such that , 1. In case that the residual

sequence , contains a unit root, the variables ft and Py arenot cointegrated and the PPP relationship does not

hold.

The Johansen method is based on maximum-likelihood estimation procedure which enables to capture the
feedback effects between variables and is independent of the choice of endogenous variable. The whole
procedure is based on the following VAR (Vector Autoregression Representation) of the vector of N stationary

variables X, (t  1,2,....T):

t lXt 1 2Xt 2 kXt k ut’ (3)

2 Asaforeign country was used the Economic and Monetary Union (EMU) in its changing composition.
% For more information about various unit root tests see e.g. [4], [6].
4 With differing orders of integration, it would have been possible to immediately conclude that long-run PPP failed [4].
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where U,,U,,...,U; are N-dimensional independent identically distributed normal variables and X, is a

vector of all endogenous variables in system. In case that al variables in X, are non-gationary and achieve

stationarity after being differenced once, the VAR (3) can be rewritten in the VECM (Vector Error Correction
Model) form as follows:

X X

t 1 t1 2 Xt2 k1 thl th ut (4)

where | i i 12..k 1 a | . (5)
i1 i1

The order of the VAR, K, is assumed to be finite. (N N) represents the long-run or cointegration
matrix and if there exist I' cointegrating vectors, is of reduced rank r N . In this case, the matrix can be
rewritten as ,where (N r ) includes the speed of adjustment coefficientsand (N r)ther
cointegrating vectors. To test the hypothesis that there are at most I' cointegrating vectors, two test statistics -

2

maximum eigenvalue datistic and trace dtatistic are used. These datistics have the -

max trace’
distribution with N 1 degrees of freedom. The null hypotheses in these tests are accepted if the estimated

values are less than the critical values at the appropriate significance level. Furthermore it is also important to
mention that the Johansen method also enables testing for the possible linear restrictions regarding coefficients

of thematrices and (seee.q. [1], [4], [12]).

2.2.1. Panel Cointegration Test

In order to overcome the problems with the low power of the above mentioned tests in case of short sample
sizes, the concept of the panel cointegration can be used. There are different possible tests which enable to test
the cointegration in panels (see e.g. [1], [16]). Although the majority of them is based on the Engle  Granger
cointegration relationship, we will concentrate on Larsson et al. test based on Johansen sapproach. Larsson et a.
suggest the estimation of the ECM (Error Correction Model) separately for each country (N countries with time
dimension T and a set of p variables are assumed) using the maximal likelihood method for the cal culation of the

trace statistic LR . The panel rank trace statistic LR can be calculated as an average of the trace statistics
obtained for each of the N analysed countries. The null hypothesisis that the number of cointegrating vectors (r;)
among the p variables is the same in al N countries, i.e. Hy:rank( ;) r r forali 1..,N, against

the alternative hypothesis H, :rank( ;) p foral i 1,..,N. The pand cointegration rank trace test

statistic Y, 5 can be obtained by calculating the average of the trace statistics LR; received for individual
countries. After standardising it we will receive:

LR, E z <N

\/Var Z,

where E Z, andVar Z, arethe mean and variance of the asymptotic trace statistic (see e.g. [1], [15]).

Yir (6)

3. Empirical Results

In the analysis of the PPP validity we use the monthly exchange rates of domestic currencies of the selected
EU s countries (Czech Republic, Hungary, Latvia, Poland, Romania and Slovakia) against the euro®. The price
variables are measured by the harmonized indices of consumer prices (HICP). The sample data covers the period
January 1999 November 2008 (119 observations). All variables are expressed in logs and are in the form of
indices relative to a base month (January 1999 = 1,00). The data for analysis were obtained from the Eurostat
web-page [18] and the European Central Bank web-page [17], the whole analysis was done in econometric
software EViews 5.1.

5 On 1 July 2005 the Romanian Leu (ROL) was replaced by the new leu (RON), with a conversion factor of 1 RON = 10000 ROL. In order
to receive consi stent results for Romania, we used for analysisin January 1999  June 2005 the actual exchange rates divided by 10000.
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In the first step of analysis we tested the real exchange rates (1) for stationarity using the ADF and PP test.
From the results in table 1° it is obvious, that all analysed real exchange rates are non-stationary (have one unit
root), which means that the PPP could not hold. The real exchange rate in this case can be characterised as a
sequence of real shocks which permanently influence the level of the real exchangerate, i.e. it doesn t exist the
tendency of thereal exchange rateto return to its equilibrium value or trend.

Table 1 The real exchange rates unit root test results

Leve 1. difference
trend and intercept neither trend nor trend and
intercept intercept intercept
CZE -1,8265 0,0725 1,8699 -9,5180*
HUN -2,9454 -1,7947 0,2776 -8,1699*
LAT -0,8733 -0,7445 0,5725 -7,7984*
POL -2,4255 -2,4467 -0,8169 -6,9295*
ROM -1,9496 -1,4376 0,4035 -8,3755*
SVK -3,6737**

-3,0142 -0,1671 2,7106 -8,1069*

Note: The symbols *, ** denote the rejection of the null hypothesis at the 0,01 and 0,05 significance level
respectively.

In the next step of our analysis we tested the cointegration between variables f, and p; (see equation (2))
using the Engle Granger method and Johansen method. The existence of cointegration in both methods
requires the same order of integration in case of both analysed variables f, and P, . The majority of variables
was according to ADF and PP test identified as to be integrated 1(1)’, the only exception was Romania, where
the variable p; was stationary, and variable ft integrated of order 1. It meansthat in case of Romaniathereisno

cointegration between variables from equation (2) and therefore the PPP could not hold.
Assuming the Engle  Granger cointegration concept, we estimated equation (2) for the remaining countries
and in order to check on the robustness also the regression with the reversed order of variables of the form

o} o 1T, (seeeg.[1], [4], [13]). The both calculated residuals for individual countries were tested

for stationarity using the ADF test with neither trend nor intercept. The results are in table 2 from which it is
clear that the existence of cointegration was confirmed only in case of Hungary since both the residuals , and

. Were stationary. The estimated values of parameters ; 0,36 and , 2,09 (for Hungary), however,

were far away from unity. One of the possible reasons presented in [13] is the existence of transportation
charges. Taking into account the large discrepancies from a value of 1 in case of Hungary and absence of
cointegration for the remaining countries, we can conclude, that according to the presented results the PPP can
not hold.

Table 2 —Unit root test results of residuals , and

CZE HUN LAT POL SVK

t t t t t t t t t t

level -3,04 -3,06 | -354** | -3,3** -1,25 -0,74 -0,63 -2,26 -2,63 -2,9

1.diff. -11,1* | -11,2* -7,8* -7,7* -7,6* -6,1* -1,7* -7,8*

Note: The symbols *, **, *** denote the rejection of the null hypothesis at the 0,01; 0,05 and 0,1 significance
level respectively.

To investigate the existence of cointegration based on Johansen method - after identification of the same
order of integration of variables ft and [ (all countrieswith exception of Romania) - it is necessary to set the
appropriate lag length of the VAR modd (3). Based on FPE (Final Prediction Error) and AIC (Akaike

5 The results obtained by both mentioned tests were identical in all cases with exception of Slovakia (in table 1 there are results of the ADF
test, in case of Slovakia of both tests), wherethe ADF test identified thereal exchange rate to be stationary at the significance level 0,05 (first

row SVK), but according to the PP test it is clearly non-stationary (second row SVK). Since the PP test identified the Slovak real
exchange rate to be non-stationary, we considered it to be non-stationary for further analysis.
" In order to save space, the results of ADF and PP tests for individual ft and ]9, are not presented here, but are available upon request.
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Information Criterion) we received the following results for the lag lengths: CZE — 2, HUN — 9, LAT — 3, POL —
2 and SVK — 2 lags. The appropriate form of the modd regarding the deterministic components was identified
according to the Pantula principle (see [1]) and the existence of cointegration was tested using the statistics

vace A . Theresultsarein table 3°.

Table 3 — The Pantula principle

Modd 2 Modd 3 Modd 4
trace max trace max trace max

r O|r 1|r Ofr 1f(r Ofr 1|r O|r 1f(r Ofr 2|r O|r 1
CZE 239 | 53 | 186 | 53 |11,2*| 03 | 110r| 0,3 | 178 | 47 | 131 | 4,7
HUN 31,4 | 80 | 235 | 80 | 204 | 14 | 190 | 14 | 299 | 10,7 | 19,2 | 10,7
LAT 211 | 09 | 201 | 09 [103*| 03 |10,0n| 0,3 | 282 | 9,0 | 19,2 | 90
POL 308 | 41 | 268 | 41 |[133*| 40 | 93* | 40 | 202 | 40 | 162 | 40
SVK 305 | 31 | 274 | 31 |135*| 04 |131*| 04 | 294 | 11,8 | 17,7 | 11,8

Note: The symbol * indicates the first time that the null hypothesis can not be rejected.

Theresultsin table 3 indicate no cointegration in al cases with exception of Hungary, where it was identified
one cointegrating vector (Moddl 2). This means that the validity of the PPP was clearly not confirmed for the
Czech Republic, Latvia, Poland and the Slovak Republic. For Hungary we can estimate the VECM with 9 lags’.
The VECM synthesises the short-run dynamic rel ationships and long-run equilibrium relationships. The long-run

information is induded in the cointegrating vector 1 , , 1015 049 , whee |,
corrensponds to the constant, ; corresponds to the variable P; and both parameters are highly statistically
significant. However the value of the parameter | is not in accordance with the PPP theory. From the speed of

adjustment coefficients ;, 0,081 and , 0,075 is the first one not statistically significant, but the
second oneis highly statistically significant.

The residuals of this VECM were tested for uncorrelatedness and normality using the LM (Lagrange
multiplier) test and Doornik — Hansen normdity test (see eg. [9], [19]). The LM statistic for 9 lags, i.e.

LM (9) 4,049 indicates that the residuas are uncorrelated at the significance level 0,01 till the lag 9. Worse

results were received by testing the normality using the multivariate extenson of the Jarque — Bera residua
normality test, the Doornik — Hansen test. The calculated statistics of the normality test were 9,82 and 97,36
which indicates the evidence of deviations from normality in case of both equations. ISam and Ahmed in [9]
mention that the deviation from normality does not render the cointegration test invalid. Taking into account the

economically not correct value of the parameter |, we can conclude that the PPP validity is also in case of

Hungary problematic.
Since the existence of cointegration was rejected in almost al analysed countries, it was not possible to apply
the modern panel cointegration test, because it supposes the existence of cointegration in individua countries.

4. Conclusion

The analysed real exchange rates were all identified asto be non-stationary, which isin contrast with the PPP
validity. The possible validity of the PPP was tested based on the cointegration methods (Engle-Granger method
and Johansen method) as well and was clearly rejected for all analysed countries with exception of Hungary.
Although the existence of cointegration was confirmed by both mentioned methods in case of Hungary, the
estimated parameters were not in coincidence with the theory. Some of the reasons why PPP does not hold are
e.g. the exigtence of trangportation costs, tariffs, non-tradable goods, preferences for goods in different countries
ec. (see eg. [16]). Bor i and Bek in [3] analysing the PPP in Slovenia and Hungary present the opinion that
the problematic validity of the PPP could be caused by faster growth of non-tradable to tradable prices in
transition countriesin comparison to relative prices of devel oped market economies.

& Model 2 is a model with intercept (no trend) in CE (Cointegrating Equation) no intercept in VAR,

Model 3: Intercept (no trend) in CE and VAR, Model 4: Intercept and trend in CE  no trend in VAR.
The use of models 1 and 5 is from the economic theory point of view unusual (Model 1: No intercept or trend in CE or VAR and Modd 5:
Intercept and trend in CE — linear trend in VAR) and they were therefore not anal ysed.

9 The whole VECM will not be presented here from the space reasons, but the results can be provided upon request.
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ATWO-STAGE AHP/DEA MODEL FOR EVALUATION OF
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Abstract. The paper presents a two-stage model for evaluation and ranking of decision making units based on
the analytic hierarchy process (AHP) with interval paired judgments and data envelopment analysis (DEA)
with weight restrictions. The first stage of the model consists in assessment of weights of input and outputs by
means of the interval AHP model, i.e. the AHP model with interval judgments. The results of this stage are
interval weights derived by optimization approach on the one hand and simulation on the other hand. The
second stage of the model uses a DEA model with weight restrictions for evaluation of efficiency. The
problem is that the DEA models with direct weight restrictions are often infeasible. That is why we use
models with virtual weights restrictions where the infeasibility does not occur so often. The DEA model with
virtual weight restrictions splits the evaluated units into two subsets efficient and inefficient ones. Then, the
super-efficiency models and the AHP model with interval weights are used for ranking of efficient units. The
results of both models are compared and discussed. The proposed modeling approach is applied in assessing
the efficiency of banks operating in the Czech Republic.

Keywords. Analytic hierarchy process; data envelopment analysis; efficiency, super-efficiency

1. Data envelopment analysis models

Minor parts of the text describing basic data envelopment analysis (DEA) models in this section and interval
analytic hierarchy models in the following section are based on the paper Jablonsky [3].

One of the most popular modelling approaches for efficiency evaluation of decision making units is data
envelopment analysis (DEA). DEA models measure relative efficiency of decision making units (DMU) that are
usually described by several inputs spent for production of several outputs. Let us consider the set E of n
decision making units E = {DMU,;, DMU,, , DMU,}. Each of the units produces r outputs and for their
production spent minputs. Let us denote X' = {X;, i=1,2, ,m} the vector of inputs and Y’ = {yi, k=1,2, ,r} the
vector of outputs of the DMU;. Then X is the (m, n) matrix of inputs and Y the (r, n) matrix of outputs. DEA
models evaluate efficiency of the DMU,, g {1,2, ,n} by looking for a virtual unit with inputs and outputs
defined as the weighted sum of inputs and outputs of the other units in the decision set - X aY , where =( i,

2, n)y >0isthe vector of weights of the DMUs. The problem of looking for a virtual unit can be generally
formulated as a standard linear programming problem:

minimize z= (e's"+e's),

subject to Y sT=ye, (1)
X +s = x4,
,ss 0,

wheree"= (1,1, ,1)and isan infinitesimal constant. The variables s, s are just slack variables expressing the
difference between virtual inputs/outputs and appropriate inputs/outputs of the DMU,. Obviously, the virtual
inputs/outputs can be computed using the optimal values of variables of the model (1) as follows:

X =xt" s,

yt =ylest,
The DMUj is considered to be efficient if the virtual unit is identical with evaluated unit. In this case Y =y",
X = x% and the minimum value of the objective function z = 1. Otherwise the DMUj is not efficient and

minimum value of <1 can be interpreted as the need of proportional reduction of inputs in order to reach the
efficient frontier.
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Dual variables of the model (1) v;, i=1,2, ,m, and u,, k=1,2, ,r, express relative importance of the inputs
and outputs respectively. In order to have the possibility to restrict values of dual variables the dual formulation
to the model (1) can be simply used:

- . r
maximize z Uk Yk
subject to irukyk]- imvixi]- , i L2, ..,n, (2
m
- ViXig 1
Uk ) k: 11 21 1 rl
Vi, i=12 ,m

Variables of the model (2) can be restricted by lower and upper bounds in order to influence the relative
importance of the inputs and outputs in the model. This means that the constraints in model (2)

Vi y Uk :
are replaced by the following ones:

d v h,
b ue c,

where d;a h;, i = 1,2,...,m, are lower and upper bounds for i-th input and by a ¢, k=1,2,...,r, are lower and upper
bound for k-th output. The main problem is that the model (2) with weight restrictions is often infeasible. Many
researchers published papers dealing with infeasibility of DEA models with weight restrictions. One of the
approaches based on models in Wang and Beasley [6] and Helcio [2] is called virtual weight restriction
approach. The main idea of this approach is not to restrict the values of variables v; and uy directly as above but
restrict them through the virtual inputs and outputs as follows:

Vi X;

dg ——— by, i=12, ,m, ®3)
sVsqu
u

by % Ch k=12, ., 4)
susysq

where0 d h; 1and0 by c 1

The constraints (3) and (4) are added to the model (2) and two different approaches are proposed in paper
Helcio [2] - to restrict in this way only the observed unit DMUj or to restrict all the DMUs of the model. We will
use the first of them in our paper.

One of the main problems in DEA models with weight restrictions is to set up the bounds of the inputs and
outputs. We propose to use interval analytic hierarchy process (IAHP) model for estimation of lower and upper
bounds. This model is described in the next section of the paper. Section 3 describes numerical experiments with
different sets of bounds on the case of evaluation of efficiency of bank branches. Last section of the paper
contains conclusions with summarization of the main results of the paper.

2. Interval AHP model

The AHP is a powerful tool for analysis of complex decision problems. The AHP organizes the decision
problem as a hierarchical structure containing always several levels. The first (topmost) level defines a main goal
of the decision problem and the last (lowest) level describes usually the decision alternatives or scenarios. The
levels between the first and the last level can contain secondary goals, criteria and subcriteria of the decision
problem, in our case inputs and outputs of the model. The number of the levels is not limited, but in the typical
case it does not exceed four or five.

The AHP model can be simply used for evaluation of efficiency of decision making units. One of the
possible models presented in Jablonsky [3] is on Figure 1. The topmost level of the hierarchy contains the goal
of the decision problem, i.e. the evaluation of efficiency of the DMUs. This goal depends on the set of criteria
used in the model - on the inputs on the one hand and the outputs on the other hand. They are placed on the next
two levels of the hierarchy. The last level of the hierarchy contains DMUs that have to be compared with respect
to the elements of the preceding level.
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EVALUATION OF
EFFICIENCY OF DMUs

Inputs Outputs
Y U
INP 1 INP 2 INP m OuUT 1 OuT 2 OouT r

Figure 1: AHP model for efficiency evaluation.

By pairwise comparisons the decision maker can derive relative importance coefficients of the inputs and outputs

they are denoted as v;, j=1,2,...m, and uy, j=1,2,...,r. The preference indices of the DMUs with respect to the
given input or output are denoted as w, i=1,2...,n, j=1,2,...,m+r. In the standard AHP model the decision maker
judgements are organised into paired comparison matrices at each level of the hierarchy. The judgements are
point estimates of the preference between two elements of the level. Let us denote the pairwise comparison
matrix A ={a;| =1/ay;, >0, i,j=1,2,...,n }, where n is the number of elements of the particular level. Saaty [5]
proposes to use &; integers in the range 1 through 9 for preference expression, where 1 means that the i-th and
the j-th element are equally important and 9 that the i-th element is absolutely more important than the j-th
element. The local priorities are derived by solving the eigenvector problem (5)

AV max Vs
k
5
v 1, ®)
i1

where . iS the largest eigenvalue of A and v is the normalised right eigenvector belonging to  max.

In the deterministic AHP approach the decision maker always specifies point estimates that express his
preference relations between two elements in the given hierarchical level. It can often be very difficult to fulfil
this condition for decision makers. They feel much better and closer to have the possibility to express their
preferences as interval estimates. The AHP model with interval decision maker judgements is usually called
interval AHP (IAHP) model. It is characterised by interval pairwise comparison matrices given as follows:

1 P12,d12 P A1k
A p211.QZ1 1 o Pox ,.q2k ©
Pk1:Ak1 Pk2,dk2 1

where p; is lower bound and ¢; upper bound for preference relation (a;) between the i-th and j-th element. Due
to the reciprocal nature of the pairwise comparison matrices the relation p;.g; = 1 holds for all i,j=1,2,... k.

The judgements in the IAHP can be considered as random variables defined over the given interval. In this
way the IAHP changes from the deterministic model to the model with some stochastic features. That is why it
cannot be analysed in the traditional way by solving the eigenvector problem (5). The random variables for
description of interval judgements can be selected from the available probabilistic distributions. We will use
uniform distribution defined over the interval <pj;, g;> and normal distribution with mean value standard
deviation in our numerical experiments below. The preferences of elements derived form from matrix A are
random variables. Their characteristics can be computed by several approaches either Monte Carlo simulation
that is very simple tool that offers lower and upper bounds for the preferences or one of the optimization
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approaches derived by different researchers. In our experiments presented in the next section we used Monte
Carlo simulation for deriving interval weights inputs and outputs.

The interval AHP/DEA approach for evaluation of decision making units can be divided into two stages and
described as follows:

1. Estimation of lower and upper bounds for weights of the inputs and outputs by means of the IAHP model.
The weights of the inputs on the one hand and the weights of the outputs on the other hand are computed
separately.

2. Solving a DEA model, e.g. the model (2) with additional constraints (3) and (4) where the lower and upper
bounds are taken from step 1. Of course it is possible to experiment with different sets of weights not only
given by interval AHP model. The efficiency scores of the new model are always worse or equal comparing
to the efficiency scores of the original model. Some of the originally efficient units are not efficient in the
model with virtual weights restrictions and new results can be taken as a basis for new ranking of the DMUs.

Bank # of operational # of active profit
employees expenses | branches | debts
A 84 43 1 6 760 247
B 893 141 11| 86498 895
C 267 15 5| 21186 390
D 116 204 1 5911 110
E 10 897 575 636| 588526| 12148
F 616 80 155| 138048 1220
G 239 27 7| 20350 759
H 10 357 16 965 222| 504294 | 10837
| 2299 204 214| 61112 2 366
J 131 20 39| 29407 155
K 426 20 30 1111 805
L 230 235 1| 27109 218
M 7764 13 558 386| 54023| 11225
N 319 10 29 162 121
0] 362 41 246 | 64051 432
P 118 36 1| 20898 693
Q 204 23 54| 39659 201
R 1627 67 54| 72265 780
S 209 57 636| 89827 1105
T 1594 543 60| 166 322 2938
U 635 4 54| 23685 320
vV 191 19 209 | 29954 142

Table 1: Banks and their characteristics

3. Numerical experiments

This section contains simple example that demonstrates the approach described in the previous Section. The
example is based on real data set but it is not a serious case study. Table 1 contains data about 22 DMUs, banks
operating on the financial market in the Czech Republic the units are denoted by letters A to V. Each of the
banks is described by three input and two outputs:

INP1 number of employees,

INP2 operational expenses in 2007 in millions of CZK,
INP3  number of branches,

OUT1 active debts in 2007 in millions of CZK,

OUT2 gross profit in 2007 in millions of CZK.

The first stage of our approach is estimation of interval weights. The interval pairwise comparison matrices

for inputs and outputs are below. We suppose uniform distribution for single comparisons. The random values as
presented below are generated and the matrix is completed by appropriate reciprocal values. The logarithmic
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least square method is used for estimation of final priorities, i.e. weights of the inputs/outputs. The results from
100 simulations are presented in Table 2.

INP1 1 12

INP2 35 1 57

INP3 1
OouT1 1

ouT2 57 1

Bounds # of operational # of active Profit
employees expenses | branches | debts

Lower 0.180 0.649 0.082 0.125 0.834

Upper 0.252 0.731 0.114 0.166 0.875

Table 2: Lower and upper bounds for inputs and outputs

The results of DEA models with virtual weights restrictions (VWR) and their comparison with standard
models are presented in Table 3. It is clear that the efficiency scores of the DMUs are lower in VWR models
comparing to standard DEA models. Under assumption of constant returns to scale 7 DMUs are recognized as
efficient. We used one of the super-efficiency measures to rank the units - the final ranking is given in the second
column of Table 3.

CCR-1 BCC-I

Bank | CCR-I VWR BCC-I VWR
A 0514 17 0.358| 11 1.401 0.996
B 0.855| 13 0.318] 14 2.413 0.518
C 1.771 4 0.909 5 1.791 1.466
D 0.288] 20 0.086] 19 1.000 0.422
E 0.743 14 0.657 6 unbnd unbnd
F 1.204 8 0.597 7 2.348 0.826
1G] 1.209 7 1.157 3 1.307 1.211
H 0271] 21 0.077] 20 2.453 0.521
[ 0.390] 18 0.366] 10 0.703 0.520
J 0.987 9 0.343] 13 1.334 1.011
K 1.236 6 0214 17 1.423 0.625
L 1.297 5 0.124| 18 1.947 0.319
M 0.243] 22 0.056| 21 1.306 0.196
N 0.298] 19 0.046| 22 1.176 0.945
0 0.889 11 0.404 8 0.897 0.479
P 3.159 2 1.642 2 6.264 1.691
Q 0.981] 10 0.348] 12 1.071 0.746
R 0.685] 15 0.372 9 0.967 0.406
S 1.990 3 0.986 4 2.230 1.362
T 0571 16 0.292] 15 1.808 0.770
U 3.815 1 1.851 1 4.021 2.663
V 0.880] 12 0.285] 16 0.987 0.799

Table 3: Results of efficiency analysis

The third a fourth columns contain efficiency scores and ranking of DMUs by the same model with VWR. Only
three of the originally efficient units remain efficient in this restricted model. Ranking of other units is quite
different in some cases, e.g. the unit L was originally efficient and now is inefficient with a very low efficiency
score. The BCC model with variable returns to scale indicates 18 of 22 units as efficient without considering
weights restrictions (the super-efficiency model for unit E has not optimal solution). The VWR model
substantially reduces the number of efficient unit only 7 of them remained efficient.
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4. Conclusions

Both data envelopment analysis and analytic hierarchy process are one of the most often used decision
making tools. Their combination can lead to interesting results in the analyzed problem. Our aim was to develop
a procedure for ranking decision making units in DEA. The procedure is based on solving standard DEA models
with virtual weights restrictions with the weights derived by interval AHP model. The given results allow better
and simpler ranking of DMUs comparing to standard DEA models. What must be solved is the problem of
infeasibility of the optimization problem in case the intervals for virtual weights are too close. It will be the topic
of further research.
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Abstract.  The possibility of realistic modeling of the complex constrained optimization problems
in Czech agriculture and forestry business is studied using the results of mathematical programming
and dynamic programming. The real-life constraints arising in the crop planting and the logging
decision making problems in Czech Republic are introduced and the optimization models presented
are analyzed.
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1 Introduction

Currently, the general mathematical programming models applicable in agriculture and forestry (AF) are
under worldwide research. The linear and non-linear programming methods are most widely used in AF
practice together with the methods of integer and mixed-integer programming (see e.g.[1], [2]). There is
a broad research also on stochastic programming models for production and harvesting planning (see e.g.
[31{[7]) and some studies of dynamic programming utilization possibilities in AF business have been made
(see [8]{[12]). The stochastic dynamic programming applications, when planning under uncertainty, can
be found e.g. in [13], [14].

In Czech AF business mainly expert estimation is used for decision making and planning, especially
in the medium- and small enterprises. Such approach was able to produce a good prot, but currently
number of restrictions covering the soil preservation and sustainable development in natural resources
utilization are arising, not yet fully taken into account in AF managerial decision making. These new
restrictions make the identi cation of the optimal or even feasible solution using only expert estimation
very dicult. Hence, there is increasing need of the decision support systems, which allow solving of
optimization problems with upcoming real-world complex constraints. In this paper the initial study of
the solution of typical Czech AF constrained optimization problems using mathematical programming
methods is done. In each problem the respective constraint is constructed, the optimization problem for
is designed, methods for its solution are presented and the applicability of the suggested approach and
feasibility of its results in Czech AF practice is discussed.

2 Selected AF optimization problems

2.1 The crop planting design

A typical farmer’s optimization problem is the planning of the sowing design for the next period. The
goal is to maximize the pro t from the harvests of crops (denotei; 1 i Q), when considering existing
restrictions on total arable land (X)), capital, labour, etc. This optimization task can be formulated as a
linear programming problem:

2 =max 2 cx (1)
2xX )
Saixi b )
xj O (4)

where decision variablesc; stand for areas of arable land planted with cropi. In the goal function (1) the
parametersc; are the random variables of total pro t per 1 ha of planted crop i which means that (1-4)
represents a stochastic programming problem (see e.g. [15]). Apart from the simple constraints describing
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above mentioned restriction, a complex problem arises when considering the restrictions on crop rotation.
Each of the crops is allowed to be sowed again on the same place after distinct numbigrof periods (from
one to six years according to particular crop). We introduce this restriction into model (1-4) by adding
the set of linear inequality constraints (see [16])

1 p Q: Lixi, X X i, (5)

the same crop. The parameterx;,..; , is the area of land, on which all the cropsiy;:::;i, were at least
once sowed during relevant number of past years. The model is solvable by the stochastic programming
methods and enables optimization of the next year crop plan when all the crop rotation restrictions must
hold.

2.2 Dynamical programming approach to crop rotation constraints

Alternatively, one can search an optimal sow plan under the crop rotation restrictions not only for the next
period but for N upcoming periods. Such a problem can be analyzed using the dynamical programming,
when the planning horizon is divided into discrete and nite number of time periods in which the decisions
about crop plan are made. Each perioch, n; 1 n N +1, de nes one stage of the sequential decision
process and is associated with the state spac®, formed by the set of statess,, which represents all the
feasible states of the system in the period.

The objective in the problem of crop planting is to maximize the total pro t from the crops harvested
in all N time periods. The only constraint to be considered are the crop rotation restrictions. Suppose
that the farmer is planning to sow crops onP particular elds, each of which is to be sowed by one crop
each year. The total number of crops isQ P and all of them have to be sowed each year. Denote again
ri the resowing time of the cropi, 1 i Q and the maximum resowing time.

The state of the system can be described by the history of each eld up to periods ago. Hence, the
state is de ned as

Sp = (iggiitip jigniitip iriyipaiitip )2 S 1 gy Qg (6)

wherel a Pandl b . The symboli iz :::ig represents the crop history of particular eld
a, while i4, has the meaning of the particular crop sowed years ago on the elda. For example, for four
elds (P =4) and three crops (Q = 3), where crop 1 can be resowed after 2 yearsr{ = 2), crop 2 after
1 year (r, = 1) and crop 3 can be crop each year on the same eldri; = 0), the feasible state can be

sn =(31;21;12;23): @)

This means that on the rst eld the crop 3 was sowed one year ago and crop 1 two years ago, on the
second eld the crop 2 was sowed one year ago and crop 1 two years ago, etc.

The decision maker will determine the states,.; by invoking management decisiond;, (sn) 2 D(sn)
from nite discrete set D(s,) of decisions associated withs,. In our problem the decisions are restricted
by the crop rotation constraints, number of crops, number of elds and requirement on sowing each of
the crops each period at least on one eld. Each decision corresponds to one particular crop plan. For
example, there are three possible decisions for the state (7) which lead to three distinct states in the stage
n+1 (see Tab. 1).

Table 1. Feasible decisions in stagen and related states in stagen + 1

Sh 2 Sy dh 2 D(Sn) t(Sn;dn) 2 Shaa

(3;3;2;1) (33;32;21;12)
(31;21;12;23) (2;3;2;1) (23;32;21;12)
(2;3;3;1) (23;32;31;12)

Selecting decisiond, for state s, earns rewardr(s,;d,) and cause the transition to state sn.1
t(sn;dn). The reward is equal to total prot from harvest when decision d, is taken:

r(snidn)= % G Xi(dn); ®)
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where x;(d,) stands for the total area of arable land planted with crop i when decision (i.e. the crop
plan) d, was selected and the parameteg; is total prot per 1 ha of planted crop i. To enumerate ¢ the

di erence between average income from harvests per hectar and costs per hectar sowed by crop plant
has to be known. By analogy to the procedure showed in Tab. 1 all of the decisions and related consequent
states can be generated for any number of periods, elds and crops. The emerging rewards can then be
obtained using relation (8).

Let the initial crop design and sow history in the period 1 be given by states; and the aim is to
plan the crop design for the nextN periods. We do not determine any goal state in stageN + 1. Such a
formulation represents an initial value problem, which can be solved by recursive xing (see [17]) derived
for each state in Sy .1 . The goal is to identify the sequence of decisions {d:::;d} ) with highest total

reward. General recursive relationship describing the system and determiningd?;:::;df) is then
( 0; n=N+1
FEn) = maximum r (sy:ch) + f [sn:dn)lgs n<N +1 ©)
n Sn

wheref (sp) is the maximum total reward obtainable at stagesn through N + 1 if state s, is occupied.

Note, that restrictions on labor, capital and technological and ecological aspects of farming could be
comprised in the model and treated by the dynamical programming unless the number of state variables,
states and need of computations made would increase too much. The approach chosen, however, represents
to some extent the analogy with the Czech farmer’s real-life decision making. They decide about the next
period crop plan using their professional experience and the cropping history data. Sometimes, they are
forced to break the restriction on crop rotation, because no other possibility is available if the specic
crop is to be sowed. Then there is a need of additional fertilizing, which means additional cost and lower
pro ts in respective year. Hence, the short-run planning can decrease the long-run total prot and the
dynamical programming approach - optimizing the long run prot of the farm - seems to be a good
alternative to expert decisions based on routine and short-run optimizing.

2.3 Planning the forest logging

Typical decision problem for the logging company is planning the machinery use for the forthcoming
harvest. The Lj, cubic meters of trees of typej; 1 j k and quality p;1 p | are to be harvested
and the harvesting shall take d days. The detailed plan must be prepared in advance, because all the
harvest equipment is outsourced. Let there be two types of logging machinery to be planned: harvest
machinery and transport machinery. The rst type is used to cut trees at harvest area and the second
type serves for trees transportation to place close to forest roads, accessible by logging trucks. Denote
i; 1 i m the types of cutting machinery andi; m +1 i n the types of transport machinery. The
lowest cost solution is sought for if the volumesLj, of trees are to be cut and transported and the total
number of machines of typei available is restricted to X;. Denote cj, and &, the costs per 1n¥ and
daily average volume (in n?¥) of wood (type j, quality p) cut/transported by the machinery i, respectively.
The respective optimal decision can be found as a solution of the mathematical programming problem:

27=min L {5 pe Gip @ip Xipp ; (10)
K opaXip X (11)

d 1 Xip @jp = Lijp; (12)

d Imer Xip @jp = Lip; (13)

Xi £ pesXip @ integer; Xy 0; (14)

where decision variablesx;, stand for the number of the machines of typei cutting/transporting trees

of type j and quality p. The desired solution in the form of numbersx; of outsourced machinery of type

i is to be made up using the de nition in (14). When planning the machinery need in advance, the cost
parameterscj, have to be treated as random variables, since the harvest costs depend on the weather
(e.g. snow conditions, rain or frost introduce additional outsourcing costs). The parameterd. j, resp. ajjp

are random as well but this can be overcome when an expert estimation based on visiting the area and
past experience was made.

No environmental issues were taken into account in the previous optimization model. Using machinery
for harvesting in the forest causes damage to the soil depending on the season, soil type, machinery used,
weather, etc. These externalities costs should be implemented into the optimization model and a ect the
optimal set of harvest machinery. Either the cost function ¢j, could increase according to environmental
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impact of particular machinery i or additional constraints could be formulated. We provide the following
possible model for local AF decision making. In Czech Republic, mainly harvestors and workers with
power saws are employed for harvesting. While the latter cause no damage to the soil during harvesting,
the heavy harvestors damage the soil especially in rainy weather. For example, an aditional restriction
on total distance travelled by harvestors in the harvest location depending on the soil moisture can be
requested. Taking into account that the majority type of harvested trees is pine, the indexj can be
used for the distance range from the road to place where the machinery;, operates. The additional
restriction then takes the form:

J-k:1 L=1 Xiip Sj hi Di; (15)
wheres; is the average distance to be moved from the road to harvest locality, D; is the total distance
allowed to be moved by the machineryi during one harvesting period under ideal weather andh; < 1
is the coe cient representing the soil state (soil moisture, type of the soil). The soil moisture is random
variable when planning the machinery use in advance, hench; is random variable as well. Adding this
restriction (15) into the model (10{14) the random variables appears apart from objective function also
in the restrictions, which is the problem generally solvable by the methods of stochastic programming
(see e.g. [15]).

3 Conclusion

Speci ¢ complex restrictions arise when developing optimization models of the AF decision problems. The
problem of mathematical design of the respective constraints must be solved when the whole model is to
remain solvable and its solution to be well applicable. In this contribution the analysis for the constraints

on re-sowing and soil-preserving was performed and the suggested models are prepared to be applied in
practical problems.
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Abstract.  Optimization problems depending on a probability measure correspond to many eco-
nomic applications. Since the \underlying" measure is usually unknown the decision is mostly
determined on the date basis, it means on statistical (mostly empirical) estimates of the probability
measure. Properties of the optimal value (and solution) estimates have been investigated many
times. There were introduced assumptions under which the asymptotic distribution estimate is nor-
mal and the convergence rate is at least exponential. We generalize the assertions concerning the
rate convergence. Especially we shall consider distributions with the Pareto tail.
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1 Introduction

Economic processes are often in uenced by a random factor and a decision parameter. Constructing
mathematical models we obtain mostly models depending on a probability measure. They can be static
(one stage) or dynamic. A multistage stochastic programming technique can treat an essential class of dy-
namic cases. Employing a recursive de nition (see e.g. [9], [11]), we obtain a system of one{stage (mostly)
parametric problems. Consequently, the investigation of one problems is crucial also for multistage cases.

To introduce \classical" one{stage stochastic programming problem let (; S; P) be a probabi-

lity space; (= (') =1[ 2(1);:::; s(")]) s{dimensional random vector de ned on (; S;P); F(=
F(z); z 2 R®) and Pg the distribution function and the probability measure corresponding to ;
Fi;i = 1;:::; s one{dimensional marginal distribution functions of ;i =1; 2;:::;s: Let, moreover,

do(:= go(X; 2)) be a real{valued (say continuous) function de ned on R" RS%; X R" be a nonempty
set. If the symbol Er denotes the operator of mathematical expectation corresponding té-; then a rather
general \classical" one{stage stochastic programming problem can be introduced in the form:
Find
(F)=inffEFgo(x; )jx 2 Xg: Q)

Since in applications very often the problem (1) has to be solved on the basis of empirical data we have
to replace the measurePg by its estimate. An empirical probability measure is a very suitable candidate
for it. Consequently, the solution of the problem (1) has to be often sought (in applications) w.r.t. an
\empirical problem™:

Find

'(F N)=inf fEgn go(x; )jx 2 X g; 2)

where FN denotes an empirical distribution function determined by a random samplef g, (not nec-
essary independent) corresponding to the distribution functionF: If we denote the optimal solutions sets
of (1) and (2) by X (F); X(FN); then (under rather general assumptions)’(F N); X (FN) are \good"

stochastic estimates of (F ); X (F):

The investigation of the empirical (above introduced) estimates started in 1974 by [16]; followed by
many papers (see e.g. [3], [15]). The investigation of the convergence rate appeared in [5] and followed
e.g. by [1], [4], [12]; for weak dependent random samples e.g. by [6]. The exponential rate convergence has
been proven under some relatively strong assumptions on the objective function and on the \underlying"
distribution function F: Employing the stability results [8] we can see that the normal distribution is
covered by this approach. However, the distribution functions with heavy tails correspond to many random
factor in economic problems (see e.g. [13], [14]). The aim of this contribution is to genaralize results [5]
to the case of distribution functions with the Pareto tail.
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2 Auxiliary Assertion

2.1 Stability
To recall a suitable stability result, let P(R®) denote the set of all Borel probability measures orRs;s 1
and let M 1(R?®) be de ned by 7
M(RS)=fP 2P (RS): kzklP(dz) < 1g;
RS

k ki denotes thelL; norm in RS: We shall introduce a little generalized assertion of [7].

Proposition 1. [7] Let Pg;Ps 2 M 1(R®); X be a compact set. If for everyx 2 X

1. go(X; z) is a Lipschitz function of z 2 RS with the Lipschitz constant L;

2. nite Ergo(X; ); Eco(x; ) exist,
3. go(X; z) is a uniformly continuous function on X RS;

then s Z
jinf Ergo(x; ) inf Ecgo(x; )j L jFi(zi) Gi(zi)jdz: ©)
x2X x2X i1 L

Evidently, the right hand side of the relation (3) is in the form of a product of the Lipschitz constant
and the Wasserstein metric. Replacing the distribution G by an empirical FN we can investigate the
convergence rate of the empirical estimategF N); X (FN):

2.2 Empirical Estimates

Proposition 2. Let s=1;t> 0:Let moreoverPr 2 M ((RY): If

1. Pg is absolutely continuous with respect to the Lebesgue measure oR?,
2. there exists (N; t):= (N;t; R) such that the empirical distribution function FN fullsfor R> 0

the relation
Pfl 1 jF(@z) FN(2)j>tg (N;t) forevery z2 (R;R );
then for ;& < 1;it holds that

[ N (2); 12R Lt . 1 - R t
Pfl 1jF(z) F (@i>tg (5 +1) (N; pg'R) + Pfl F(z)dz > 30+
1

Pfl :R(l F(2)dz> Lg+2NF (R )+ 2N(1 F(R)):

R
If, moreover,
3. there exists R := R(N) dened on N such that R(N) ! (v 1 and simultaneously for
2(0; 3)
RRN) R
N F(z)dz! Nn 0; N 1 F@Ildz! N 0;
1 R(N)
2NF(R (N) ' O 2N[1 FR(NDI! o~y O (4)
12R (N )N . . .
(BN +1) (N e RN T v O;
then also 2

Pfl : N iF@ FY@j>tg! (u O for 2(0; %):

1
(the symbol N denotes the set of natural numbers.)
Proof. The assertion can be proven by the proof technique employed in [8].

It is well known (see e.g. [2]) that if f 'gl, is a sequence of independent random values with a
common distribution function F; then we can set

(N;t; R)=expf2Nt 2g; t>0;R>0;N=1; 2;::::: (5)
Setting R(N)=N ; + 2 (0; %) we can see that the following assertion holds.

Corollary 1. Let s=1;t> O0: Let, moreover, P 2 M ;(RY); f 'gl, be a sequence of independent
random values with a common distribution function F: If
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1. Pe is absolutely continuous with respect to the Lebesgue measure oR?!
(we denote byf the probability density corresponding to F),
2. there exists constantsC4; C, and T > 0 such that

then f(z)Z CiexpfC »,jzjg for z2 (1, T )[ (T;2),
1

Pfl : N iF@) FN@j>tg! nnu 0 for 2(0; E):
1
Proof. The assertion follows from Proposition 2 and the assumptions.
The assumption 2 of Corollary 1 covers the normal and empirical distributions. However, many random
elements corresponding to economic applications correspond to distributions with heavy tails. We employ

the uniform Pareto distribution introduced in [13]. A random value has a Pareto distribution if its
probability measure Pg and its probability density f ful Is the relation

Pef>zg=Cz ; f(z)=Cz ' forz>C™;
) (6)
0 z C™:

Evidently, the Pareto distribution has only one tail. Moreover, we can see that for > 1 it holds
Pe 2M ((RY) and for 2 (O; %) and R: = R(N)= N ; > 0itholds

R
N [1 F@ldz=N [C( +1)z* Tk, = C( +LN N (*V

R(N)
N[1 F(R(N))]= NCN = CN!?
Consequently for > max[—+—; 1] we can obtain that
2
N 1 F@)Idz! (nwy 0; and; simultaneously, 2N[1 R(N)]! (N 0:
R(N)

Employing the relations (4), (5) we can see that the following assertion holds.
Corollary 2. Lets=1;t> 0; > 1;and ; > O full the inequalies > %;-> -1 + <

1.

i.
Let, moreover, f ‘gL, be an independent random sample corresponding to the distribution functionF .
If

1. Pg is absolutely continuous with respect to the Lebesgue measure oR*
(we denote byf the probability density corresponding to F),
2. there exists constantsC > 0 and T > 0 such that

f(zy Cz *! for z2 (1, T)I[ (T;1)
A
Pfl N F@ FY@i>tg! nuw O

then

3 Main Results

In this section we shall try to introduce the results that guarantee the exponential convergence rate of
'(F N) to '(F ). First result covers the known case when the tails of the probability density are at least
exponential. Evidently, this assertion covers the classical case of normal distribution. The second case
will try to cover some new arising economic applications when one dimensional marginal distribution
functions have the Pareto tails. It is known that this case appears for example in nance or river ow (for
more details see e.g. [13]). The corresponding form of multivariate case can be found e.g. in [10]. However
it is over the possibility of this contribution to deal with this case in more detail.

Theorem 1. [8] Let t> 0; f 'gt; be a sequence of independerg{dimensional random vectors with a
common distribution function F: Let moreover X be a compact set. If

1. FN is an empirical distribution function determined by f g, ; N =1; 2; :::;

2. Pg,; i =1;:::; s are absolutely continuous with respect to the Lebesgue measure dR! (we denote
by fi; i =1; :::; s the probability densities corresponding toF;),
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3. there exist constantsC1; C, > 0 and T > 0 such that
fi(zi) CiexpfC »jzijg for z2 (1, T)[ (T;1); i =1;:::;s
4. go(x;2) is a uniformly continuous, Lipschitz (with respect to L3 norm) function of z 2 RS the Lips-
chitz constant L is not depending onx 2 X;

then 1
Pl :N J(F M) '(Fli>tg! wu O for 2(0; )

Proof. The assertion of Theorem 1 follows from Proposition 1 and Corollary 1.

Theorem 2. Let t> 0; > 1; ; > Ofulltheinequalies > %;-> —1-; + < 1:Let, moreover,
f gk, be ans{dimensional independent random sample corresponding to the distribution functionF; X

be a compact set. If

1. FN is an empirical distribution function determined by f g, ; N =1; 2; :::;

2. Pg,; 1 =1, :::; s are absolutely continuous with respect to the Lebesgue measure dR! (we denote
by fi; i =1;:::; s the probability densities corresponding toF;),

3. there exist constantsC > 0 and T > 0 such that

fi(z) Cz, for z2 (1, T)[ (T;1); i =1;:::;s
4. go(X;z) is a uniformly contlnuous Lipschitz (with respect to L; norm) function of z 2 R®; the Lips-
chitz constant L is not depending onx 2 X;

then
Pfl :N JF V) 'Fli>tg! wmy O

Proof. The assertion of Theorem 2 follows from Proposition 1 and Corollary 2.

4 Conclusion

The aim of the paper has been to investigate properties of the empirical estimates of the optimal value in
the case of one{stage optimization problems depending on a probability measure. The introduced results
are based on the stability results corresponding to the Wasserstein metric and.; norm in R%; s 1:
They do not cover only the normal distribution corresponding to many \classical" approaches in nance,
however also the case of Pareto distribution. This result is crucial, namely, it is known that the distri-
butions with \heavy" tails correspond to many new applications (for more see e.g. [10] and [13]). The
achieved convergence rate is the best as possible in the case of exponential tails, in the case of Pareto
distribution the introduced convergence rate is worse and depends on the parameter.
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Abstract. The literature on corporate divestures in developed countries has provided considerable evidence
on their positive effects but our understanding of these operations is still limited; it is not clear whether
divestitures are undertaken to correct past development, to affect future course, or as a response to business
cycle. Research targeting purely financial aspects documents increases in firms value and returns after
divestiture. Literature analyzing the economic performance following divestment advocates that divestitures
improve firms performance and exhibit various positive distributional effects. However, much of the existing
literature does not account for ensuing changes in ownership structure and potential endogeneity of
divestiture and ownership with respect to post-divestiture performance. Further, majority of the research
centers on developed economies while effects of divestments in emerging markets are largely under-
researched as this segment of literature is quite new. We complement the literature by showing at large that
effects of divestitures are positive, depend heavily on subsequent ownership structures and diminish with
time.

Keywords. Divestiture, breakups, corporate performance, emerging markets, endogeneity.

1. Introduction.

The literature on corporate divestures in developed countries has provided considerable evidence on their
positive effects but as survey by [20] shows our understanding of these operations is still limited; it is not clear
whether divestitures are undertaken to correct past development, to affect future course, or as a response to
business cycle. Research targeting purely financial aspects documents increases in firms value and returns after
divestiture [16, 18, 23, 7, 19, 4]. Literature analyzing the economic performance following divestment advocates
that divestitures improve firms performance and exhibit various positive distributional effects [14, 25, 26, 8, 6,
12, 9]. However, much of the existing literature does not account for ensuing changes in ownership structure and
potential endogeneity of divestiture and ownership with respect to post-divestiture performance. Further,
majority of the research centers on developed economies while effects of divestments in emerging markets are
largely under-researched as this segment of literature is quite new [17, 21, 3, 24, 11]. In this paper we aim at
answering the question how divestitures affect short and long term economic performance of firms in emerging
market. In doing so we account for ensuing changes in ownership structure and endogeneity issues.

Recent history shows that divestitures in emerging markets occur on larger scale as they are often connected
with subsequent privatization, restructuring and changes in ownership structures. [10] show that restructuring
and changes in corporate governance are important determinants of post-privatization performance. In this
respect divestitures create economy wide phenomena producing very large data sets ideal for empirical research.
In this paper, we use a large firm-level data set from an emerging market economy that has became in 2004 a
member of the European Union (EU). Wave of divestitures that were followed by privatizations occurred in the
Czech Republic as an almost natural experiment as a control group of firms without any divestments existed
during the same period. In our analysis we estimate effects of divestitures on corporate performance and contrast
the results with such control group. In order to effectively control for endogeneity of divestitures and ensuing
changes in ownership we employ instrumental variables to carry our estimations. In terms of the rich data from
the new European Union market and robust methodology we differentiate from much of the literature.

Divestures became important in European emerging markets in the early 1990 s because they became a way
to restructure large state owned conglomerates. In this sense divestitures served as a first step restructuring done
by government in the spirit of [22] who discussed restructuring and privatization policies along with their pace

! Substantial part of this paper was written while Evzen Kocenda was Visiting Fellow at the Center for Economic Studies (CES), University
of Munich, whose hospitality is greatly acknowledged. We are grateful for valuable comments to David Prchal and presentation participants
at BESI Conference (Acapulco, 2009), CES (Munich, 2009). Financial support from GA R grant No. 402/09/1595 is gratefully
acknowledged. The usual disclaimer applies.
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and sequencing.? The second step restructuring, that followed privatization, was left to new private owners. In
this context, (i) it may be hypothesized that divestitures improve corporate performance as the new firms strive
to establish themselves on the market and to improve corporate governance. Further, as the originally
underdeveloped legal and institutional framework improves in emerging market economies, divestitures and
certain types of corporate ownership may enhance performance by eliminating diseconomies of scale and by
serving as a disciplining device for management.® Alternatively, (ii) divestitures may have a negative effect on
the performance of the divested units because of weak corporate governance, waning government coordination
and regulation, unclear property rights, and underdeveloped legal and institutional framework that exist in
emerging market economies.

We also test whether the nature of the effect depends on the type of the new ownership structure. In
particular, we are able distinguish the extent to which each firm is owned by an industrial (i.e., non-financial)
firm, financial company, individual owner, or state, and we can estimate the effect of different ownership
patterns on corporate performance.

2. Estimation Strategy.

To summarize, in analyzing corporate performance after the wave of divestitures and privatization, we use
economic and financial indicators for the period 1995-2005. The divestitures occurred in 1991-92, the
subsequent privatization in 1992-93, and the distribution of shares of the privatized firms and the major post-
privatization swaps of shares in 1993-94. Since for some of the firms the transfer of ownership rights ended in
1994 or very early 1995, we take 1995 to be the first year after divestitures and privatization that truly reflects
the new corporate and ownership structure. Moreover, by 1995 the quality of the reported accounting and
economic data by and large reflected the international standards. Finally, using data for long period of 1995 -
2005 allows us to test for time-varying effects of divestitures and new ownership structure. Hence, in our
estimation we use data on early corporate performance in 1990, firm divestitures in 1991-2 and post-divestiture
performance during 1995 - 2005.

Before presenting our formal model, we note that initial conditions, the nature of the divestiture, and the
change in ownership may all affect subsequent corporate performance. Moreover, initial conditions are also
likely to influence the nature of the divestiture and privatization. Therefore, in analyzing the effects of
divestitures, we benefit from the fact that we can identify the parent company and the (to be) divested units
within it (i.e., all the operating units of the parent company).

In view of the institutional setting, we model corporate performance as a function of the presence or absence
of a divestiture and the type of ownership structure. Since the explanatory variables related to divestitures and
ownership structure may be endogenous, we use instrumental variables in estimation

3. Data and Model.

The data originate from the wave of corporate divestitures orchestrated by the Czech government in the early
1990 s, an event that satisfies conditions of a natural experiment outlined by [13]. The data were compiled
Aspekt, a commercial database, and from the archives of the Ministry of Privatization and the National Property
Fund of the Czech Republic. The data allow us to identify unambiguously the parent enterprises and all new
units related to a surge of divestitures that occurred in 1991-1992. In this natural experiment 44 large enterprises
were broken up into 131 new firms. Along with these 131 newly created firms, as a result of numerous
divestitures, we also have data on 780 firms that did not experience any divestment and constitute our control
group. The firms in both groups were subsequently privatized in the first wave of the voucher scheme. Our data
permit us to use three indicators of corporate performance in our main model: unit labor cost measured by labor
costs over sales (labor costs/sales), operating profit over labor costs (profit/labor costs), and operating profit per
share (profit/equity). Our main analysis is hence based on a measure of (labor) cost effectiveness and two direct
measures of profitability.

Divestiture is considered as a treatment that is absent in our control group of firms without divestment
history. Hence, we formulate our panel-data treatment evaluation procedure in the spirit of [2, 15] to model the
post-divestiture corporate performance as a function of the presence or absence of a divestiture, initial post-
divestment ownership and subsequent changes in the ownership structure. We also control for differences in
corporate capital structure and possible endogeneity of ownership. We first outline our model and then expand
on relevant methodological issues. Our model of post-divestiture corporate performance is specified as:

2 [22] voiced his restructuring and privatization arguments in early stage of the economic transformation in Europe but only now we are able
to assess the implications.

® The theoretical model developed by [5] is relevant in this setting because it shows how divestitures may increase the probability of a
takeover by value-improving management that enhances operating performance after the divestiture.
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it DIv. Ol o ,Ol np ., OS o , OS np CF, . (1)

In the above specification index i denotes firms and t time periods. Dependent variable it Isa measure of

corporate performance of firm i during years 1995-2005; it is defined as a difference in mean performance
between two subsequent periods. Further, DIV; is a dummy variable coded 1 if the enterprise is a divested unit

and 0 if it is a firm that did not experience division. Variable Ol b
of the divested firms after they were divested (D) and privatized; base year refers to 1996 after the post-
privatization changes in ownership structures settled. Variable Ol b

it it it it

measures the initial ownership structure

it Measures the initial ownership

structure in those firms that were not divided (ND). Variable OS b, measures the subsequent changes in
ownership structure from 1996 until 2005 in those firms that were divested. In a similar spirit variable
OS np i Measures the subsequent changes in ownership structure (1996 2005) in firms that did not

experience divestiture. A control variable CF , measures changes in financial variables of each firm i to

account for potential changes of a firm s capital structure, firm s development, etc. Finally, j is the error term.

Since divestitures and changes in ownership structure may be correlated with firms unobserved
characteristics, we treat the explanatory variables related to divestitures and ownership as endogenous and apply
IV estimation. The advantage of the IV procedure over the more efficient maximum likelihood estimation is that
it is more robust and does not require numerical integration in the presence of the dummy variable for
divestitures and share variable for ownership. Following arguments by [1] we use an instrumental variables
technique in a two-stage framework in which we also directly instrument the dummy variable for divestiture. We
have also checked that the residuals are free from serial correlation. We employ a two-stage least squares
procedure in which we instrument all variables related to ownership. The approach provides consistent estimates
that are not affected by potential model misspecification.

4. Empirical Results and Conclusions.

We show that divestitures increase the firms indicators of profitability and scale of operations (sales), but do
not reduce in a significant way their unit labor cost. The performance effects of privatization depend on the
resulting ownership structure and on whether or not a firm experienced a divestiture. In particular, smaller state
ownership does not result in uniform and widespread improvements in performance. It has a weakly significant
positive effect on profitability of firms without divestitures, relative to other types of ownership, but other effects
are insignificant or mixed. Industrial (non financial) firms as owners reduce unit labor cost and leave unchanged
or increase profitability. Greater ownership by financial companies or individuals reduces profitability in
divested firms and increases unit labor cost and reduces sales in firms without divestment.

The overall evidence for divestitures is hence consistent with our first hypothesis, namely that divestitures
have a positive effect on performance presumably by eliminating prior inefficiencies such as diseconomies of
scale of large SOE conglomerates, weak managerial incentives and information asymmetries.

We complement the literature by showing at large that effects of divestitures are positive, depend heavily on
subsequent ownership structures and diminish with time.
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Abstract: Our aim is a revitalization of the traditional version of Kalecki model. We try to introduce a
modification of the model where the depreciation of capital is assumed. Similarly as in the Kalecki model we
assume investment decision function. The investment delivery is realised with time delay after investment
decisions are taken. For that reason the constructed model is described by a delay differential equation. In
contrast to scalar ordinary differential equation, the differential equation with delay exhibits more complex
dynamics. In empirical analysis we estimate the delay parameter using Renyi s approach of maximal
correlation.

Key words: Investment dynamics, delay differential equation, Renyi s concept of maximal correlation,
numerical reconstruction

Introduction

The method of optimal transformation has been claimed to be a very effective method of the reconstruction of
economics models on the base of observed data recently. In this paper we present an attempt to reconstruct time
delay differential equation which describes a capital stock dynamics. It is necessary to emphasize that our aim is
to test the method and not to make an estimate of the model of real economy. That is why we have drawn the
data from the set generated by a widely theoretically accepted time delay differential equation. The equation
used for data generation is a part of famous Kalecki model. A very good description of the model can be found
in the original paper of Kalecki (1935) and also in Allen R.D.G.(1956). Using this so called Kalecki investment
equation we generate a dataset which serves later as an input for the reconstruction of the dynamics generated by
a time delayed differential equation. The paper is structured as follows. In the first section of the paper we will
describe the theoretical model. In the second section we will explain the methods which help us to analyze time
series generated by a system described in the first section of the paper. It is worthy to mention that in this part
our paper will be dealing with the more general time delay differential equation than the classical Kalecki
investment equation. When reconstructing the dynamics of the investment equation we use the approach which
is an alternative to Takens embedding approach and belongs to non-parametric regression techniques and
enables to find the length of the delay and the best transformation at the same time. In the third section the
alternating conditional expectation (ACE) algorithm which finds optimal transformation functions will be
discussed in details. Also the very important part of the paper is the fourth section where the ACE algorithm is
applied to the reconstruction of the Kalecki investment equation.

1 Investment equation

Regarding investment Kalecki (1935) assumes that there is a lag between decision to invest and the delivery of
finished capital goods. This lag is equal to . We must distinguish these three following notions:

investment decision (orders of investment) in time t denoted by I(t)

the delivery of finished capital goods in time t denoted by J(t)

capital consumption as a constant portion of capital in time t, denoted by D(t)

Assuming a continuous economy, the law of capital stock dynamics is given by the following differential
equation

K@® D) IO, 6
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where K (t) denotes the increase of capital stock. Given the assumption on capital consumption and investment
made above, we can write:
D(t) K (t), where isthe depreciation rate,

J() I(t ), ie. thereisatime lag between an investment decision and its delivery.
The investment decision depends on capital stock, which justifies us to write:

(1)  L(K().

When analyzing this dependence we must take in consideration that there are investment installation costs which
decrease with the increase of capital. Installation costs influence the amount of investment. Relatively small
installation costs positively motivate investors to invest more. So investment will grow with capital. But
installation costs are not the only process which acts in the field of investing. We must also take into account the
diminishing marginal product of capital, which acts against decreasing installation costs, i.e. assuming profit
maximizing agents, investment declines as capital increases. These contradictory features justify the use of the
increasing function at the beginning of the considered interval when capital is relatively low and thus the effect
of installation costs dominates. But if the capital is sufficiently high, the effect of diminishing marginal product
of capital prevails over the effect of relatively small installation costs and investment decisions starts to decrease.
It explains why investment decision function goes up first and after reaching the maximum it goes down. The
function in our contribution is chosen rather arbitrarily (and also speculatively).

Our approach is very similar to the process of calibration of economic models which is frequently used recently.
Parameters in economic models are calibrated instead of being estimated which means that economists input
numerical values of parameters in (usually linear) economic model. Numerical values are chosen in accordance
with economic experience. Their accuracy is definitely verified by the help of model experiments. But here we
work with nonlinear model. So we have to choose not only numerical values of parameters but also non-linear
functions. Methodological background of our approach is the same  we will input an arbitrary structure
(nonlinear function). Then we experiment with the model and the results will tell us if our option was correct or
not. Let us try to apply the following investment decision function:

1

I L(K) 2 be &) e K 2

When constructing this function one must take in consideration that there are investment installation costs
decreasing with the increasing of capital. So, investment should grow with capital. On the other hand, one must
also take into account the diminishing marginal product of capital, i.e. under the assumption of profit
maximization agents, the investment declines as the capital increases. These contradictory powers make the use
of a function, which is increasing at the beginning of the interval and after reaching the maximum it is declining,
reasonable.

Let the values of parameters involved in equation 2) be @ 2, b 1.2, ¢ 1.2, 8, 3, 1 and
we obtain

1

2 126D 1237

The graph of this function is shown in Fig.1. The investment decision is placed on vertical axis and capital on
horizontal axis. It can be seen in the Fig. 1 that the increase of the function is rather moderate and the decline is
relatively sharp.
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Fig.1 The shape of the investment decision function
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Expressing investment as a delayed function of capital stock, the equation for capital dynamics (1) takes the
following form:

Kt K@) LKE ). @

This equation expresses that the increase of capital at time t equals the investment delivered for the enlargement
of capital stock minus depreciated capital. To explain the second term on the right-hand side in equation (3), let
consider the following: at time t  a investment decision is taken. During a period the investment is being
implemented and at the end of the period it is fully realized and that means that at time t it equals the delivered
investment. Replacing L(K(t )) in equation (3) with expression (2), we get

1
K(t) K(t) (a be (Kt ) 1) be (Kt )y~ (4)

The dynamic of the capital described by differential equation (4) is complex and depends not only on parameters
a 2,b 12 ¢ 1.2 8, 3, 1, but also on the time delay . Let us set the length of lag =
20 and the rate of depreciation = 0.1 and we get instead of (4)

1
K(t) O-lK(t) (2 1.2 es (K(t 20) 1) 12 e 3 (K(t 20) 1) -(5)

As an initial condition we choose K(t) = 0.8 for t 0. The solution of equation (5) obtained from Matlab is
shown in the following Fig. 2.
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Fig. 2 Chaatic solution of equation (5)

Figure 2 show that the equation (5) with chosen values of parameters is able to generate very chaotic dynamics.
More details of possible chaotic behaviour of investment dynamics models can be found for example in
Hallegatte et al (2008).

2 Reconstruction of non-linear time delay models from data

Let s consider a nonlinear time delay system which produces chaotic dynamics. This system is represented by a
general time delayed differential equation:
k

g(x t) o x(t) f(x(t ),
i1
where g, fo and fjare unknown but continuous functions. For simplicity, let s assume gisonly X t . It is well

known that the dynamics of this system in a state space could be reconstructed by using Takens theorem (1985)
and embedding technique. An alternative approach to do it is to find all the time delays and functions f, and f;.
Here it is necessary to mention that the reconstruction is meant to be their numerical estimations, by no means to

. . . . N .
find their analytical forms. When we reconstruct the dynamics, we have only a series Y, , patour disposal as

1
a realization of x. X t can be calculated as X t Vi E Yi1 Y:i. . Further, the time delays and
functions f, and f; would be estimated and the dynamics can be approximated as
k
xt f, x(t) f.oxt ).
i1
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To estimate these functions and the delays, the nonparametric regression technique is used. This technique is
based on Renyi's (1959) concept of maximal correlation. The maximal correlation measures the dependence

between two random variables X t and a group of delayed variables X t j and is defined as

k
Xt,Xt |

where R is the linear correlation coefficient

Extxt | Ext Ext |
R
\/varx tvarxt
The maximal correlation can be interpreted as following: the functions a ; for which the maximum is
achieved maximize the correlation between X t and the group of delayed variables X t P Therefore,
these variables are transformed from a nonlinear relationship to a linear one between a ;. The maximum

correlation coefficient is determined by the alternating conditional expectation proposed by Breiman and
Friedman (1985). Before going to the computational aspect of this algorithm, let's have a quick look at its
principle.

Let xXt, xt , Xt . be random variables and xt , , xt
« X1 . be zero-mean functions of the corresponding variables. After regressing X1t on
k
| X t P the unexplained part of the variability of regressand Xt by the regressor
i1
k
Xt s
i1
K 2
E Xt Xt
2 I 1
€ 2
E ° xt
The optimal transformations of these variables are those functions ~ Xt , , Xt , .., which
minimize the sum of residuals of the regression. In the bivariate case, the optimal transformations satisfy
R "xt , [ xt max xt , , xt
v 1
3 The algorithm

The procedure for finding the optimal transformation functions is iterative. Again for simplicity, let's assume

2
E Xt 1 and all functions are zero-mean ones. For a group of functions , Xt | .,

« XU . weminimize

K 2
E Xt i1 X t
e > with respect to X t  which yields
E Xt
E Ij(l Xt ‘x t
bxt ”
HE _ X t x t H
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The next step is to minimize € with respectto  , Xt |, ,., , Xt . Itisachieved through

another iterative procedure. At this stage, we minimize €’ with respect to a single function N Xt .

for a given set of functions xt , , xt , .., Xt | without N xt . .The
solution then is

l]_* Xt N E Xt xt ; |xt P These steps are repeated until the

*

i
guantity € fails to decrease. The algorithm therefore is called as alternating conditional expectation (ACE)
algorithm. The computational pseudocode for the algorithm would be as follows:

st xt xt/xt|adE | xt | 0forj=1,..,k

Repeat until €° fails to decrease
Repeat until €° fails to decrease
For j =1tok

Replace ; Xt ; with N Xt N

End for loop
End Inner loop

N S

Replace Xt with
End outer loop
Solutionsare ~ X t :Xt Lo, XU,
End Algorithm.

4 Application of the ACE algorithm
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Fig. 3: The relationship between of maximal correlation coefficient and the delay
In this part of our contribution, we apply the ACE algorithm on data generated by Kalecki investment decision
model. We use the MATLAB to solve the Kalecki time delayed differential equation setting initial and maximal

steps equal 0.1 for a time span t from 0 to 500. The value of the delay is 20. The initial value of K(t) is set to be
0.8. Then we get a series of K(t) with 5001 data points. From this series we choose every tenth data point to
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form dataset of 500 points. For the delay from 1 to 250 we use the ACE algorithm to find the maximal

correlation value between Kt ad | Kt ). Fortunately, in our model only one delay is
present, so we can use a shorter ACE algorithm just with the outer loop. To estimate expected values of
Kt with respect to |, Kt and vice versa we use the boxcar window method where the

conditional expectation value E Y| X at each site t is:
1 W
YRR
2W 1, w
where W s the length of the window on one or the other side. Here we choose W = 5. The relationship between
the values of the maximal correlation and the delay are shown in figure 3. After the fast drop for small delays it

E Y|X,

reaches the maximum value for = 25. This value is higher than the actual delay ( = 20).

5 Conclusion

As shown by Kalecki, there is a lag between an investment decision and installation of investment goods and the
whole investment process can be described by a differential equation with (a) lagged argument(s). Under certain
circumstances, this process is able to produce relatively complex chaotic dynamics. Following this theoretical
basis, we generate a time series according to the Kalecki investment time delayed differential. Then we use a
non-parametric regression technique called the alternating conditional expectation (ACE) algorithm to find the
optimal length of delay and transformation functions. Using the ACE algorithm written in MATLAB on our
numerically generated data, we find that the optimal delay for out dataset is 25, which is rather higher than the
actual value 20. Unlike Voss and Kurths (1997, 2002) who examined the Mackey and Glass model for
advertisement and found the length of the delay is exactly the same as the theoretical one, our result show that
the ACE algorithm is not always able to determine precisely the actual length of the delay.
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STABILITY OF SSD EFFICIENCY - MONTHLY VERSUS
YEARLY RETURNS
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Abstract.  This paper deals with second-order stochastic dominance portfolio e ciency. In existing
portfolio e ciency tests with respect to the second-order stochastic dominance (SSD) criterion,
the scenario approach for random returns is assumed. We analyse the stability of SSD portfolio
e cient classi cation with respect to two possible set of historical scenarios: monthly returns and
yearly returns. In both cases, 20 years history is considered. For both sets of scenarios we test
SSD e ciency of almost one hundred thousand portfolios that can be formed from ten US industry
representative portfolios. For each portfolio, we compare the monthly returns results with yearly
return results.

Keywords. Second-order stochastic dominance, portfolio ine ciency, scenario approach.

1 Introduction

When solving portfolio selection problem several approaches can be used: mean-risk models, maximising
expected utility problems, stochastic dominance criteria, etc. If the information about the risk attitude

of a decision maker is not perfectly known one may adopt stochastic dominance approach to test an e -
ciency of a given portfolio with respect to considered set of utility functions. The second-order stochastic
dominance is the most common stochastic dominance relations because of its risk aversion interpretation
and relation to Conditional Value-at-Risk, see e.g. Ogryczak and Ruszczynski (2002), Levy (2006) or
Kopa and Chovanec (2008).

In the context of portfolio selection problem, Post (2003) and Kuosmanen (2004) develop linear
programming tests for testing if a given portfolio is SSD e cient relative to all possible portfolios formed
from a set of assets. Using the formulation in terms of concave utility functions and the rst-order
condition for portfolio optimization, Post derives a computationally e cient LP test. A limitation of
this test is that it focuses exclusively on the e ciency classi cation of the evaluated portfolio and gives
minimal information about directions for improved allocation if the portfolio is SSD ine cient. Moreover
the Post test is derived for strict SSD portfolio e ciency instead of general SSD portfolio e ciency as it
is de ned in Kuosmanen (2004) and Ruszczynski and Vanderbei (2003). Using the formulation in terms
of second quantile functions, Kuosmanen derives a test that identi es another, SSD e cient portfolio
that dominates the evaluated portfolio (if the latter is ine cient). This test involves solving two linear
problems; one for a necessary condition and one for a su cient condition. Unfortunately, the problem
for the su cient condition is large and introduces substantial additional computational burden. And
therefore Kopa and Chovanec (2008) derived a new linear programming test. This test is approximately
6-times faster than the Kuosmanen test and identi es another, SSD e cient portfolio that dominates the
evaluated portfolio, too.

In all these SSD portfolio e ciency tests, a scenario approach is assumed, that is, asset returns have
a discrete probabilistic distribution. To analyse the stability of SSD portfolio e ciency classi cation with
respect to changes in scenarios, Kopa (2009) suggested subsampling methods. Using bootstrap techniques
SSD ine ciency of the US market portfolio with high con dence level was shown.

In this paper we compare SSD portfolio e ciency based on monthly returns (240 scenarios) with that
based on yearly returns (20 scenarios). We apply the test derived in Kopa and Chovanec (2008) for almost
one hundred thousand portfolios that can be formed from ten US industry representative portfolios. For
each portfolio, we compare the results.

The reminder of this text is structured as follows. Section 2 introduces notations and basic de nitions.
In Section 3, a test for testing SSD portfolio e ciency is recalled. Section 4 presents an empirical appli-
cation to compare the SSD portfolio e ciency classi cation for both considered sets of scenarios. Finally,
Section 5 summaries the results and discuss the ideas for future research.
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2 Preliminaries

Consider a random vectorr = (r 1;rp;::;ry ) of returns of N assets andT equiprobable scenarios. The
returns of the assets for the various scenarios are given by

0 .1
XZ
X

)0 for a vector
of portfolio weights and the portfolio possibilities are given by

=f 2RVj1° =1, , 0 n=12:1;
The tested portfolio is denoted by = ( 1; 2;::; n)% Following Ruszczynski and Vanderbei (2003),

Kuosmanen (2004), Kopa and Chovanec (2008), we de ne second-order stochastic dominance relation in
a strict form. Let Fo (x) denote the cumulative probability distribution function of returns of portfolio
. The twice cumulative probability distribution function of returns of portfolio

is given by:
z t
F@ (1) = Fro (x)dx (1)
De nition 1: Portfolio 2 dominates portfolio 2 by second-order stochastic dominance (
r® ssp r%) if and only if
FP%0m FP® 8t2R
with at least one strict inequality.

The equivalent de nition, presented in e.g. Levy (2006) or Kopa and Chovanec (2008) is based on
comparison of expected utility of portfolio returns:

r sspr® (0 Eu(®  Eu(r®)
for all concave utility functions u with strict inequality for at least some concave utility function.
De nition 2: A given portfolio 2
that r°

is SSD ine cient if and only if there exists portfolio 2  such
ssp % . Otherwise, portfolio is SSD e cient.
This de nition classi es portfolio

2
all risk averse and risk neutral decision makers.

as SSD e cient if and only if no other portfolio is better for
We follow P ug (2000) in de ning conditional value-at-risk (CVaR) for portfolio losses (r ©).
De nition 3:  Let

2 h0; 1i. Conditional value-at-risk of portfolio
of objective function of the following optimization problem:

2 atlevel is the optimal value

CVaR ()=min fa +
az2R

+

E[r © a]'g

where [x]* = max(x; 0).

It was shown in Uryasev and Rockafellar (2002) that the CVaR () can be also de ned as the
conditional expectation of r © , giventhat r © >F (% (), ie.

CVaR (r %= E(r % r® >FW ()
where

Fflz) ()=minfu :F; o (u) 0:
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Since we apply scenario approach, following Rockafellar and Uryasev (2002) and P ug (2000), it can
be rewritten as a linear programming problem:

C 71 X 2
VaR () =mi +
aR ()=min At g7 L @
sttow; X © a
Wt 0

There exists a Fenchel duality connection between SSD relation and CVaR proved in Ogryczak and
Ruszczynski (2002) and Kopa and Chovanec (2008).

Theorem 1: Let ; 2 . Then

0

r sspr® , CvaR () CvaR () 8 2f0;

with strict inequality for at least some 2f0;+;2;:::; Tg.

3 SSD portfolio e ciency test

In this section we present the SSD portfolio e ciency linear programming test in the form of a necessary
and su cient condition derived in Kopa and Chovanec (2008). Let

X
D ()= max Dy )

Dk; nibeiw k=1
1 P : o
wp x ' by tk=1;2000T
wp 0 tk=1;2::5T
D O k=1;2;::5;T

2

Theorem 2: Let D ( ) be given by (3). IfD () > Othen is SSD inecient and r° ssp 19 .
Otherwise,D ( )=0 and is SSD e cient.

The alternative SSD portfolio e ciency tests were suggested by Post (2003) and Kuosmanen (2004).
The advantages and disadvantages of these three tests were discussed in Kopa and Chovanec (2008).

4 Empirical application

We consider ten US industry portfolios which represents our basic assets. Using a regular grid on set
with step size 0.1, we create 92378 portfolios from these assets. In general the number of portfolios from
the regular grid with step size s is given by formula:

N{l
@+
i=1 Si

where N is the number of assets. For each of these portfolios we apply the SSD portfolio e ciency test,
solving (3), for 240 monthly excess returns scenarios and then for 20 yearly excess returns scenarios. We
consider historical scenarios from September 1987 to August 2007. Our aim is to compare the set of SSD
e cient portfolios using monthly excess returns with that using yearly excess returns.

Using monthly excess returns, 94.1% portfolios from the grid were classi ed as SSD ine cient and
5.9% as SSD e cient. It means that SSD criteria dramatically reduced the set of all possible portfolios
and all risk averse investors will chose their optimal allocations from this reduced set.
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Monthly returns
SSD e cient |SSD ine cient

portfolios portfolios
Yearly returns SSD e cient portfolios 11 1.4
y SSD ine cient portfolios 4.8 92.7

Table 1. Percentage comparison of SSD portfolio e ciency sets - monthly versus yearly excess returns.

Monthly returns |Yearly returns
SSD e cient portfolios 19 44
SSD ine cient portfolios 99 95
Table 2. Relative percentage levels of results matching.

Using yearly excess returns, 97.5% portfolios from the grid were classi ed as SSD ine cient and 2.5%
as SSD e cient. Again, we can see large portfolio set reduction.

The following table presents the full comparisons of these two cases.

From Table 1, we can conclude that 938% portfolios were equally classi ed in both cases. This high
level of coinciding is probably caused by quite large number of SSD ine cient portfolios. If we limit our
attention to SSD e cient portfolios then we can see that only 19% of SSD e cient portfolios using monthly
scenarios is equally classi ed in the case of yearly returns. Similarly, 44% of SSD e cient portfolios using
yearly scenarios is equally classi ed in the case of monthly returns. The same analysis can be done for
comparing SSD ine cient portfolios. Table 2 summarizes these relative levels of SSD portfolio e ciency
results matching. All computations were done in software GAMS 22.8 using solver CPLEX.

5 Summary and concluding remarks

In this study we analyzed the impact of chosen historical data frequency on SSD portfolio e ciency
classi cation. We compared two cases: monthly returns versus yearly returns, both for 20 years history.
We constructed almost one hundred thousand portfolios from ten US representative industry portfolios.
We applied SSD portfolio e ciency test derived in Kopa and Chovanec (2008) for all portfolios and for
both returns cases. Comparing the results, we concluded that 93.8 % portfolios were equally classi ed in
both cases.

To improve the quality of these comparisons more historical scenarios can be used. However, it will
increase the computational requests. In addition, including quarterly returns can make this analysis more
complex.
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Abstract. In the Prospect Theory outcomes are understood as gains and | osses rel ative to a reference point. In
our approach the reference interval is considered. Handling consequences in thisway gains and |osses and the
value function are eval uated quite differently. The appropriate val ue function of the changesin relation to the
interval of the reference points is constructed. Some interesting properties of the value function will be
presented. We will show a particular relationship between the prospect s evaluation in the framework of the
Cumul ative Prospect Theory and the valuein our approach.

Keywords. cumulative prospect theory, reference point, reference interval, utility

1. Introduction.

The Expected Utility and the Rank Dependent Utility are the traditional approaches to analyzing decision
making under uncertainty and risk. In these theories the evaluation of the risky alternativesis based on the utility
of possible absolute payoffs. The Prospect Theory and the Cumulative Prospect Theory proposed by Kahneman
and Tversky [2; 5] are quite different. They are based on the presumption, that peoples are more sensitive to
changes than to absolute levels of outcomes. The decision makers valuate the deviations of possible payoffs and
the outcomes are interpreted as gains and losses relative to some status quo reference point. The level of the
reference point is not specified by prospect theory and is exogenoudly given. The dependences of the reference
pointsis relatively new concept and raises new problems. The leve of this point depends on the base pay, the
past and present consumption as well as the expectation of the future consumption. The influence of the location
of this point on decision making process is huge and needs to be explore. The reference point is always one of
the available options but if it is not available the decision maker can take one of the aternatives as their
reference point [1]. Sugden [4] considered the reference point as an uncertain act. The changes of the reference
point in context of the risk aversion have been explored by some authors. Levy and Wiener [3] suggested that
changes in payoffs also reflect the temporary decision makers attitude towards risk. This attitude changes and
depends on theinitial wealth.

In our paper we focus on variations in the reference point within some interval. We suggest that the
deviationsin the utilities of the reference points are available and influence the choices among risky alternatives.
Our research is based on the Cumulative Prospect Theory approach. The risky alternative is expressed as gains
and losses relative to some reference point or rather the reference interval and then it is valuated. But earlier the
reference point is valuated based on the concept of the utility theory.

2. The Cumulative Prospect Theory.

In the Prospect Theory [2; 5] the value of the risky alternative depends on the value function v(x) and the
probability weighting function g(p). The function v() assigns to each outcome x a number v(x) which reflects
the subjective value of that outcome. The function g() assignsto each probability p adecision weight g(p). This
decision weight reflects the impact of p on the over-all value of the prospect.

The difference between the Prospect Theory [2] and the Cumulative Prospect Theory [5] isin the formulation
of the weights. In the Cumulative Prospect Theory the value of the prospect is multiplied by the difference
between transformed adequately cumulated probabilities instead of the smple transformed probabilities.
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The main property of the Prospect Theory is that outcomes are understood as gains and losses, rather than the
fina states. Gains and losses are the changes in the wealth from a reference point. This point can be interpreted
as a current wealth of a decision maker or the status quo. The value function in the Prospect Theory is:.

defined for gains and losses rel ative to some reference point;

concave for gains (v (x)<0 for x>0) and convex for losses (v (x)>0 for x<0). It is consistent with the
diminishing marginal value of gains and losses. The concavity of the value function for gains means that
decision makers are risk avers and they choose certain decision and do not take risky action connected
with even higher gain. Whereas considering |osses decision makers are risk-prone (convexity of the value
function) and they choose to take risky loss than certain loss;

steeper for losses and than for gains, because the decision makers feel the loss more than the gain of the
same absol ute value.

The decision weight measures the impact of event on the desirability of prospect. The weighting function gis
an increasing function of p and g(0)=0 and g(1)=1. Furthermore, for small probabilities g(p)>p, it means that the
decision makers overweight low probabilities. And the next property of the probability weighting function is that
foral p (0,1), g(p)+g(1-p)<l1. As aconsequence of this property we have that g(p)<p for high probabilities.

The risky alternative (or prospect) can be written as gains and losses relative to the reference point in the
following form (we assume the ascending order of outcomes):

L X P OGPy X000,
whereX ., ... 0 .. X,.

The CPT value of such a prospect is defined as.

vihy v (L) Vv QL)

and
n k k1
V(L) VXngpn VXnk g pnj g pnj
k1 jo jo
m k k1
V(L) VXmgpm Vkag pmj g pm]
k1 jo jo

Kahneman and Tversky have proposed [5] the form of the value function and the probability weighting
function and based on the empirica research they estimated the values of the parameters. The value function had
the form as follows:

vx) X, x 0

where =0.88and =2.25, and the probability weighting function was following:

9(p) P

p 1p

where =0.61 for gainsand =0.69 for losses.
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3. Intervals of the reference points in the Cumulative Prospect Theory.

3.1. The concept.

Often in thereal decision situations we are satisfied with a certain interval of outcomes instead of the single
reference value, e.g. it doesn t matter if we possess $100 or $99 or $101, because the change in the utilities of
these values are dight. So the outcomes of the decision aternative should be valuated relative to the interval of
the reference points. Theillustration of such a concept presents the graph 1.

. A
utility

u (Wref)

Wref Wea'th >

Graph 1. The valuation of therisky alternative relative to theinterval of the reference points.

The value of the gains and losses relative to the reference interval can be written asfollows:

VL VLI VL

Wref Wref Tref. Wiet

The next interesting matter is how to determine such a reference interval in which the decision maker is
indifferent to the changes in theirs utilities. Saying it in a different way, there exists such an interval

<W w > that for each W <W Wref> occurs |u W uw

ref 1 W e ref 1 , Where issmall. Any valuew

ref

bel onging to that interval is seen by the decision maker as the reference point or the status quo.

After transformations we get

UW uw Uw

whereUW  UW andUWw,  UW

Theinterval <Wref,wref> depends on:

Thereference point Wi,
The class of the utility function which reflects the decision maker sprofile of risk.

For different utility functions we can obtain intervals of different width, and with the change of the reference
point aso the width of the interval is going to change. Those matters are shown by the following exampl es.
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3.2. Example 1.
The decision maker hasto valuate the following risky alternative:

L={(0;0.5); (5;0.1); (11;0.05); (12;0.1); (13;0.22); (80;0.2); (110;0.1); (120;0.1); (200;0.05); (400;0.03)}

His utility functionis U(W) Inw . Because the values of the utility are not interpreted, and they only rank

possibly alternatives, so is not given as a certain value, but it is assumed to be 10% of the u(10), then
=0.2302585.

We consider two reference points.

Wief = 10,
Wef = 100.

Thereferenceinterval for the logarithmic utility function is calculated as follows:
Inw Inw Inw,
And after some transformation we get

Wref € W Wref €

For the w,=10 the reference interval is <7.94; 12.59> and for the w,¢=100 the reference interval is
<79.43 125.89> . Graph 2 presentsthese intervals on the utility function.

100 120 140 160

Graph 2. Reference intervals on the logarithmic utility function.

To valuate the risky alternative the decision maker has to transform it to get gains and losses relative to the
reference point. For the reference point wi=10 we get prospect:

L (Wrer=10) = {(-10,0.5); (-5;0.1); (1;0.05); (2;0.1); (3;0.22); (70;0.2); (100;0.1);
(110;0.1); (190;0.05); (390;0.03)}
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And for w,=100 we obtain the following prospect:

L (Wier=100) = { (-100,0.5); (-95;0.1); (-89;0.05); (-88;0.1); (-87;0.22); (-20;0.2);
(10;0.1); (20;0.1); (100;0.05); (300;0.03)}

The table 1 summarize the CPT values calculated for the chosen reference points and intervals. The value

function and probability weighting function are the Kahneman-Tversky functions with theirs parameters
estimation.

Table 1. The CPT values.

CPT for W,er=10 W,=100
Wee 36.350 -30.890
(Wets W) 36.105 28034
W 37.866 21,012
W, 34,206 65.216

The CPT values for lower bounds of intervals are the highest and for upper bounds are the lowest for both
reference points. But the CPT values of reference points and reference intervals don t have fixed order.

3.3. Example 2.

Two decision makers are going to valuate the same risky alternative. The first is characterized by logarithmic
utility function and the second by the exponential utility function. We assume that they have the same reference
point w,=10 and that they indifferent to the change of 10% of utility of theirs reference point. The logarithmic

utility function is in the form of u(w) Inw, and the exponential utility function is assumed as

u(w) 10 e *™ 10. For the first decision maker with logarithmic utility function calculations were

done in the first example. Now calculations for the exponential utility function. The reference interval for the
exponentid utility function is calculated as follows:

10 e *™= 10 10e®™ 10 10 e *™= 10

And after some transformation we get
10lne *™= 0.1 w 10lne ™= 0.1

The parameter  equas to 10% of u(10) which is 0.63212. For the w,=10 the reference interval is
<8.41; 11.89> . Because both decision makers are assumed to have the same reference point w,¢=10, they
evaluate the same prospect expressed by gains and losses rel ative to the reference point:

L (Wrer=10) = {(-10,0.5); (-5;0.1); (1;0.05); (2;0.1); (3;0.22); (70;0.2); (100;0.1);
(110;0.1); (190;0.05); (390;0.03)}

The calculated CPT values are presented in table 2.
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Table 2. The CPT values based on both utility functions.

DM with DM with
CPT for logarithmic exponentid utility
utility function function
Wiet 36.359 36.359
(Wets W) 36.105 36.170
W o 37.866 37.520
W o 34.296 34.912

For both decision makers prospect relative to the reference point w,=10 is evaluated in the same manner,
because they valuated only gains and losses relative to the same reference point, and they do not take into
consideration theirs utility functions. The utility functions acquire importance only when the reference interval
has to be calculated. Because the reference interval for the logarithmic function is wider than for the exponential
function, then the CPT values for the lower and upper bound for the logarithmic function have extreme values.

4. Conclusions.

In this paper we discussed a new way of modelling choice behaviour based on the idea of the Prospect
Theory. We proposed a generalization of thistheory in which theinterval of reference pointsis available and the
probability weighting function is unchanged.

Such an approach seems to be consistent with decision maker’s behaviour, who is indifferent to some
variations from the status quo. Proposed way of valuation of the risky alternative when the reference interval is
considered, shows how the change of the reference interval influences the valuation of the risky alternative.

The proposed concept opens new directions for the research which will widen the Prospect Theory approach.
Based on this approach the possible change of the loss aversion and risk aversion need the deeper analysis.
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Abstract. In this article, we show that different profits due to different intensity of competition can influence
innovation decisions of otherwise identical firms. We propose a model of innovation decisions in which,
under certain conditions, firms with very high and very low profits can be expected to innovate less than
firms with moderate profits, which is consistent with the hypothesis of the inverted-U relationship between
competition and innovation. Following the persistence of profits (POP) literature, we suppose that firms
earn profits that are persistently above or below the norm and that the higher are the persistent profits of
firms, the lower is the intensity of competition the firms face. It is further assumed that firms are managed by
owners and that in each period, the owners earns the profits of their firm. The owner decides whether to adopt
or decline an innovation (chooses between innovation and passivity). If the innovation is adopted, the profit
of the firmisincreased if the innovation is successful (which happens with certain probability), and decreased
in the other case. The owner is assumed to choose the alternative with highest value. For valuation of
outcomes, the prospect theoretical value function is used. Under certain conditions, the loss aversion and
diminishing sensitivity properties of the value function imply the inverted-U relationship between profits and
the difference between the value of innovation and the value of passivity. Under the assumption that thereis
negative value (utility) expected from adopting an innovation, the inverted-U rel ationship between profits and
innovation activity of firmsis explained.

Keywords. Innovation, Competition, Prospect Theory, Inverted-U Relationship

1. Introduction

Since Schumpeter-s famous defense of monopalistic practices in Capitalism, Socialism and Democracy,
there has been a vivid discussion about the relationship between competition and innovation activity. A new
approach was proposed by Aghion et al. [1]. They presented new empirical evidence supporting a hypotheses
dating back to Scherer [4], that the relationship between product market competition and innovation has a form
of an inverted-U. In contrast to previous treatments of the problem they used profitability of firms (inverted
Lerner index) instead of market concentration for measuring competition. They also developed a theoretical
model that is, as far as we know, the only valid theoretical explanation the inverted-U relationship between
profitability and competition. In this paper, we propose a different model that offers similar results in terms of
the inverted-U relationship between profitability and innovation activity of firms.

The paper is organized as follows. In section 2, we introduce a prospect theoretical model of innovation
decision making and establish the inverted-U relationship between profitability and innovation activity of firms.
In section 3, we suggest some extensions of the basic modd. In section 4, we present the conclusions.

2. Model

Following Schumpeter [5], we see competition as creative destruction that acts effectively regardiess of the
number of firms or industry concentration. If we say that a firm is exposed to low competition, we mean the firm
is protected from the forces of dynamic competition, be it entry of new firms, or radica innovations of the
incumbents. We assume that profits of firms are persistent because they are persistently protected from the forces
of competition." Persistently higher (lower) profits are therefore due to persistently lower (higher) intensity of
competition.

1 Thisassumption is consistent with the main findings of the persistence of profits (POP) literature. The hypothesis tested by thisliteratureis
that the profits earned in one period, whether from luck or skill, provide the resources to maintain profitsinto the future. Some companies
erect entry barriersthrough increased product differentiation, others via scarce natural resources or land sites. Some obtain legal protection
for their position (e.g. patents, tariffs, licences) by purchasing the services of scientistsand technicians, lawyers or |obbyists, or more directly
by contributionsto politicians and public officialsthemselves. ([3], p. 370)
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In our model, we suppose identical firms that are exposed to dynamic competition of different intensity. We
further assume that persigent profits of firms are non-negative ( 0), that firms are managed by owners and
that the owners: compensations are equal to the profits. For the sake of simplicity, we will also limit the decision
of the ownersto only one innovation project which qualities are determined randomly and are known in advance.
Owners have two alternatives. innovation or passivity. There are two possible outcomes of innovation: the
innovation is successful, which occurs with probability p  (0;1), and the firm receives innovation reward r > 0
and pays innovation cost ¢ > 0, or the innovation is unsuccessful, which occurs with probability (1- p) and the
firms pays the innovation cost ¢ and gets no reward.

Following prospect theory ([2], [6]), the innovation decision of an owner is considered as a choice between
two prospects. aprospect of innovation ( +r ¢, p; c,1 p)andaprospect of passivity ( ). Thereference
point is the wealth of the owner. If ¢, both outcomes of innovation are perceived as gains and are
decomposed into a sure gain of ¢ and risky prospect of ( +r ¢, p). On the other hand, if + r < c, both
outcomes are perceived as losses and the prospect of innovating is decomposed into surelossof +r ¢ and
risky prospectof ( ¢,1 p).If <cand +r c, asuccessful innovation would be seen asagain and failed
innovation as aloss, which implies that there isno further editing possible.

In the next step, the owner evaluates all the prospects and chooses the one with the highest value. For it, to
every outcome x is assigned a number v(x) that stands for the subjective value of the outcome and every
probability p has to be transformed to decision weight w(p). The function that transforms the value of outcomes
is called value function, the function transforming probabilities is called weighting function. The value function
reflects two principles: the principle of diminishing sensitivity (impact of a change diminishes with the distance
from the reference point), which implies that the value function is concave for gains and convex for losses, and
the principle of loss aversion (losses loom larger than corresponding gains), which implies that the value
function is steeper for losses than for gains. The value function is as follows:

v(X) X ?f X O, where | (0;1) and 1. (1)
(x) if x O

The principle of diminishing sengitivity applies also to the weighting function. In this case, changes are
considered less important if they are more distant from certainty (p = 1) and impossibility (p = 0). Thisimplies
that the weighting function is concave near impossibility and convex near certainty. Furthermore, the form of
weighting function estimated in [6] overweights small probabilities and underweights medium and high
probabilities. The mathematical forms of the weighting function for gains w*(p) and for losses w'(p) are given
bel ow:

w (p) p—l,where (O 2
(P @p)

w (p) p—l,where (0:1) 3)
(r @ p)

The properties of the weighting function and the assumption that p < 1 imply that for any potential
innovation project must be true that r > ¢. The owner compares the values from the two alternatives, innovation
(V;) and passivity (V). We will call the difference between the alternatives net value of innovation project V( )
=Vi V,.Itfollowsthat

V) wm ( rco @ w(( o i cand 4)
V() w() ( r o w@ p (€ ) Jf o c.
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Fig. 1: The relationship between V( ) and for r =100, c =40, p =0.5,
= =088 =061 =069°

The inverted-U form of V( ) is dueto the principles of diminishing sensitivity and loss aversion. The form of
V( ) depends on how fast is the value of each passible outcome growing with growing . From the principle of
diminishing sensitivity follows that the closer is the change to the reference point, the more strongly is it
perceived. If loss aversion isminimal ( = 1), for smal , V( ) is decreasing and convex because the value of
passivity grows faster relatively to the value innovation, but with  coming close to ¢ the value of unsuccessful
innovation starts growing faster than the value of passivity minus successful innovation and the function V( )
starts growing (see Fig. 1, = 1). The profit for which V( ) is minimal will be called m. With growing , the

value of misdecreasing (in Fig. 1, for = 2isitaround 4). If ishigh enough, the function V( ) for <O; C>
isgrowing (seeFig. 1, = 3°).

20 -
5 7/\
10 /
) c=10
E 5 —c=20
z =30
) : : : : "
) 50 100 150 200 250 c=40
-5 4
-10 4
-15 B

profit

Fig. 2: The relationship between V( ) and  for r =100, p = 0.5,
= =088, =225 =061, =0.69.

If forany >m, V() >0, thenfor closeto c thevalue of unsuccessful innovation grows faster then the
value of passivity minus the value of successful innovation, which implies growth, but the difference between
the velocities of the growth is decreasing, which implies concave shape of V( ) and maximum of the function
V( ) for profit n. Moreover, thetotal value of all three outcomes is decreasing due to the principle of diminishing

2 The values of the parameters of the value function and weighting function aretaken from[4].  will be 2.25.
3Infact,mfor =3isaround 0.3535.
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sensitivity, which implies that for high , the function is again decreasing and convex (seein Fig. 2, ¢ = 10) and
findlythat limV( ) O.Ifforany >m,V()>0,then thefunction V( ) takesform of theinverted-U.*

However, the inverted-U form of V( ) doesn-t automatically imply that the innovation activity will be also
inverted-U shaped. Aswe can seein Fig. 2, for high levels of ¢ and for low levelsof , V( ) is negative; which
means that the owner of the firm prefers passivity to innovation. But even in this case, if the owner innovates for
moderate profits, she will also innovate for high profits (see Fig. 2, ¢ = 40). We can therefore explain just the
increasing part of the inverted-U relationship between profits and innovation activity. For explaining the entire
relationship, we have to introduce another property of innovation, innovation disutility, to the model. Innovation
disutility d corresponds to additional effort and attention and to unpleasant decisions and changes connected to
the innovation project. The net value of innovation project is now

V() w(p ( rc @ w(p)( ¢ d,if cand (5
V() w(p) ( r ¢ w@ p) (c ) d,if cC.

From this new equation followsthat if d > 0, limV ( ) 0O, which meansthat not only for low profits but

also for high profits, firms will prefer passivity to innovation even if firms with moderate profits innovate. The
inverted-U relationship istherefore established (see Fig. 3).

OM ‘ ‘ ' |——c=10,d=15
50 100 150 0
— c=15d=125

‘ c=20,d=10

net value
[
I

profit

Fig. 3: The relationship between V( )and for r =100, p = 0.5,
= =088, =225 =061, =0.69.

3. Discussion

In this part, we will present some extensions of the model. Until now, we assumed that qualities of the
innovation projects have been set independently from the previous innovations. In redlity, we observe that there
are innovations (radical innovations - blue line in Fig. 4) that set stage for other innovations (incremental
innovations - pink line in Fig. 4). It seems reasonable to assume that radical innovations have typically higher
innovation disutility that incremental innovations® We further assume that if firms don't adopt radical
innovations, the source of profitable incremental innovations dries up. It can be expected that high profits firms
will be less willing to adopt radical innovations and therefore, will have access to less profitable incrementa
innovations.

41t for any >m,V() 0, thefunctionV( )isnon-decreasingfor >m.

5 The rational e for the assumption can be easily provided: Firmsimplementing radical innovation are often forced to redefine the scope of
their business. The qualification of the workers, and often also of the management (owner) might become obsolete. Radical innovation might
involve important organizational changes, including downsizing or restructuring of the business model, which aretypically very unpleasant
decisions to make. On the other hand, in some cases radical innovations can be perceived as more exciting than incremental innovations,
which would decrease the innovation disutility attached to the project.
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Fig. 4: The relationship between V( ) and for r =100, p = 0.5,
= =088, =225 =061 =0.69.

We achieve similar effect if we substitute manager for owner. We assume that like in case of the owner, the
compensation of the manager reflects the size of the pergistent profits of the firm, meaning that firms with
persistently low profits pay lower fixed salary to the managers than the firms with persistently high profits, and
that the value of the fixed salary as perceived by the managersis the same like the value of the profits perceived
by the owners (we use the same numbers on the profit scale for the owner and for the manager in Fig. 5 and 6).

2 50 100 150 200 250

——cc=20,r=50
——c=40,r =100

net value

-10 4
-12 -

profit

Fig. 5: The relationship between V( )and ford =0,
= =088, =225 =061 =069

Unlike the previous case, in which the proportion between expected profits and reward and innovation cost
has been clearly defined, in case of manager’s compensation, the proportion between fixed salary and the reward
or punishment from the innovation is settled in manager’s contract. If the proportion is smaller and if innovation
disutility decreases in proportion or is equd to zero, managers of low profit firms will be more willing to
innovate and managers of high profit firms will be less willing to innovate than the owner of the same firm (see
Fig. 5; managers  blueline, owners pink ling). If al the previous conditions hold and innovation disutility is
negative and the same for managers like for owners, than of course, managers (pink line in Fig. 6) are less
willing to innovate than owners (yellow ling). In order to motivate managers to innovation, the owners may
change the praoportion between the effect of successful and unsuccessful innovation on manager’s compensation.
In this case again, managers of firmswith lower profitswill be more willing to innovate than owners (blue line).
Even if the fixed salary of managers is so low, that the outcomes of the innovation for their compensation is
higher than proportional, the owners may till be interested in changing the proportion between reward and cost
for managersin favor of the reward to increase their motivation to innovate.®

® Thereisanother possibility. The owner may leave the proportion between reward and cost from innovation for the manager intact, but he
may cover some of the potential losses. Thisway can be reduced the loss aversion effect of managers.
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Fig. 6: The relationship between V( ) and ford =5,
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Similar effects are in place if we allow firms to implement more innovation projects with more or less
independent probabilities at the same time. The more independent projects are implemented, the less probable
are the extreme outcomes of the innovation activity (like all innovations successful or unsuccessful), and the less
extreme are the effects of innovation activity on the compensation of the owners (managers). If we assume that
there are extra costs connected to having more (smaller) innovation projects running a the same time, we may
conclude that owners (managers) of firms with rather low profits are more willing to cover the extra costs to
limit their exposure to risk that owners (managers) of high profit firms. And consequently, that this ability to
combine more innovation projects again, ceteris paribus, increases the innovation activity of less profitable
firms.

4. Conclusions

In this paper, we propose a mode that explains the inverted-U relationship between competition and
innovation. One of the problems of the inverted-U shape generated by our modd is that it declines very slowly,
i.e. that contrary to empirical evidence, the innovation activity of firms under less intense competition is similar
to innovation activity of firms exposed to more intense competition. In section 3, we present some modifications
of the basic modd that might reduce the innovation activity of high profit firms, and consequently make the
modd more cong stent with the data.
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Abstract. The time limited vehicle routing problem (TLVRP) is related to the vehicle routing problem
(VRP). The main difference is that the routes are paths (not cycles), i.e. vehicles do not return to the centra
city. Costs are given for gtraight routes between each pair of cities and represent time necessary for going
through. Each path must not exceed a given time limit. The sum of time for al routesisto be minimized.
Severa tens of instances of the TLVRP were solved by the nearest neighbour method and by the tree
approach which is the combination of the Mayer method for the VRP and the Christofides method for the
traveling salesman problem. The results were andyzed and an interesting dependency of the solution quality
on thelocation of the centra city was found out.

Keywords. Time limited vehicle routing problem, vehicle routing problem, traveling salesman problem,
Mayer method, Christofides method, tree approach, nearest neighbour method.

1. Introduction

The time limited vehicle routing problem (TLVRP) is defined as follows. One centra city and other n
(ordinary) cities are given and for each pair of cities a cost is given, representing time necessary for going
through the straight route between them. The cost matrix is supposed to be symmetric. The goal isto find a set of
paths so that each of them has one of its endpoints in the central city, its length does not exceed a given time
limit and each city except for the central one lies on exactly one of the paths.

This problem has many practica instances, e.g. transportation newspapers from the printers to shops,
grocery products (dumplings etc.) from the manufactory to restaurants, daily reports from affiliated branches to
the headquarters etc. Each vehicle is required to visit al the cities on its route until a given time, but we do not
mind how it gets from the end back to the start of itsrouteto redize it next time.

Nevertheess, TLVRP has been studied relatively little. It belongs to the NP-hard problems, for which thereis
no efficient algorithm finding their theoretical optimum. It is related to the vehicle routing problem (VRP),
where routes are cycles instead of paths, and so to the traveling salesman problem (TSP), i.e. the task to
construct one cyclic route containing dl the cities, too. Thus heuristics (approximation methods) for the TLVRP
can be derived from the methods for the VRP and the TSP.

Let us introduce some notation. The central city will be indexed by 0 and the other cities by numbers from 1
to n. The cost matrix will be denoted by C (and so single costs cij,i,j=0, ,n).

The aim of this contribution is to test two methods for the TLVRP on several test cases and find out some
interesting dependencies of the obtained solution quality on properties of the task.

2. Tested Methods

3. Tree approach

The tree approach is a combination of the well-known Christofides method for the TSP [1] and the Mayer
method for VRP, more precioudy for its special case where capacities (demands) of cities and vehicles are
specified (so called multipletours traveling salesman problem, cf. e.g. [5])

The Mayer method makes the minimum spanning trees starting in the remotest cities from the central one by
the same way as the Prim (Jarn k) algorithm ([7], [2]), as large as the capacities of the cities and of the vehicle
alow. It only separates cities into groups so that each group contains cities on a route for one vehicle and then
some method for the TSP must be used to determine the order of the cities on the single cycles. The detailed
description of the Mayer method is available in [3], where more information about the tree approach for the
TLVRPisgiven.
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The agorithm of the tree approach ishere:

1. Choose from the cities, which have not been put onto any route, such a city i so that ¢y is maximum
possible (i.e. the remotest city from the central one) as thefirst city of the currently created route. Set T to
the graph consigting of the only vertex i.

2. Let P denote the set of non-centra cities in the currently created route and Q the set of non-central cities,
which have not been put onto any route.

If Q
then stop
dsefindtheminimumgjsothati P and] Q.

3. Addthevertex j and the edge{i, j} to T. Derive To from T by adding the vertex 0 and the edge {0, k} such
that K P {]j} andcuisminimum possible. (Note that both T and T, are trees).

4. Find the minimum cost nearly perfect matching M of all such cities of T that have odd degree in To.
Obvioudy, there is odd number of such cities, so exactly one of them, say I, is to be isolated in this
matching.

5. Now there are exactly two vertices of an odd degreein T M : | and 0. Find a walk from | to O
containing al theedgesof T M .

6. Create a path by preserving the first occurrence of each city in the walk and deleting all other
occurrences.

7. If thetota cost (the time for going through) of this path does not exceed the time limit given in the input
of thistask
then declare the path from the last executing of the step 6) to be the currently created route and go to 2) to
search for other citiesfor thisroute
else declare the path obtained before the last executing of the steps 2) to 6) to be a finished route and go
to 1) to start creating anew path.

Let us remark that al paths are supposed to contain at least two non-central cities in this formulation of the

algorithm.

4. Nearest Neighbour Method

This method is perhaps the simplest possible method for solving the TSP. Its name describes appositely what
it is based on. Itsalgorithm is taken from [6]:

1. Let Q denotethe set of non-central cities, which have not been put onto any route. Join the closest city of
Q (with the minimum cq) to the central one (i.e. start the construction of a new path with the edge {0, i}).

2.1 Q

then stop
else denctei thelast city added to the route and find the minimum ¢;sothat | Q . If adding the edge {i,

i} thetotal cost (thetime for going through) of this path does not exceed the time limit given in the input
of thistask

then add the edge{i, j} to the solution and continue constructing this route repeating the step 2)

elsegoto 1) to start creating a new path.

5. Test Computations and Their Results

For testing three types of randomly generated cases were taken. In al the types all the cities were located in a
circle with 100 time unit radius (the time necessary for going through a given route is supposed to be directly
proportional to the distance). The time limit for routes was set to 250. In the first two types the central city was
in the middle of thiscircle.

Type 1: First let us consider the area between a circle given above and another circle with the radius of 20
time units with the same center. In this area 20 cities are originaly randomly generated with the uniform
distribution. Then the closest pairs of citiesarejoined into regions so that at most four of them may form one

region and the final number of non-central cities ( regions ) is 12.

Type 2. This type of test cases contains 24 (non-central) cities randomly generated with the uniform
distribution with no additional conditions or modifications.

Type 3: Thistype differs from the type 1 only that the city taken as the central oneis the remotest one from
the centre of the circle (the closest oneto its perimeter).

For each type ten test cases were computed using both the tree approach and the nearest neighbour method
and for better evaluation of the obtained solutions also using the Habr frequencies approach which has shown out
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to be generally one of the best methods for the TLVRP (for the definition and more information see [4]). The
results are summarized in thetables 1, 2 and 3 in the percentage form, where 100 p.c. isthe best of the results.

However, it is interesting to notice the difference between the results by these methods at single cases of the
same type. As far asthe type 1 is concerned, in the cases 2 and 10 the tree approach gave reatively good results
whilein the cases 5 and 7 it completely failed. Thus some properties, which would have influenced the quality of
the tree approach solution, were searched for. It was found that thereis an important dependence of the results on
the ratio between the farthest and the nearest city from the central one among cities lying on the convex hull of
the set of all cities. Big values of thisratio properly indicate that the central city does not lie near the middle of
the actually attended region. This property will be called eccentricity and it is added to the tables 1, 2 and 3
(NNM denotes the nearest neighbour method, TA the tree approach, HFA the Habr frequencies approach and
Ecc. the eccentricity).

Thus for the type 1 the tree approach achieves good results for the cases with relatively high eccentricity. On
the contrary, for the type 3 the tree approach gives good results for cases with the small eccentricity (e.g. cases 1,
7 and 9) and bad results in the opposite cases (3 and 10). Thus the conclusion is that the tree approach usually
gives good results for cases with the eccentricity of the medium size.

A similar stuation occurs at the nearest neighbour method for the types 2 and 3. For the type 2 theresultsare
rather worse for the high eccentricity (cases 3 and 6) while the best result isin the case 10 with low eccentricity.
For the type 3 there usudly are good results for the high eccentricity (cases 5, 6 and 10) and bad results for the
low eccentricity (cases 1, 4, 7 and 9). So the nearest neighbour method is suitable for the cases with extreme
values of the eccentricity.

NNM TA HFA Ecc.
Case 1l 108,8% | 114,6% | 100,0% 1,68
Case 2 112,6% | 109,4% | 100,0% 1,71
Case 3 107,1% | 113,2% | 100,0% 1,76
Case 4 110,9% | 117,5% | 100,0% 2,10
Case 5 104,1% | 126,6% | 100,0% 1,26
Case 6 100,0% | 108,4% | 100,0% 1,30
Case 7 106,0% | 125,9% | 100,0% 1,32
Case 8 108,6% | 106,6% | 100,0% 1,52
Case 9 107,1% | 114,5% | 100,0% 1,24
Case 10 104,2% | 104,8% | 100,0% 1,66

Table 1: Test Results Type 1

NNM TA HFA Ecc.
Case1l 112,2% | 130,9% | 100,0% 1,24
Case 2 108,2% | 112,8% | 100,0% 1,31
Case 3 131,4% | 128,9% | 100,0% 1,44
Case4 115,0% | 108,9% | 100,0% 1,14
Case5 102,3% | 101,6% | 100,0% 1,33
Case 6 119,0% | 100,2% | 100,0% 1,39
Case7 120,8% | 109,4% | 100,0% 1,22
Case 8 101,0% | 100,0% | 105,2% 1,31
Case9 120,7% | 119,9% | 100,0% 1,41
Case 10 100,0% | 106,1% | 114,5% 1,21

Table 2: Test Results  Type 2
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NNM TA HFA Ecc.
Casel 108,4% | 100,0% | 111,0% 2,49
Case2 115,1% | 100,1% | 100,0% 3,61
Case3 1155% | 120,7% | 100,0% 3,97
Case4 1154% | 100,0% | 105,3% 2,89
Case5 100,0% | 100,9% | 117,7% 3,36
Case 6 103,0% | 111,8% | 100,0% 3,66
Case7 104,9% | 100,0% | 100,9% 2,51
Case 8 103,7% | 106,9% | 100,0% 3,19
Case 9 119,0% | 100,6% | 100,0% 1,80
Case 10 103,8% | 112,0% | 100,0% 5,80

Table 3: Test Results  Type 3

All these four dependences:

for the tree approach for thetype 1,
for the tree approach for the type 3,
for the nearest neighbour method for the type 2,
for the nearest neighbour method for the type 3,

have been confirmed using the linear regression analysis (with p-values less than 0.15).

6. Conclusion

Both the tree approach and the nearest neighbour method do not be the best ones for the TLVRP. The Habr
approach which serves for comparing the results achieved by single methods is much better. Thusit isimportant
to know when to use which of the relatively worse methods according to the properties of a particular task. The
eccentricity which describes the location of the central city in the task has shown out to be useful for these
purposes. In the test the tree approach gave good solution for the cases with the medium size eccentricity and the
nearest neighbour method for the extremely low or high eccentricity. So both these methods complement each
another. There is a question how the methods will behave at some different instances, namely larger ones with a
greater number of cities, but it can be expected that they will achieve their good results at the similar types of
instances as during the observations here.
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Abstract.  This paper describes an agent-based computational model of a market with reservation
prices without intermediation. The market institutions are parameterized, and cover Smith’s CDA
market, Chamberlin’'s unorganized market, and many other types of markets. The model allows us
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1 Introduction

The goal of this study is to explore the impact of institutions on the e ciency of a market with reserva-
tion prices without intermediation. Speci cally, we try to explore how much the individual institutional
elements contribute to the experimentally known e ciency of the continuous double auction. For the rea-
sons explained bellow, we use an agent-based computational model for this. The structure of the paper
is as follows: 1) we review the relevant literature, 2) we describe our model, and 3) we present the results
of the simulations.

2 Literature Review

Hayek [5] claimed that knowledge is dispersed in the society and that \[w]e must look at the price system
as such a mechanism for communicating information..." (p. 526). However, there had been no way to
test the hypothesis that markets are able to gather, process, and spread information in the way described
by the competitive price theory until the rst experiments were conducted.

The rst market experiment was conducted by Chamberlin [3]. He divided students into buyers and
sellers, gave each of them one unit to trade, a secret reservation price (the lowest price for which a seller
can sell, or the highest price for which a buyer can buy), and asked them to trade. Neither speculative
purchases, nor short sales were allowed. Beside these, he imposed no market institutions. The students
were going around the class, meeting in pairs or small groups, and haggling. As soon as they traded, they
dropped from the market, and the price was recorded. The market was closed when no transaction took
place for some time. The outcomes did not support the Hayek’s hypothesis: 1) the quantity traded was
bigger than equilibrium, 2) the prices were in average below equilibrium, and 3) there was no tendency
toward equilibrium. Chamberlin claimed: \My own skepticism as to why actual prices should in any
literal sense tend toward equilibrium during the course of a market has been increased not so much by
the actual data of the experiment ... as by failure ... to nd any reason why it should be so" (p. 102).

Later, Smith [7] conducted other experiments. They were similar to the Chamberlin’'s one with two
important di erences: 1) there were many trading days, i.e. when the market was closed, the traders
were given new units to trade and the market was reopened, which allowed the traders to learn from the
past, and 2) he imposed a peculiar market organization: the continuous double auction (CDA). In this
kind of auction all traders stand together, can ask or bid at any time, accept the last proposal, and hear
what is going on on the market. Smith reported radically di erent outcomes than Chamberlin: he claimed
that \[e]ven where numbers are ‘small’, there are strong tendencies for a supply and demand competitive
equilibrium to be attained..." (p. 134).

Thus from Smith [7] and subsequent experiments we know that markets are indeed able to communi-
cate private knowledge (reservation prices) e ciently, and reach the competitive equilibrium. However,
for many decades we lacked a formal model explaining how the equilibrium is attained. The neoclassical
models cannot explain this because theypresupposethe equilibrium. Another modeling technique was
needed that would be able to model theadjusting processedexplicitly. One such technique is the agent-
based computational economics (ACE). In ACE we proceed in two steps: 1) we describe the behavior of
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the economic agents. The agents are not optimizing units, but software robots pursuing their goals based
on their reaction functions which need to be neither optimal, nor analytically tractable. 2) We simulate
interactions among the robots and observe both their behavior and the behavior of the overall system
consisting of them. The interactions may, or may not lead to an equilibrium. The model provides no
analytical solution, only simulation data to be statistically analyzed. For more information on ACE see
[8].

The rst ACE model of the CDA market with reservation prices was created by Gode and Sunder
[4]. Their software robots submitted random bids and asks within the limits of their reservation prices,
and gained surprisingly high market e ciency measured by total surplus gained. They claimed that
\[a]llocative e ciency of a double auction derives largely from its structure, independent of traders’
motivation, intelligence, or learning" (p. 119). Later Cli and Bruten [1, 2] criticized this approach, and
proposed software robots able to learn. They claimed that \[m]ore than zero intelligence [is] needed for
continuous double-auction markets" [2].

So far, the literature can be summarized in this way: it is the market institution (e.g. CDA) what
makes markets e cient. However, the CDA is a complex institution consisting of many elements. The
goal of this paper is to test the hypothesis that the market e ciency depends on the market institutions
(it decreases as we depart from the CDA market) and explore how much the individual elements of the
CDA contribute to its e ciency.

3 Description of the Model

Our model consists of a rectangular toroid world on which traders (Cli and Bruten’s software robots) are
randomly positioned. The space allows us to de ne a simple metric of distance between the traders. The
traders have a private reservation price, and one unit to trade in each trading day. They trade directly
(without intermediation). Each trader has his private haggling pricelif he quotes, he quotes this price;

if he is asked or bid, he accepts it if the ask or bid price is better or equal to his haggling price. The
initial value of the haggling price is the seller’s (buyer’s) reservation price plus (minus) a random margin
in percents. The trader is said to be active if he has not yet traded his unit.

The market institution is described by four parameters: 1) the vision% parameter (0{100 %) describes
how much of the world can each trader see. This describes the market integration. If theision% is 100 %,
each trader can see all other traders, and the market if fully integrated. If thevision% is lower (e.g. 30 %),
then each trader can see only a circle area in which center he stands and which covers 30 % of the world|
thus he can see in average only 30 % of other traders. Then the total market consists of many overlapping
sub-markets. 2) The moving-type parameter (moving / not-moving) describes whether the traders can
move; if they can move, the market is integrated in this way too. 3) The public-offers?  parameter
(true / false) determines whether a trader can ask or bid publicly (i.e. every trader in his vision range
can possibly accept it, true value), or privately (i.e. he must select one other agent of the opposite type
to trade with, false value). And 4) the public-hearing? parameter (true / false) determines whether
all traders within the vision range of the asking or bidding trader can hear whether the proposal was
accepted, and at what price (true value). Thus this parameter determines whether the trader can learn
from the experience of the whole market (true value), or from his own experience only (false value).

These parameters allow us to mix many types of markets. For instance,the CDA meansision% =
100 %, public-offers? = public-hearing? = true. The Chamberlin’s market means lower vision%,
uncertain public-offers?  and public-hearing?, and moving-type = moving.

Each simulation consists of many trading days. At the beginning of each simulation, traders are
created and randomly positioned in the world. They are assigned their reservation price derived from a
given supply or demand curve. Their haggling prices and behavioral parameters are assigned their initial
values. Other traders’ state variables are reset to zero. At the beginning of each trading day, each trader
is given a new quantity to trade (one unit), and traders’ state variables other than quantity to trade,
reservation, haggling price, and behavioral parameters are reset to zero.

A trading day proceeds like this: 1) if moving-type = moving, all traders move. 2) One active trader
is randomly selected. Ifpublic-offers? = false, he randomly selects one active trader of the opposite
type within his vision-range as his partner; otherwise he tries all active traders within his vision-range.
3) If there is a partner, and their haggling prices allow them to trade, they trade and drop out of the
market. The price is recorded. 4) If public-hearing? = true, then the selected trader and all traders
within his vision-range update their haggling prices; otherwise only the selected trader and his partner
adjust them. The steps 1{4 are repeated unless there is no room for trade or no deal takes place for some
time; then the day is over, the market is closed, and reopened for the next trading day.
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The haggling price adjustment proceeds in two steps (see [1]): 1) the trader determines whether to rise,
or lower his haggling price, and 2) he determines how much to change it. We will describe the algorithm
for a seller; the buyer’s algorithm is similar. Let us suppose that the seller's haggling price ip; and the
last quotation price was ¢ . If the last quotation was accepted, then ifp; g, the seller raises his price
because he can ask more; ffi ¢ and he is still active, he lowers his price because otherwise he would
be undercut by a competitive seller (if he has already sold, he does not change the price since he can
hope he would sell at the same price the next trading day). On the other hand, if the last quotation was
not accepted, it was an o er, the seller is still active, andp; ¢, then the seller lowers his price because
he would not get the deal either. Otherwise, he does not change the price.

The new haggling pricepi.; is then determined by equations 1{3:

t+1 = Ris1 & + Atsr; 1)
t+1 = (1 ) (1 pO)+ t) 2
Pre1 = P+ t41; 3)

First, the seller sets his target price (+1 to \test" the market (the Ru; and Awni are random numbers
generated each time; if he is raising the price, they are positive, otherwise they are negative). Theyu
is the motion of the haggling price. It has two features: 1) the seller does not want to move to his target
price 1 at once, but only the proportion 2 hQ;1i, and 2) there is inertia in price changes governed
by the behavioral parameter 2 h0;1i. The initial momentum ¢ = 0. The pi+1 is rounded. If the pua1
is not allowed by the reservation price, it is reset to its old valuep.

The overall market e ciency is measured by Smith’'s coe cient  [7]. He de ned it in the manner
similar to the coe cient of variation as

=" 100% 4)

where P; is the i-th market price within the trading day, P is the equilibrium price predicted by the
competitive market theory, and n is the number of transactions within the trading day.

The model was implemented in NetLogo (see [6]), the data was analyzed in MatLab. The interactive
web version of the model and its source code are available at http:/www.econ.muni.cz/gasar/marketmodel/. |j

4 Results of Simulations

We have simulated the model with 19 buyers and 19 sellers. Their reservation prices were generated
from symmetric linear demand and supply curves such that their reservation prices were 5, 10, 15, ...,
100. There were 10 intra-marginal pairs of traders, the equilibrium price was 55. Traders’ behavioral
parameters were randomly generated for each trader; their distributions and distributions ofR; and A;
in eq. 1 were taken from [1]. We simulated 50 trading days, and ran the simulation ten times for each
combination of parameters (vision% being 10 %, 20 %, ..., 100 %).

We explored the market e ciency in two ways. 1) We measured with the how close the market prices
converge to the equilibrium price P ; for the average eventual levels of the see tab. 1. This should be

Table 1. The average eventual levels of the . \T" in the rst column stands for true, \F" for false. The order of
parameters is public-offers?, public-hearing?, and  moving-type. Thus \T/T/F" means public-offers? =

public-hearing? = true and moving-type = not-moving. The minimal value in the row is typeset in boldface.

vision% 10% 20% 30% 40% 50% 60% 70% 80% 90% 100 %

TITIT 443 219 124 087 078 088 092 096 094 1.08
T/IFIT 657 288 158 115 106 0.76 0.67 060 0.63 0.55
FITIT 650 428 370 296 347 286 264 260 260 2.59
FIFIT 794 6.63 527 522 569 489 482 503 4.70 5.10
T/T/IF 3519 2454 1171 6.42 513 352 216 180 124 101
T/FIF 3543 30.06 20.88 1325 984 732 493 188 123 0.3
F/IT/F 37.26 20.84 1837 10.64 8.11 569 459 313 295 284
F/IFIF  35.45 2952 2421 2029 1385 9.83 9.63 6.23 533 4.97
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Fig. 1. The left panel shows a typical evolution of prices (red line) and the (green line) on the CDA market.
The trading days are separated with blue lines. The right panel shows the time evolution of the  under various
institutions with vision% = 100 %.
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compared with results of Smith’s experiments 1{7 [7, p. 117] where the eventual lied between 0.6 %
and 9.4 % with median 3.5 % on the CDA markets. 2) We examined the speed of convergence of prices
to their stationary values; for this see the right panel of g. 1.

Generally, the integrated markets provided relatively high e ciency, regardless whether they were
integrated through traders’ \walking", or through formal market integration ( vision%). However, even
when traders could not walk and the vision was limited, the markets were still quite e cient for most
combinations of the other institutional elements.

We expected that public-offers = false would slow the price convergence down and not a ect the
eventual . However, the opposite happened. Withpublic-hearing = false, we expected both a slower
convergence and a lower eventual . The price convergence was indeed slower, but the eventual was
surprisingly lower than on the CDA market. The combination public-offers = public-hearing =
false led both to slow convergence and to lower e ciency.

Surprisingly, the CDA was not the most e cient market institution: the limited hearing and limited
market integration, which both limited the traders’ ability to learn from the experience of the others,
improved the eventual signi cantly. A probable explanation is that the traders’ ability to learn from
each other leads to \bubbles" in prices. This is con rmed by fact, that the CDA prices were much more
strongly autocorrelated.

The prices in the rst trading day were in average below equilibrium (e.g. on the CDA market 76 % of
simulations had the average price below equilibrium in the rst day), which agrees with the experimental
ndings [3]. It could be easily explained from the initial setting of the haggling prices: if the margin is
given in percents, the intra-marginal sellers (those with the lowest reservation prices) add low margins
(e.g. 30 % $5) while the intra-marginal buyers (those with the highest reservation prices) subtract
high margins (e.g. 30 % $100). Thus the equilibrium given by the haggling-price supply and demand
is downward-biased. Moreover, if a transaction takes place below the competitive equilibrium, the next
one is likely to be there as well because of the learning.
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Introduction

The foreign exchange (FX) money markets attract lasting interest of both academic and applied finance families.
Standard analysis of FX rate examines economic fundamentas to explain FX rate movements, but, in many
cases, the fundamental s-based models fail to explain the past adequately, or predict the future reliably. On the
contrary, a lot of FX money market practitioners apply various forms of technical anayses either in short or
longer period quite successfully. There is well-known that technical trend signals can affect traders and price
behaviour, generating excess market reactions without any fundamenta reason. Hence, the instant processing of
market messages plays specific role, thus leading to permanent interactions among traders. Since an empirica
evidence of trading volumes in spot FX money markets shows that the overwhelming part of the turnover is
merely due to short-term speculative trading transactions, one usually accepts neglecting of volumes due to an
international trade transactions.

Following the classical ideas, there are typical two kinds of traders applying different trading rules based upon
either technical analyses or fundamental ones. The technical analysis concerns with identifications of both trends
and trend reverses using more or less sofisticated procedures to predict future price movements from those of the
recent past. The fundamental analysis searches and looks for various reasons and/or events thus explaining
market actionsin order to set up future expectations.

Basically, these two different concepts are used for building various problem-oriented computer-based agent
interaction models. The basic idea of such models is rather simple - in mathematica form to allow a self-
development of FX money market under driving forces caused by interactions among computer agents which are
designed to modd traders, i.e. chartists and fundamentalists , behaviour. Since these models are formulated in
abstract forms, their main issues are usualy, rather than prediction of actual foreign exchange market
movements, studying complex dynamic effects on the base of non-linear simulation models, and investigation of
possible quantitative and/or qualitative responses upon various modes of control.

For more details, the interested readers are referred to the book [1] as regards the financial market theory, and to
the papers [2]-[5],[9],[10] as to both various aspects of technical and fundamental analyses and influences of
centra bank, in particular. The paper [6] gives the motivation and details of color image encryption. Finally, the
papers[7],[8] present the author s contributionsto thetopic.

The paper is composed in following way. In Section 2 we briefly summarize dynamic equilibrium FX rate
simulation models with special attention to modelling CB s influences. In Section 3 we provide details of
generdlization VRA (Visual Recurrence Analysis) procedure, which will enable more detailed and flexible
detection and investigation of patters hidden in FX rate time series. In Section 4, there are given some details
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regarding encryption schemes of VRA images. The final Section gives conclusions and topics of further
research.

Dynamic equilibrium models

Based upon general concept of market equilibrium conditions we are able to formulate FX money market
clearing conditions taking into account the CB s influence in form following [7],[8]

m() d(t) + (1-m(t)) () + d*(t) =0, D

where d(t), d(t), d®(t) denote temporal money demand of chartists, fundamentalists and the central
bank, respectively, at the trading period t. The money market shares of chartists and fundamentaists are denoted

m(t) and (1-m(t)), respectively.

The FX rate S(t) represents a temporal equilibrium between two currencies available during the trading period t,
asusua m(t) = St) my(t), or in an additive form log(m(t)) = log(St)) + log(my(t)). Weassumet  St) isarea
positive discrete function defined on {...., t-2, t-1, t, t+1, ...}, which represents atrajectory of a discrete stochastic
process with continuous state space.

The demands d°(t), d(t), d®(t) are formulated in particular as a mix of systematic and unsystematic
components as follows

dt)=a"t ()+a"? (), )
where a®*, a2 > 0 represent corresponding reaction coefficients |levering both modes. The genera formiis
dM)=a"( ¢ ilog(St)/St-i-1)) +a“? (t-1), (©)

where (t-1) ~ N(O, ¢? is atypical noise with zero mean and time invariant finite variance 2, index i
identifies truncated history of past rates{ St-i), i = 1,...,nc+1}, with nc given.
The demand excess of fundamentalists d™(t) within the period tis
d"(t) =" (E [S(t+D)] - 1) / W), 4)
where E, [t+1)] expresses the expected future FX rate made by fundamentalist agent at t, and a8~ 0 is
reaction coefficient coping with relative distance between expected future FX rate and the spot rate. Rather
general way of forming that expectation, sometimes called an anchoring heuristics, isfollowing
ELSt+)] = SED+(21-)( ¢ ), (5)
where ; Oareweightsof St-j),j = 1,....ng, such that  ; = 1, with ng given, and S (t-1) denotes the last
fundamental value. Development of S'(t) is quite natural to assume that due to rate-reated news it behaves like
a discrete random walk
logS(t) = logST(t-1) + a™ (1), (6)
where a™? is coefficient representing probability of news shock hitting FX money market, 0 a™ 1, and (t) ~
N(0, (2 isatypical noise with zero mean and time invariant finite variance ¢, again.

The market share m(t) is formulated generally by following mappings

m(t) = (1 +w(t))™, or equivalently w(t) = (1-m(t))/m(t) (7)
with w(t) ranging [0,+ [ being defined in form of a compound function
wr) = o+ ( w k1", )

where o 0, (>0, k=1,.,nsaereal constants given, and ns 1, p 1, too. The function value r(t)
expresses a relative distance between S'(t-1) and S(t-1), in away similar to (9) in some sense
r(t) = (S(t-1) - St-1))/St-1). _ o 9
Hence, m(t) can be calculated form set of past observations { (t-i), S(t-j),i,]j = 1,...} known.

Finally, the d®(t) may be expressed as convex combination of both basic CB strategies, i.e reversing and
targeting one
d®) = () + (1 ) ), (10)
where gives a leverage between both intervention srategies,  [0,1] given. It holds for reversing

strategy
d®*(t) = > (log(t-2) - logS(t-1)),
whereas for targeting strategy
d®(t) = a2 (S(t-1) - St-1))/S(t-1) = a2 r (1),
with a®*, a®?> 0, given reaction coefficients of the corresponding strategies.

Substituting all given expressions d(t), d"(t), d®(t) into (1) and solving for (t) we get
St) = ER [St+D]A 1-(m(t) d°(t) + dP()/@(1 - m(t))}, 11

209



which is the desired dynamic stochastic simulation mode of FX rate respecting various CB s influence effects,
and also atime series generator for next VRA procedure and numerical experiments.

Visual Recurrence Analysis

Visual recurrence analysis (VRA) is a tool for time series anaysis based on computer graphics approach
profiting from various image processing algorithms. It has become a useful and popular technique recently, and
the main reasons are following:
1. itiswell adapted for andysis of non-linear systems,
2. theoutput of VRA is an image which iswell suited for human perception, thus enabling accumulation
of experience,
3. it provides an effective way for detection of various patterns hidden in time series.

The basic steps of VRA procedure are summarized as follows:

1. Input data the giventime seriesat equidistant time steps

{s},t=0,...T
2. Transform data find a suitable affine transformation A, i.e. moving and scaling of time series state

space, in order to get anew series with non-negativevalues. ; 0,t=0,...,T
A{st {14
calculatetheir global thresholds
d=min(y, h=max (), t=0,.,T

extract a sample of time series by moving time window W defined by given loca
start at t = w, and a span K:
w:{g¢ {x}i=0..K
i.e. by assignment
X = (,t=i+w, i=0,.,K,

where an integer w O defines a beginning of the sample, whereas an integer K defines its
local end. Thevalue of K is usually determined by pixel resolution of a screen,
K ~min(horizontal axis, vertical axis), e.g. K =700.
Hence, the last sample possible to extract is given by indices
t=i+w, i=0,..K,withw=T K.

3. Expand an 1-dtime sariessample {x}, i =0,...,K into a 2-d image |(RGB).
Well known motivating idea of VRA isto convert numerical valuesinto some graphical information. In
particular, it creates a color of each image pixe (i,j), i,j =0, , K in correspondence with numerical
values of a couple (%,x).
Let M denote a mapping generating the RGB image |(RGB)
M:(x) c(ij),ij=0,..K (12)
where c(i,j) denotes RGB color of pixd (i,j).

Traditional approach acolor c(i,j) isrepresented by 24 bits, with 8 bits for each RGB color,
and itisset c(i,j) ~ % x| using selected color palette (with 256° = 16 777 216 different colors, in general)
and a proper time series state space discretization.

Proposed approach  a color c(i,j) is tackled as 3-d vector c(i,j) = (r(i,j), 9(i,j), b(i.,j))", with RGB color
components denoted r(i,j), 9(i,j), b(i,j) ranging [0,255], respectively, i.e. with 256 different levels each. Such
individual acceptance of basic color components gives us larger flexibility to express and investigate various
relations between selected cue values x;, . However in such case, the finest discretization isrestricted to 256
levels, which is much coarser than about 16 million of ones provided by traditional approach, but we hope it
is still acceptable for various VRA applicationsin finance.

Let us introduce three color mapping functions

ri) = 06x), 9= (x), bij)= & x), (13)
hence, we able to define a3-d mappingM as follows
M:ox)  c(i)=( 06%), (%), (%), 1=0,..K. (14)

Some possi ble choices of color mapping functions:
a8 X)=x, (X)=x,  &x)=k Xl
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which enables construction of mapping corresponding with the traditional approach
(%, %), (%, %)=0, (x,%)=[% x]|providedthedistance|x x| isconverted into blue colors only,
b) (X)) =X, (6x)=X, (% X)=K+x)/2

0 %=X, (6X)=X, (6 %) = (0)+09)),

There is evident we may either build any permutation of RGB color components, and/or to combine any
different distancesin order to construct anew suitable mapping M.

Note, another interesting possibility will occur if we substitute local values x; and x; by some local averages at
% and x;, but that topic will not be discuss in this paper.

Concluding, an advantage of the proposed approach isevident it providesalot of various ways how to define a
color c(i,j) at the pixe (i,j), and how to produce an image I(RGB), since any RGB color component may
represent either the first or the second cue value of the time series, i.e. x;, X;, their average (x+x;)/2, an absolute
distance [x. x|, an Euclidean distance ((x)+(x)?)"?, etc. Such flexibility gives a new opportunity to use VRA
for deeper understanding of time series.

Encryption scheme

Motivation for image encryption stems from fact that generated VRA images, in particular, such ones containing
CB s influences upon FX rate, may be declared confidential. Hence, cryptographic solutions should be used to
ensure privacy and confidentiaity when such VRA images are to be transmitted over un-trusted or public
networks.

We adopt the encryption scheme proposed in the paper [6] to produce VRA image encryption, which is well-
adapted for implementation and cost-effective. The basic idea of this encryption scheme stems from well-known
principles of human perception of color images.

Any pixel color image |(RGB), e.g. VRA image, is given by pixel mapping : (Z.)> (Z.)°
D00) (i) = (@), o), b)), ij=0..K.

Hence, we may summarize the encryption/decryption procedure as follows:
1. Extract magnitude and orientation of color vector c(i,j) a the pixd (i,j), which correspond to luminance
and chromaticity in human perception of colors, respectively
Luminance ~ color vector magnitudeis given by

G(ij)= c(ij) =((r(.p)*+ @iy + bi.)H", (15
Chromaticity ~ color vector orientation is given by
D(ij) = (i) ( cij) )" =c(ii)/G(ij), where D(i,j) =1. (16)

2. Extract bit-level componentsin order to alter both [uminance and chromaticity simultaneously
Let redefine the color vector c(i,j) = (r(i,j), oi,j), b(i,j)) component-wise
c(i.j) = (r(i,j), 9(i.j), b(i.j)) = (ca(ij), ca2(i,j), ca(ij)), each cqij), n= 1,23 ranges [0, 255],
we may express the bit-level representation of pixe color asfollows
B
c(ij) ~ (i) 2% (17)
b1
where
°c(i.§) = Cenlif), °ealif), "ealiif) = Cr(if), °g(ig), °o.) {0,237,

isab-th bit-level binary vector composed from corresponding RGB bit-level components "c,(i,j), n = 1,2,3,
b=1,.B,taking B =8, asusua in 24-bit color representation.

3. Encryption transfer  decryption steps
encryption  use bit-level hinary vectors °c(i,j) to generate two binary auxiliary/share vectors
Pu(i,j), "v(ij)  {0,1}° which arefurther used for creation VRA encrypted image,
apply component-wise choi ce-dependent assignment
Cun@d), V(i) {(0,0),(L0)} iff Pe(if) =1, n=123
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{(0,0),(1,1)} iff bcn(i,j):o,
create two share color vectors
B B

u(ij) ~ “uli) @, vij)~ "v(i.j) (%" (18)
b1 b1
create pixel-wise two b-th bit-level shareimages"U(RGB), "V(RGB)

U={u@j)}, Vi={ui), ij=0.K,
which differ in luminance and chromaticity pixel-wise each other and the original VRA
image, too.
transfer VRA encrypted images, { U, °V}, b=1,...B, over public networks,
decryption  compose the original VRA image |(RGB) from the VRA encrypted images by
decryption procedure, which is inverse to encryption one.

For more technical detailswe refer the paper [6].

Conclusions

1. Various FX rate stochastic simulation models were presented. The dynamic money market clearing conditions
were used for derivation of such models and specia focused upon modelling of CB sinfluence.

2. Generalization of VRA procedure was proposed. There were discussed various possibilities how to construct
color mapping functions more suitable for subtle investigation of a time series sample. We haope the proposed
variety of functions gives more flexibility for deeper understanding of correlations patterns hidden in time series.

3. Encryption scheme applied to VRA images in particular was given in details. Such procedure is to provide
safe transmit of case sensitive VRA images over public network.

Work on progress and field of further research

a

b.

Development of sw package implementing VRA with encryption on the Java 2D platform
implementing the java.ai purpose-oriented package for advanced image processing.

Identification and calibration of model congtitutive parameters included in presented FX rate models
using various estimation procedures. Accumulate and evaluate empirical evidence of real FX rate time
series.

Further development of VRA procedure, which represents an interesting and challenging instrument for
both detection and investigation of various patterns caused by endogenous nonlinear effects already
observed and reported in the field of time-dependent FX rate devel opment.
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DISEQUILIBRIUM OPEN ECONOMY WITH PAPER MONEY
(AMODEL ACCORDINGTOA.RA “N)
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Abstract. The article contains a model built according to thinking of Alois Rasin, the famous Czech
economist and palitician at the beginning of 20-th century. Author of this article used a selected parts of
Ra n s textbook National economy which treat of the international adjustment under paper (uncovered)
money. Only a few pages of origina Ra n s text deal with alot of economics variables and their relations,
often without detailed explanation. Author selected only 12 variables and their relations to construct a
sufficiently simple model that transforms the Ra n s idess to forma mathematical language. The model
describes the behavior of domestic economy after the monetary expansion in relation to the rest of the world
with stable currency. The model consist of one exogenous variable (money stock in domestic country), 11
endogenous variables (exchange rate, real export and import, domestic and foreign price level, domestic and
foreign nominal wage rate, domestic and foreign flow of nominal savings, domestic and foreign interest rate)
and 11 equations. After rearrangement the model contains 6 endogenous variables and 6 ordinary linear
differential equations. A numerical solution under selected parameters gives the same result asRa n sclam
and it could be considered as a proof of logical consistency of his thinking about the disequilibrium of this
economic system. The transformation of historic text to the formalized mathematical language is difficult job
and author is familiar with the danger of distortion through misunderstanding of given historic economic
paradigm. Nevertheless author maintains that this approach is useful  many times forgotten old ideas can
upgrade the contemporary economic thought.

Keywords. Ra nAlois, monetary expans on, disequilibrium open economy, continuous model

1. Introduction, methods and objectives

The problem of open economies behavior is more and more important. The cohesion of national economies
raise through the continuing globalization and economic affairsin one part of the world influence the economics
variables in another part of world. One of the feasible inspirations for description of present economies could be
the old texts.

By default the abroad influence on domestic economy is explained by the help of automatic adjustment
mechanism of the balance of payment or of the trade balance price, income, monetary and exchange rate
mechanism. However in some historic texts we can find mechanisms that are marginalized in contemporary
€conomics.

The aim of the article isto construct an open economy model based on ideas of Alois Ra n expressed in his
textbook National Economy published in 1922. Mr. Ra n wasn t an excellent theoretician, more likely he was
practical economist and politician. His opinions were influenced by economic paradigms overbearing in central
Europe of hisdays German historic school, Austrian subjective-psychological school and universal ideas of
liberalism. Ra n is known as unyielding advocate of gold currency however at the same time he refused the
quantity theory of money and often used endogenous money concept. He put emphasis on active interest rate
policy performed by central bank which istypical postkeynesian ideain contemporary economics.

From the reason, using different points of view, and further from the reason non-use the formalization for
economic relations (the neoclassical economics wasnt wide-spread in centra Europe in Ra ns time
furthermore), is the transformation of Ra n stext to the formalized model controversial. Author of this article
knows all the dangers arisen from this method but is confident that some of this way detected relation may be
useful for contemporary economics.

This article connects to the author s previous text [1] where the discrete model of open economy with paper
money is shown among others. Now the continuous model is constructed and the numerical solution is
demonstrated.
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To keep the text well-arranged and transparent, the original Ra n s text (strictly speaking the text parts
which the author considers as important for given topic  the resource is the chapter Money in international
trade from the textbook National Economy, p. 185-190, [2]) isitadic and the formaization and explanation of
used variables follow. After the equationsreconstruction from the original text is performed the rearrangement to
the system of ordinary differentia equations and numerical solution.

To keep the modd simple, all economic relations are described as linear with diminated constant terms.
Further al equations are constructed, to be all applied parameters positive. The Latin capital |etters denote the
variables, the small letters (Latin or Greek alphabet) denote the parametersin case of need constants.

It will be seen that Ra n s approach is very unusud, different from standard economics . The present
economic theory distinguishes four ways of automatic adjustment mechanism of trade balance: price, income,
monetary and exchange rate. The price adjustment mechanism (price-specie flow) was originally published by
David Hume in 1752, for interpretation of this see ancother author s text [3] and [4]. The income adjustment
mechanism was developed by Roy Forbes Harrod in 1932 at the beginning of period of Keynesianism, for a
comparison of the price and income adjustment mechanism see [5] and [6]. The monetary adjustment
mechanism appeared the firg time in the Wealth of Nations by Adam Smith in 1776 but the classical politica
economy didn t understand this approach and it reappeared again in 70 s of 20th century. The rigorous
exposition of exchange rate adjustment mechanism was developed in firg half of 20th century by Alfred
Marshall (1924), Joan Robinson (1937) and Abba Lerner (1944).

In the period of Ra n sliveisremarkable also another Czech economist Karel Enigli . His work contains a
combination of price and exchange rate adjustment. In the concrete it is a macroeconomic partial equilibrium
approach with following variables: exchange rate, domestic price level and given world pricelevel. TheEngli s
approach is able to be used for both exchange rateregimes fixed and floating. Under the floating exchange rate
regime the adjustment goes through depreciation or appreciation and under the fixed one the all adjustment goes
through domestic price level changes i.e. through inflation or deflation, for detailed description of this see [7].
The Ra n s contribution is very unconventional in comparison with the one of Engli s. It leads up to the
absence of automatic adjustment and to the deepening disequilibrium of balance of payment.

2. Model extraction from original text

... in the countries with paper currency, if circulation of money overflows its actual needs which happen as a
rule, because the state uses the printing of money as a source of revenue and reproduces it not for the needs of
national economy, but for the help to government budget (e.g. during the war). It is not possible to reduce the
circulation of this money if its need is depressed, specie flows out through the payments to abroad, paper money
becomes cheaper and gets disagio in relation to species, this means that species become expensive and get agio
because of their scarcity and surplus of paper money. Indeed all this influences the exchange rate and
commercial papers (bills) in foreign currency rise alot.

The exchangerateis positively affected by the money stock which could be expressed by simple equation:
E M Q)

whereis E nominal exchange rate (outright quote)

M nominal money stock in domestic country
parameter of sensitiveness

Unfortunately Ra n didn t explain how he cameto thisrelation  evidently he had on mind the determination
of exchange rate as a relative price between domestic (paper) currency and foreign (gold) currency. He didn t
mention other economic variables through them the money stock is connected with the exchange rate and
therefore author doesn t want to speculate and accepts thisrelation as given and the equation as written.

This paper money disagio (agio of species) is profitable for export at the beginning because the exporter can
bid the goods very cheap in abroad in foreign currency whereas he become a lot of domestic currency for one
unit of foreign currency and purchases the same quantity of goods. However the exporter doesn t become the
whole agio profit because the wants to export as much as possible and preferably he cuts the prices for the
abroad.

Ra n had in mind the physical size of export (real export) which is increasing while domestic currency is
depreciating. We will use the linear form of thisrelation:
X bE (29)

whereis X physical size of export (real export)
b parameter of sensitiveness

However the agio takes effect as a protective tariff, inhibits the import because the importer have to ask to
much in domestic paper currency, to obtain a adequate sumin his own currency.
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Therdation of physical size of import and exchange rate is naturally opposite than by export:
Z dE (39)

whereis Z physical size of import of domestic country (real import)
d parameter of sensitiveness
This implies that domegtic producers prosper from less foreign competition and increase the goods prices.
Besides the things which have to be imported (e.g. cotton, wool, leather, cooper ore) are sold calculate in
domestic money  very expensive to provide the importer adequate amount in his money and he could buy it in
abroad in expensive currency.

The fall of import reduces the goods supply on domestic market and causes the increase of domestic price
level:

P Z (4a)
whereis P, time derivative of domestic price level

Z time derivative of real import
parameter of sensitiveness
All the goods made from this raw materials become expensive which causes the increasing of wages,
salaries, etc. and all production costs.

Ra n thought the situation when the wages (wage rates) aren t rigid on the same level but the wages
development follows the development of price level:
W, P, 5

whereis W, time derivative of domestic nominal wage rate

to keep simplicity the sensitiveness parameter is missing (thereby is reduced the final number
of equations and variables)
the state with depreciating currency begins to feel the lack of capital because the increasing prices
(calculate in depreciate paper money) cause that everybody consumes the greater part of his income then
earlier, less saves,

The nominal savings fall asaresult of increasing price level *:
ST (6)

whereis S, time derivative of nomina domestic savings
g sum of instantaneous intensities of domestic real production and real consumption

but the production requires more operation capital (wages and interest rates increase), capital isnt
accumulated in domestic econony, it is necessary to borrow form abroad. The abroad lends unwillingly  the
uncertain situation must be paid through higher interest rate. By this the production margin becomes wrong,
interest cogts increase in country with depreciating currency.
The interest rate is determined by the capital market where the supply is constituted by savings and demand is
constituted by the need of operation capital (wages and interests’). The simplest way is to define the time
derivative of interest rate as alinear function of exceed capital demand:

Ry Wy Rk S)) (7

whereis R, time derivative of domestic interest rate
adjustment speed of domestic interest rate to the exceed capital demand

! This relation we could obtain by limiting the discrete equation with an analogy of Robertson s time lag (lag of expenditures behind
income): & 1 YR CR 1 » where Sdenotes the nominal savings, Y is constant real production, C is constant real consumption and

the index t denotes discrete time. By equation redating one time period back we obtain & YR 1 CR and by subtraction of both
equations we obtain & 1 & Y(R R 1) C(R 1 R) Y P C P whee denotes the backward difference

and denotes the forward difference. By limit process we obtain S yP cP (y C)P where y and ¢ are the
instantaneous intensities of domestic real production and real consumption (rem.: the term with backward difference changes the sing of
derivative).

2Ra ndidn t mention the expected inflation soiit is not possible to distinguish thereal and nominal interest rate.
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|d labor size in domestic country (constant)

kd size of physical capital in domestic country (constant)

The purchasing power of money increases in the state with appreciating currency, the goods prices and
wages decline and the export becomes higher. in the state with appreciating currency the more of capital
remains at home, interest rate declines a through that the country becomes more-competitive in despite of the
agio the depreciating currency.

From the last sentence we can deduce (although it describes the abroad) that interest rate determines real
export and according to Ra n even more then exchange rate. The increasing interest rate declines the
competitive advantage of the country. Therefore we reformulate the equation (2a) thisway:

X aR, bE )
whereis a parameter of sensitiveness

By the reason that import to domestic country is the same as export from abroad, we have to reformulate the
equation (3a) by the same way:

Z cR, dE ©)
whereis R; foreign interest rate
C parameter of sensitiveness

The competitive advantage mentioned by Ra n is to understand as price competitiveness. It is suitable to
complete the equation (4a) by the changes of interest rate:

P Z R (4)
whereis parameter of sensitiveness

From the Ra n stext is noticeable that the process in domestic economy and abroad are  complementary
and therefore we can define for abroad the phenomena described for domestic country by equations (4), (5), (6) a

(7) by andogy:
P X R; (8)

whereis P, time derivative of abroad price level

X time derivative of real export from domestic country (real import to abroad)
, parameters of sensitiveness

W PR 9)
whereis W,  timederivative of abroad nominal wage rate

to keep simplicity the sensitiveness parameter ismissing
S, hpP (10)
whereis S time derivative of abroad nominal savings

h sum of instantaneous intensities of abroad real production and real consumption
Rf (va l f Rf kf Sf ) (11)
whereis R; time derivative of abroad interest rate

adjustment speed of abroad interest rate to the exceed capita demand
| labor sizein abroad (constant)

K size of physical capital in abroad (constant)
The model contains 11 equations which are written again for lucidity and transparency:

E M D
X aR, bE )
Z cR, dE ©)
P, Z R, (4)
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W, P (5)
Si OR (6)
R Wily Rk S) (7)
P X R 8)
w, P ©)
S hP, (10)
Ry Wily Rk S) (11)

The money stock in domestic country M is exogenous variable and the number of endogenous variablesis 11
(E, X,Z,R,W,,S;, Ry, P ,\W;, S, R;) sothemodel allows the solution.

Firg we rearrange the moddl: substituting equation (1) to the equation (2) and (3), their time differentiation
and substitution to equation (4) and (8). Further we rearrange the whol e structure to the system of linear ODE:

Wd [ C (\Nflf Rfkf Sf) d M] (Wdld ded Sd) (12)
S glc Wl Rk S) dM] g Wl Rk ) (13)
R Wily Rk S) (14)
Wf [ a (\Ndld ded Sd) b M] (\Nflf Rfkf Sf) (15)
S h[aWly Rky §) b M] h Wl Rk S) (16)
Rf (\Nf l f Rf kf Sf ) (17)

It remains 6 endogenous variables and 6 equations.

3. Numerical solution

Putting all the left sides of equations equal to zero we solve the steady state. Firg it is necessary to choose
constants suitableway: 1, |, Kk, K; 1. For constant exogenous variable (M 0) this choice gives

as one of possible steady stateseg: W, R, W, R; 1, S, S; 2 (the equations are linear
dependent) — this steady state or deviation from it we use as initial conditions for numerical solution of ODE
system.

We choose the parameters as follows: 1;a 012;b 008;c 008;d 0.18; g 0.9;

h 0.8; 0.08; 0.18; 0.12; 0.3; 0.02; 0.016 (the choice is determined
by non-overlaying of the trajectories on graph).
Further we have to choose the initial conditions. The system behaves chactically (different deviation of

different variables from steady state leads to totally different directions of variables progression) and therefore
we must deviate the variablesin the “ correct” direction —accordingto Ra n:

As aresult of increase of money stock in domestic country the immediate depreciation of domestic currency
passes over, next follows the physical size of export increase and physical size of import decrease. This reduces
the supply of goods on the domestic market aleadsto rise of domestic price level and nomina ware rate. Further
follows decrease of domestic nominal savings (as a consequence of lag of spending behind income). Thisand the
higher demand for operation capital (wages changes proportionally to price level) induce the increasing of
domestic interest rate. The reverse process occurs abroad. Hence we choose the small deviation from steady state

thisway: W, R, 1.01; W, R, 099;S, 199;S;, 201. Theexogenous variablewe left

stableof course,ie M O.
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Graph 1: Variablestrajectory

4. Conclusion

The theoretically weakest element of the mode is the equation (1) which says. the money stock increase
causes the lower price of this money in comparison with foreign currency (exchange rate E means the outright
quote) —in general: the supply increase decline the relative price whereas the type of commodity doesn’t matter,
it could be what you want. But a more sophisticated exchange rate understanding is required. Ra n mentioned
the “money need in national economy” — money demand — but he didn’t specify it. It is possible to define the
exchange rate changes as a function of excess money demand, for Cambridge money demand by this simple

way: E (M (1/v)PY), thereby we get close to monetary concept of exchange rate. Otherwise Ra n

was an advocate of quantitative theory of money in the country with paper currency (more money increases the
prices) but the higher prices in open economy he explained using the decline of import, less competition on
domestic market and increase of raw materials prices. Therefore the author considers the formulation of equation
(1) as adequate and applicable.

Ra n used on a few text pages a lot of economic variables and relations which aren’t quite rigorous
formulated and explained. The author of this article chose 12 variables and above described relations of them so
that the formulation of the model kept simply and could show the consistency of Ra n’s ideas: the deviation
from steady state (the monetary expansion) leads to explosive trajectory of variables. The permanent increasing
domestic interest rate and permanent decreasing abroad interest rate worsen the trade balance of domestic
country (the physical size of export is going down and the physical size of import isgoing up) which attaches the
borrowing from abroad. The foreign subjects require a high pay interest on their assets (e.g. as effect of raising
risk premium) which causes more and more higher increase of domestic interest rate that is not incorporated in
presented model. (Therefore the foreign capital wantsto lend in its own currency only to move the risk to debtor
and the lack of appetite to undergo the uncertainty have to be compensate by higher interest payments.)

Ra n saw in raising foreign debt the another risk: A state with depreciate currency has a higher spending:
the salaries of official and bookkeepers have to be increased, if the state owns a monopoly, the raw materials
prices and wages become higher and the profit becomes lower, if the state runs the railways and mines the costs
and investments raise, the taxes, monopoly prices and transport ticket prices have to increase and at lagt the
borrowings are necessary but the domegtic capital poverty forcesto borrowing from abroad in foreign currency
or with condition pay-off in species. ...The pay interest on this state debt as well as the private debt causes the
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high demand for foreign currency, for foreign bills and a great exchange shocks appear during the time of
balance of payment disequilibrium.

On the score of this problem Ra n extrapolated the urgency of “robust anchor” for domestic currency — the
gold. The tragic Ra n’s death at the beginning of 1923 causes the initiation of the end of effort to restore the
gold cover of Czechoslovak currency.
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Abstract. The aim of the paper is to anayze the impact of the current crisis on the automobile industry in

Slovakia. A computable general equilibrium model is used to model such shocks as decline of domestic

production of automotives and production drop in al other industries. Also the scrapping subsidy program in

which car owners who scrap cars manufactured before December 31, 1999 can receive a subsidy of up to
2,000 when buying a new car will be andyzed. The total welfare impact on Slovakian households will be

evaluated.

Keywords. CGE modd, automotive industry, crisis, scrapping subsidy program

1. Preliminary

Automobile industry, which is in the liméight of this paper, meets the controversia function of former
armaments industry in Slovak mechanical engineering industry. As a one of maost important sector of Sovak
industries experienced a dynamic growth and it was a driving force of Slovak economy development. This
industry started in the nineties of 20. century after the period of restructuring and finding of new production
programs and markets. Partly thanks to the Program of development of automotive industry noted by Slovak
government in 1998, which defined the vision, strategy and development goals, has Sovakia in 2007 according
to Slovak Automoative Industry Association thefirst placein world in car production per 1000 inhabitants, which
counts 105,7 cars [12]. Currently in Slovakia operate three automobile companies. Volkswagen, PSA Peugeot
Citro°n and Kia-Hyundai with total production capacity up to 900 000 cars per year. Graph 1 shows the
production trend from 1992 through 1994 when Volkswagen started the production, 2006 when PSA Peugeot
Citro°n and Kia-Hyundai produced their first cars in Slovakia, to 2008. There was more than 94% growth in
2007 due to start of PSA Peugeot Citro®n and Kia-Hyundai production. The impact of financial crisis is
noticeable on 2008 data, when the production stagnated and according to estimates for 2009 the production will
decline by 21%. Some European countries introduced the scrapping subsidy program which goal isto reduce the
negative impact of crisis.

Since one quarter of Slovak GNP was produced by three automobile companies and a number of producers
of car components and more than 40% of Slovakian export makes the automobile industry the crisis strongly
hurts its economy. Slovakia joined the scrapping scheme program and the government allocated 33.2 million in
thefirst wave[9] and 22.3 million in the second wave [10] for those scrap their old car and buy a new one. The
main qualifying characteristics of cars digible for the bonus were the same for both waves: they had to have
been in use for at least 10 years and been registered in Sovakia before December 31, 2008. The price limit for
new cars which can be purchased under the schemeis 25,000 and the maximum scrapping bonus was 2,000.
On the part of this amount contributed the state, the rest was provided by the car seller as discounted normal
price of the car.

This paper deads with both above mentioned problems. the economic crisis represented by automotives
production decline and drop in production in all sectors of economy and with the scrapping subsidy program.
The computable general equilibrium (CGE) model was used to simulate these situations and evaluate the impact
to Slovak economy. The paper extends the current state of the CGE models in Slovakia (see[1], [2], [3], [7]) by
applied model of Slovakia with special emphassto the sector of automotives.
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Graph 1: The automobile production in Sovakia from 1992 to 2008, estimation for 2009
Source: ZAP SR

Computable genera equilibrium models are a class of economy-wide models used in policy analysis because
they explicitly recognize that an exogenous change that affects any one part of the economy can produce
repercussions throughout the system. CGE models describe by a system of equations the main idea that in
economy resources equal to their uses. They are based on the microeconomic assumptions according to
producers maximize profits subject to production functions, with primary factors as arguments, while households
maximize utility subject to budget constraints. The modd presented in this work is based on the model presented
in [4] and is adapted to Slovak conditions. Changes were made in order to apply the model to the data base of
System of national account according to ESA95 [5].

Ben k [1] daborated the CGE problems in his work in which he constructs an experimental computable
general equilibrium modd of Slovakia based on Branch-and-Commodity Tables for the Supplies and Usage for
year 1996. The modd is used for import price increase simulation in primary industry by 8%, for import price
increase of agricultural commodities, raw materials and products of primary industry. Ben k concludes that the
modéd is able to provide rational resultsin spite of its considerable instability. Kotov and PAen k [3] quantify the
positives and the negatives of Slovakia s joining the European Union by the CGE model based on socia
accounting matrix for year 1998. The overal conclusion of this work is that the entry of Slovakia to the
European Union does not tend to the significant increase of the standard of living but that the total benefit prevail
the total cost. Papers[11] and [8] extend theresults of thiswork.

2. The CGE Model

The computable general equilibrium model from [6] was used to simulate the production drop and its
modified version was applied to the government subsidy program eval uation.

Notations sets are;

activities A S AO A,
commoditiesc, c C s CcO C,
factorsf, f F LAB,CAP ,
ingtitutionsi, i I U HHD,R HHD,GOV,ROV ,
households h, h H | U HHD,R HHD ,
where: S A andyzed activity,

O A aggregated other activities,
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S C analyzed commodity,
O C aggregated other commodities,

LAB |abor,
CAP capital,
GOV government,

ROW rest of the world,
U-HHD urban household,
R-HHD rural household.

The model is based on two basic microeconomic foundations: consumer utility
maximization problem and firm s cost minimization problem. The problem of consumer
utility maximization subject to household s income from ownership of production factors
and household s expenditures less income tax and savings equality is formulated as
follows:

maxU QH, QH "
Qe "oechw (1)

st. 1 mps, 1 ty, YH, PQ. QH,, O
C

c

and the household s demand function derived from this problemis

1 mps, 1 ty, YH
H ch h h h, c C,h H 2
QHa, ho. @
where: mps,  ratio of disposableincome of household h to savings,
tyh rate of household h income tax,

ch share of commodity ¢ in the consumption of household h,
PQ:. composite commodity ¢ price,

QHg  quantity of consumption of commodity ¢ by household h,
YHy household hincome.

The production sideis described by production function:

QA  d QF; ' A ©)

fF

and demand on production factors is derived from the production function such that the wage of factor equals
the value of margina product of that factor:

. PVA QA fF R A

WF, WEDIST 4
: : oF 4
where: d production function efficiency parameter in activity
f value-added sharefor factor f in activity
PVA value-added price of activity
QA levd of activity
QF; quantity demanded of factor f by activity
W average wage of factor f,
WFDIST; wage distortion factor for factor f in activity .

The model embodies of two types of representative households which own two types of factors: labor and
capital which are used in production of commodities. Two types of commodities are demanded by domestic
consumers  households and foreign consumers  export. Besides that domestic consumers demand foreign
commodity import which are, with domestic commaodity, also used as intermediate goods in production.
Households receive income from the ownership of factors and the government and foreign transfers and they
have to pay to the government sales tax and income tax.

The equations of the modd are grouped in four blocks: price block, production and commodity block,
ingtitution block and system constraint block. In the price block, the exogeneity of import and export prices
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indicates that the country is small relative to the rest of the world. The export and import prices in domestic
currency are simply expressed as multiples of export/import price in foreign currency and the exchangerate. The
absorption, total domestic expenditures on commodities in domestic prices, is expressed as sum of the spending
on domestic output and import. The domestic price together with the import price enters the composite
commodity price. All domestic agents as households, government, producers and investors pay a composite
price. The value of domestic output is set in producers prices as sum of domestic output sold in domestic country
and the value of export for each commodity. It is distinguished among commodity prices, activity prices and
value-added prices. The activity price is derived from suppliers price and it depends on yield of commodity
used per unit of particular activity. Value added per activity is given as the difference between the price of the
activity and the price of the commodity used as intermediate good. Prices of factors tend to be distorted in the
red world in the broad sense that they differ across activities.

In the production and commodity block it is assumed that al domestic consumers use composite
commodities. Constant elasticity of substitution (CES) aggregation function captures the imperfect
substitutability of domestic output sold in domestic country and import. Composite commodity is produced by
domestic commaodities and imported commodities and enters the production function as input. It means that
demander preferences over import and domestic outputs are expressed as CES function which is called
Armington function. Congant dadticity of transformation (CET) function is identica to the CES function,
expect to negative easticities of substitution. The difference between CES and CET functions is that arguments
of CES function are inputs and arguments of CET function are outputs. In this sector equations defining optimal
mix between imports and domestic output and export and domestic sales, respectively, are aso included. The
difference between import demand equation and export supply equation is that demanded quantity of import isin
an inverse relationship to the price of import and supplied quantity of export is directly related to the price of
export.

The ingtitution block states that factors are mobile across activities, available in fixed supplies and demanded
by producers at market-clearing prices. On the basis of fixed shares, factor incomes are passed on to the
households, providing them with their only income besides the transfers from the sector of government. The
composite commaodity is therefore demanded by the households at market-clearing prices. Thusit is assumed for
the factor market that each activity pays a wage expressed as the product of a wage variable and a distortion
factor. In each factor market, adjustments in the average wage clear the market. The investment demand is
simply given as base-year investment adjusted by investment adjustments factor. Two types of taxes are
implemented to the model: income tax and commodity tax, which make up the revenue of the sector of the
government. On the other side the expenditures of the government consist of government demand on
commodities and transfers to the households. The corresponding equations are for the income of the government:

YG  ty, YH, EXR tr tg, PD, QD, PM, QM, ©)

gov ,row
h H cC

and for the expenditures of the government:

EG tr.h,gov PQC qgc (6)
c

h H c

where: EG government expenditure,
EXR  foreign exchangerate,
PD, domestic price of domestic output,
PM;  import price,
PQ. composite commodity price,
QD.  quantity of domestic output sold domestically,
age government commaodity demand,
QM.  quantity of imports,
(08 salestax rate,
trii transfer from ingtitution i' to ingtitution i,
tyh rate of household income tax,
YG government revenue,
YH;, household income.

The system constraints block contains the set of equilibrium conditions that is functionally dependent for the

economic system without being considered by itsindividual agents. The micro constraints consider individual
factor markets and commodity markets and it is assumed (with few exceptions for labor, export and import) that
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flexible prices clear the markets. The macro constraints apply to the government, savings-investments balance
and therest of the world. The equilibrium for the government (government closure) is satisfied by its savings and
the investment value adjusts to changesin the value of total savings. The model enables two types of closures for
the rest of the world sector: the flexible exchange rate or flexible rest of the world savings. In this model the
flexible exchange rate ensures the rest of the world closure. The equilibrium condition for factors market
assumes that unemployment is fixed with activity specific real wage for labor and fixed use of capita for each
activity. The equilibrium condition on the composite commaodity market imposes equality of the demand side
represented by all types of domestic commodity use with the supply coming from the Armington function that
aggregates import and domestic output sold domestically.

2.1. Modified model with scrapping subsidy

Implementing the scrapping subsidy to the model, equations applied to households demand on automotive
commodity (2) and government expenditures (6) were modified, the producer price was lowered and two new
parametersrelated to the scrapping subsidy were added to the model:

QH,, s 1 mps, 1 ty, YH, , c S C,h H %
PQ. 1 s
EG trh,gov PQC qgc S (8)
h H cC
where: S parameter lowering the price of automotive commodity faced by households,
S thetotal value of subsidy.

3. Simulations

There were made two simulation runs on the modd. In the first run the impact of the economic crisis was
modelled and in the second run the scrapping subsidy program was eval uated.

3.1. The Economic Crisis

As it was noted above, the decline in automotive commodity production is estimated on 21%. The drop in
production in other sectors may be approximated on level of 15%. Implementing the shocks to the mode leads to
the following results: the initial shock resultsin more than 28% decrease in the value production of automotives
and more than 23% fall in the production of other sectors. This massive dropdown was caused partly by the
initial shock, partly by multiplicative effect, and partly fall of the domes-tic price of automotives by 11.55% and
other commodities by 9.9%. All prices in economy (domestic, export, import) fall resulting in CPI drop by more
than 10%. The GDP falls by 6.3%. The welfare analysis made by Hicksian equivalence states that the economic
situation of households measured by changesin their utility level and income is better since their income rose by
more than 7.5% and the prices they face fell. The impact of the crisis represented by dropdown in production is
hence ambiguous.

3.2. The Scrapping Subsidy Program

This program was introduced to the model by lowering the price of automotive commodity the households
face by 12.5%. This number is an average percentage subsidy for households fulfilling the conditions when buy
a new car. Another change was lowering the producer price of automotives by 4% and raising the government
expenditures by the total amount of subsidy, which is 55.3 million. The new equilibrium condition
implemented to the modd is such that the total supply of automotive commodity equals the total demand plus
scrapping subsidy. Asaresult the total production in automotive sector increased by 0.58%, while the production
in other sectors drop by 1.75%. The value consumption of cars by households increased by 4.44%, the value of
consumption of other commodities decreased. Domestic price of automotives rose by 4.44%, considering the
subsidy the pricein fact decreased by 3.91%. Also the price of other aggregated commaodity decreased by 2.13%.
The average price level measured by CPI decreased by 1.53% what is the reason for decreased value of GDP.
The government deepensits debt, partly because the small amount of government income in form of duty stamps
and registration fee of new cars was not conddered in the model. The total export value in automotives
decreased although the export price decreased by 0.79%. The import value in automotives increased while value
of import of other commodities dropped. Thisfact isinduced by high domestic consumption in automotives.
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The income of both groups of households decreased due to factor prices distortion. Using Hicksian
equivalent variation it must be taken off 109 640 monetary units from households to reach their pre-change
utility level. It concludes that households as representative agents in economy are better off with the scrapping
subsidy program.

4. The Conclusions

The orientation of Slovak industry toward automotivesisits strong and at the same time weak feature. In one
side Slovakia as the leading world producer of automobiles per habitant takes advantage of the stabile
engineering background developed by decades using its capital and human resources, but in the other side as
small open economy exporting more than 90% of its automotive production sensitively responses to the
economic situation in other countries. The estimation for 2009 is that production in automotive sector drop by
21%. This shock hurts all sector of Slovak economy and leads to decreasing GDP by more than 6%. The
government intervenes againg this inconvenient situation by joining the car scrapping subsidy program. It was
shown that the subsidy of 55.3 million leads to higher domestic consumption constituted by household demand
on domestic and imported cars but in other side decreased consumption in other sectors. It is necessary tokeepin
mind that the scrapping program incurs only short run effects and distorts the market relations.
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Abstract. The paper sarting from a Sovak pension funds competition environment anaysis, an econometric
modeling of a key security index developing in dependence with USA macroeconomic development and
technica analysis of historica development of key security indices presents an optimization of pension
investment fund strategy. The strategy building process uses short term historical data that describe the
development of the average income unit of the market competition on Slovak Pension funds market, the long
term historical data on sdlected regional and sectora indices, bonds and money market tools and long  term
historical data on representative subsets of individual assets for selected indices. At the first phase the
methodol ogy applies replication procedures to construct the short  term benchmark of average pension unit,
at the second phase the same procedures are used to optimize the investment strategy that outperform the
benchmark using optimized individual investment strategies within stated risk budget. An optimization of
individual srategies is based on a momentum dynamization of Markowitz approach, omega function and
outranking procedures. At the third phase the indices are replicated through individua assets.

Keywords. Benchmark, replication procedures, CVaR, lower semi absolute deviation, momentum, omega
function

1. Introduction

The subject of the paper is an investment strategy of a pension fund that is running in the so called second
pillar of the Slovak pension system. The process of a pension fund strategy optimization uses supporting tools
that provide views on the market competition and investment environment and its assumed development and
main tools for the optimization of the strategy with agoal to outperform a benchmark.

At the first the applied approach aims to analyze the market of the corresponding pension funds as a whole,
to rank funds in the multiple criteria space, and to derive conclusions about investment efficiency strategies in
the selected return-risk spaces. Initially the problem is formulated and solved as a multiple criteria decision one,
and Promethee methodology is used for outranking the pension funds in a dynamic context. Applications of
modern portfolio theory are then used to approximate efficient frontiers and alocate individual funds. The
Markowitz [4] portfolio selection model and its modification suggested by Black and Litterman [1] are used to
model efficient frontiers, where the risk is measured by standard deviations, lover semi standard deviations,
lower semi absolute deviations or conditional value at risk. The result of the second approach is illustrated in
Figure 1, where together with the efficient frontier and individual positions of the Slovak growth funds one can
see positions of the market competitions that are computed as simple or weighted averages of individual funds.

For the investment environment modeling and analysis an econometric approach and technical analysis are
applied. Technical analysis uses the developed decision support system in Excel environment [9] that applies
such indicators as moving averages, relative strength index, stochastics, Bollinger bands, directional movement
indicators, moving averages convergence-divergence analysis and their combinations to describe trends, identify
divergences and optimize buy sell signals for a selected security index, e.g. S&P 500. Optimization is realized
from a viewpoint of a pension fund investment with a starting endowment and a possibility invest additional
money in following time periods. System looks for such time periods for individual indicators that for a selected
historical period generate buy  sdll signals with maximal current value of the investments and expected buy -
sdl signal for simulated short term index scenarios.
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Figure 1: The Efficient Frontier of the Slovak Growth Pension Funds

As a supporting tool the single equation econometric models for key world security indices that explain index
volatility through macroeconomic indicators development is used as well. A short term forecasting is then based
on macroeconomic expectations of reputable financid institutions asit isillustrated in Figure 2.
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Figure 2: S&P 500 via USA macroeconomics

Views resulted from the market competition analysis and investment environment analysis enter into the
process of a fund strategy optimization in the form of basic asset classes limits and decisions concerning
positions (neutral, over weighted, under weighted) in security assets in comparison with the market competition.
The pension fund strategy building process then uses short term historical data that describe the development of
the average income unit of the market competition on Slovak Pension funds market, the long term historical data
on sdected regional and sectoral indices, bonds and money market tools and long  term historical data on
representative subsets of individual assets for selected indices. At the first phase the methodology applies
replication procedures to construct the short  term benchmark of average pension unit, at the second phase the
same procedures are used to optimize the investment strategy that outperform the benchmark using optimized
individual investment strategies within stated risk budget. An optimization of individual strategiesis based on a
momentum dynamization of Markowitz approach, omega function and outranking procedures. At the third phase
the indices are replicated through individual assets. The basic tools are presented in two following parts of the

paper.
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2. Replication procedures

Let usassumethat R =(Ry, Ry, , Ry) isdistributed over finite set of points ry =(ry, ra, ,r),t=212 ,T.
These are obtained for example by historical data. Let p; be the probability that R attainsr, t=1,2, ,T,andW
isthe set of feasible portfolios, where

and , | and u are some appropriate constants.

Two of thereplication procedures are based on lower partia risk measures, such as Conditiona Value at Risk
(CVaR) and Lower Semi Absolute deviation (LSAD) [3] and in the last approach the tracking error is minimized
[5]. Letq, t=1, 2, ..., T,isreturn of index, then Mean - CVaR model can be written in the form

T
Zy

min L
(@ )T

subject to

Zy rgw; ¢t 12 T,

i1

z, Ot 12, T,w W

and Mean LSAD modd intheform

min —
subject to

rw, E,,t 12, T,

t i

z, Ot 12, T,w W.

Let d isthevector of dementsd,t=1,2, , T, where

n
dt rthj q;
i1

then in the last approach thefollowing mode is used:
min var(d)

subject to

w W.
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3. Individual strategies optimization principles

Although the Markowitz's portfolio selection model is usualy used for long term sStrategic asset allocation,
but no for short term allocations. Riberio aLoyes [10] just have shown that Markowitz optimization in a
combination with so called momentum based tactical asset allocation can provide significant value added in the
process of tactical investment strategy construction.

Most investor base tactical asset allocation decisions on consideration of value but lately also momentum,
speed, in relative return across a wide set of asset classesis frequently used. In the most basic form, the strategy
invests each 6 months in 5 asset classes, out of a possible 10, choosing those asset classes with the highest
returns over the past 6 months. Momentum is an empirical phenomenon that contradicts market efficiency. In an
efficient market, it should not be possible to build a profitable trading srategy without moving into riskier assets.
But at now even well-known guardians of the efficient market hypothesis, such as Eugen Fama 6], recognize the
possibility that momentum profits could be due to a market inefficiency. There could be other explanation, even
base on a rational framework, and there are a lot of theories that try to explain momentum. Arguments of
behavioral finance are considered as the most convincing and suggest as reason for momentum underreaction
and overreaction to information.

In the under reaction case, investors are unable to process available information in a timely fashion. Thus,
security prices undereact to new information. In that case, prices will dowly adjust in the direction on intrinsc
value, producing short-term trends. For example, new information arrives that tell investors that fundamentals
are better than expected. But investors are suspicious and do not adjust their expectations fully. Prices move less
than fundamental s would imply. Consequently, prices will only slowly absorb the positive past information. The
overreaction story is also based on other investors' cognitive biases. Investors learn that fundamental's are better
than expected. Most of the investors adjust their expectations fully, but some of the investors extrapolate this
positive news into the future. Prices increase as fundamentals would predict, but they continue the upward move
beyond fundamentals because of extrapolation or even trend following behavior. Both behavioral biases will
make prices deviate persistently from intrinsc value.

The performance of the dynamic Markowitz strategy, which is the result of Markowitz optimization and
momentum based tactical allocation combination, e.g. in comparison with a nave strategy based on the
momentum strategy, comes from the following sources:

momentum in asset classreturns  as best performing asset dasses in the recent past are also more
likely to outperform in the near future,

persistence (clustering) in asset class volatility and correlation,

stability in total risk exposure as we can combine asset classes to maintain areasonably constant
total volatility, thusintroducing a volatility timing feature in the strategy.

Many of the difficulties one can encounter in performance measurement and attribution of financial assets or
their portfolios are rooted in the over  simplification that mean and variance fully describe distribution of
returns. It is a generally accepted stylized fact of empirical finance that few, if any, would now challenge that
returns from investment are not distributed normally. Thusin addition to mean and variance higher moments are
required for a complete description.

In the last decade one can see many approaches to the portfolio and securities return anadyzes and
explanations that try to capture an asymmetry in investments returns. Cascon, Keating and Shadwick
[8], Keating, Shadwick [2] and Cascon, Keating, Shadwick [7] suggested so called Omega measure (function),
which employs al theinformation contained within the return series and can be used for evaluation and ranking
of portfolio assets.

The approach based on the mathematical technique, which facilitate the analysis of returnsdistributions. This
approach enables partitioning returnsinto loss and gain above and below a return threshold and then considering
the probability weighted ratio of returns above and below the partitioning. The formally the measure is defined
in theform
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b 1 F(x))dx
() — ,
F(x)dx

a

where (a, b) istheinterval of returnsand F is the cumulative distribution of returns. It isin other words ratio of
thetwo areas I, and I, shown in the Picture 1afor defined loss threshold r, where | is the area above the function
F on the right from r and I, is the area below the function F on the left from r. If we assume this ratio for al
possible return thresholds, we will have the function, illustrated in the Fig. 3a, which is a characteristic one for
assumed asset or portfolio.

The Omega function possesses many pleasing features [7] that can be intuitively and directly interpreted in
financial terms. As it is illustrates in the Figure 3b, Omega takes the value 1 when r is the mean return. An
important feature of the measure is that it is not plagued by sampling uncertainty, unlike standard statistical
estimators, asit is calculate directly from the observed distribution and reguires no estimates. This function is, in
a rigorous mathematical sense, equivalent to the returns distribution itself, rather than simply being an
approximation to it. It therefore omits none of the information in the distribution and it is as datistically
significant asthereturn seriesitself.

As aresult, Omega is a perspective tool for financia performance measurement where what is of interest
to the practitioner is therisk and reward characteristics of the return series. Thisis the combined effect of all its
moments, rather then theindividual effects of any of them, which is precisely what Omega provides

P

_

0 r E(r)

Figure 3a -b: Omega ratio and Omega function

If Ep is the required portfolio return, then as a further approach to portfolio selection can be
used just the one, which for the stated performance threshold Ep 1ooks for such portfolio that maximizes
Omega function value. The problem can be formally written in the form

max (w,E,)
subject to

e'w 1,

woow w,
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b(1 F(w, x))dx
(w,E,) =

PF(W, X)dx

a

4. Conclusions

The paper presents methodology for pension fund investment strategy modelling based on a synthesis such
methodological tools as econometrics, technical analysis and optimisations. It shows how such tools can be
combined to create a complete decision support system for investment decisionsin Excel environment.
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SMALL DSGE MODEL FOR THE CZECH ECONOMY?
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Abstract. The paper introduces a N ew K eynesian D ynamic $ toch astic 6 eneral Equilib rium (N K
D S6 E) model of the C zech economy. It is a closed economy model strictly b ased on microeconomic
foundations. T he model consists of th ree rep resentative agents. B eh avior of a rep resentative h ouse-
h old contains rigidities in consump tion in a form of a h ab it formation. A p roduction sector is divided
b etw een tradab les and non-tradab les. P rice setting b eh avior of a rep resentative rms in b oth sectors
is described by the C alvo style resulting into aN ew K eynesian P hillips C urves (N K P C s). Monetary
auth ority imp lements monetary p olicy according to a modi ed T aylor rule in the in ation targeting
regime. T he model contains extra rigidities connected to lab or market (v ages N K P C and lab or
adjustment costs). A B ayesian meth od is used for th e estimation of the linearized model equations.
A basic analysis of the estimated model is carried out th rough p arameters descrip tion and imp ulse
resp onse functions. T he model seems to o er a suitab le app roximation of the C zech economy b e-
havior w ith respect to its structure.

Keywords.NK D SG E model, modi ed T aylor rule, in ation targeting, B ayesian estimation, w age
and lab or rigdity.

1 Introduction

The basic ain of the paper is to introduce a suitable conceptual n odel of the C zech econony with a
sin ple structure, w hich is estin ated. T he structure and equations, describing behavior of agents in the
model, are required to capture basic characteristics of the C zech econom y. Moreover, the n odel tries
to describe fundan ental features connected to the m acroeconon ic behavior of labor m arket by using a
nom inal wage rigidity together w ith a sin ple real rigidity connected to labor.?

A structure of the en ployed m odel proceed from [3]% and it is extended by [B]. T hen odel is ad justed
and adapted to the conditions of the C zech condition. A closed economy (CE) model is introduced to
m eet the requiren ent of a sim ple structure.

2 Conceptual Model

Theenployed model is a N ew Keynesian Stochastic 6 eneral Equilibriun (N KD SGE) model strictly
based on microeconom ic foundations. It isaclosed econom y m odel; this could create a lin itation in case
of using it for the C zech econom y, how ever, its sin plicity helps to understand son e basic features of a
model fran ework and also structural characteristics of the econom y.Them odel iscom posed ofdom estic
representative agents - households, rm s, and central m onetary authority. T here are two production
sectors: tradables and non{tradables. The optin izing behavior of agents contains som e rigidities. T he
model isan extension of [6]and [7].

2.1 Representative Households

A representative household solves an optin izing problem . It tries to m axin ize its utility function

. )
XoocceA D! NN E

E . 1
0 - o &)

t=0

?Thispaperissupported by MSMT project R esearch centers 1M0 524, funding of speci c research at ESF MU,
and by CNB.

?? T he opinions exp ressed are those of the auth or and do not necessarily re ect the view s of the C zech N ational
B ank.

1 For a more detailed analysis of real w age friction and lab or market rigidities see e.g. [L], or 2].

2 A simp ler structure of the model w ith out tradab les and non{tradab les is introduced e.g. in [5].
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subject to its budget constraint

D¢ + W;N;¢ @

fort =0;1;2;:::, where where is a discount factor, is an inverse elasticity of intertemporal substitu-
tion, and ” is an inverse elasticity of labor supply. N¢ denotes hours of labor, W is a nominal wage for
labor supply, Ry is a gross nominal interest rate (for payments from a portfolio of assets), Pt is an overall
consumption price index (CP 1), Dy is a nominal pay{o on a portfolio held at t, and the whole term
E¢ D,;f expresses a price of a portfolio purchased at time t. Some rigidities connected to behavior of
the representative household are connected to the e ective consumption (CC;) and the adjusted hours
of labor (N Ny).

The e ective consumption depends on a current and last period consumption (C; and C¢ 1), on a
habit formation parameter h, and on parameter , which is a steady state growth rate of Aw:¢ (for all t):

CCi=C; h Ci ©)]

A long{run technology shock A is non{stationary and z; = AT‘

autoregressive process (in a log{linearization form)3:

The evolution of z; follows a stationary

1

2= zZ% 1+ 7zt )]

for all t, with parameter ., where 2 is a deviation from its steady state and the serially uncorrelated
innovation ;.; has a standard normal distribution.
The adjusted hours of work N N; evolves according to the following relationship:

NNt =N¢ gN¢ 1 ®)

for all t, where g is a parametr of adjustment.
The rst order conditions (F 0 Cs) derived from the optimizing behavior of the representative household
are:

Aw-
Awt t=CC, h E; wit

CCyiy (6)

Awit+1
1 P
- = Et t+1 t
Rt t Pt+1
fort =0;1;2;:::, where ¢ is al agrangian multiplier at time t.
The total consumption C; is composed of two groups of goods - tradable consumption C;.¢ and
non{tradable consumption Cy . (for all t):

™

Co f(1 )'Ce+ "Creg 7 ®)
where is a share of non{tradable goods in total consumption and is an interteporal elasticity of

substitution between tradable and non{tradable consumption.
Then it is possible to declare an overall CP I:

Pe f(1 P + Plogm s ©)
for t = 0;1;2;:::, where Py .t is a price of tradable and Py . is a price of non{tradable consumption
bundle.

The labor employed by tradable and non{tradable goods producers is supplied by a representative
rm which hires the labor supplied by each household. The wage setting policy of households is subject
to the Calvo style. U nder the Calvo pricing only a fraction (1 ) of households sets wages optimally.
The rest fraction vy adjusts their prices with respect to the steady state wage growth rate ~,,. A result
of their behavior is a wage in ation New Keynesian P hillips Curve (NKP C):
(1 w)T w)

~wit = Et~wi+1+ M~Cw;t (10)
w

for all t, where real marginal costs of labor follows the following rule:
GENNN;,; + NN,
t Wt '

8 Henceforth all variables in small letters with tildes express a deviation of the original variables (in capital
letters) from their steady states.

I Cwit = (11)
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2.2 Representative Producers

A continuum of monopolistic competitive producers; each representative producer uses the following
production function:
Yi:e(i) = AcAj:eNjie(i); (12)

fort =0;1;2;:::, j =T ;N (tradable and non{tradable goods), and for the i{the producer, where A;.; is a
stationary sector speci ¢ technology shock described by an AR (1) process for j =T ;N (in a log{linearized
form):

8t = j&jit 1+ i (13)

for all t, where j is a parameter, &;;¢ is a deviation of A;j;¢ from its steady state, and ;. is a serially
uncorrelated innovation with a standard normal distribution.

A solution of a cost minimizing problem of representative producers in both sectors with respect to
their demand constraints follows a development of real marginal costs for j =T ;N and for t =10;1;2;:::
according to:

W
RPjit Aj;t’
where RP1.; and RPy ¢ is a relative price of tradables and non{tradables respectively.

Producers set their prices by following a Calvo’s setting. In each period, only a fraction (1 ;) of

rms reoptimize (sets their their prices optimally). The rest fraction j of rms in the j{th sector adjusts
their prices with respect to the steady state in ation rate

The i{th representative rm in the j{th production sector optimizing its price of production at period
t maximizes its revenue streams subject to the demand function in the proper sector.A result of this kind
of behavior implies that prices are set as a mark{up over the marginal costs. The relationship between
in ation and marginal costs after aggregation over all individual rms is a NKPC for j =T ;N and for

all t:
(1 DICD)
i

MCj.t = (14)

it = Etvjias1 + MCj:¢: (15)

2.3 C entral M onetary A uthority

An implementation of monetary policy is approximated by a modi ed Taylor rule (in a gap form). The
rule describes behavior of a central bank in an in ation targeting regime and can be understood as a
growth rule for output. The bank is interested in a development of in ation and output gap. The output
gap is used in a form of the adjusted output gap by a true value (not the steady state) growth rate of
the output. The rule has the following form:

Fe= rfe 1+ (1 ) 1me+ 2( e+ 2)]+ Rt (16)
for all t, where ~¢ is a deviation of in ation from an in ation target and the output gap ( ¥+ %) is a
deviation of adjusted output gap; r, 1, and » are parameters of the rule
2.4 G oods Ml arket C learing C ondition

The condition expresses a fact that the total production is divided between domestic tradable and non{
tradable consumption (for all t):
Yt = CH 1t CN;t: (17)

Consumption in the non{tradables (optimal allocation function for non{tradabel consumption) is a
result of the optimizing behavior of a representative household and has the following form (for all t):

Cnit= RP..Ct (18)
Similar equation can be derived for the tradables:
Crr=( )RP;,C¢ (19)
A combination of three previous equations together yields the goods market clearing condition:

Y¢=f(1l )RP;,+ RP.,gC: (20)
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3 Model Equations and Solving of the Model

Log{linearizing and stationarizing of the model forms a linearized system. The system is composed of
linearized and recalculated equations (3), (4), (5), (6), (7), (9), (10), (11), (13), (14), (15), (16), and (20),
together with the following price and wage in ation identities: ~t = p¢ Pt 1, ~j;t = Pj;t  Bj;x 1, and
~w:t = Wt W; 1. The parameters of the model for an estimation are +, N, w, , ,h 9, , 7,
1, 2, z» T. N, and steady state value for K.
The log{linearized model can be rewritten into a linear rational expectations (LRE) model, which can

be solved and expressed as a general equilibrium (GE) in a form of the following state space model:

St =A()st 1+B()+ (21)
Yyt =C( )+ Ds; (22)

for all t, where s; is a vector of states, ¢ is a vector of innovations of the exogenous processes, A( ) and
B( ) are matrices of model’s deep parameters, which are collected in a vector , representing the dynamic
core of the model, y expresses a vector of observables and matrices C( ) and D.

The B ayesian approach is employed for an estimation of the linearized model. According to the
B ayesian formula all inference about the parameter vector is contained in the posterior density. The
density is calculated with using a likelihood function and a prior density. To generate draws from the
posterior distribution of the model parameters, it is used Markov Chain Monte Carlo (MCMC) method.*

4 Estin ation Results

A data set for the Czech Republic from 1.0 1999 to IV .0 2008 is used for the estimation. The quarterly
data has the following structure:

{ a deviation of the real GDP growth from a development of its balanced growth,

{ adeviation of the CPI from a development of its dynamic equilibrium and from 1.0 2006 a deviation
from a CPI level corresponding to the in ation target,

{ a deviation of the level of tradable prices from a development of its dynamic equilibrium,

{ domestic nominal interest rate { 3M Pribor.

I ith using the data and information included in prior densities, 250 000 draws of Markov Chain were
generated. Parameter was set in the following way: = m, where rr®® is a steady state interest
rate. Table 1 presents the posterior estimates of parameters and 90% probability intervals.

The estimation of parameter + is 0:41, or in other words an average duration of price contracts of
a representative rm in the tradable sector is more than 1.7 quarter. An average duration of the price
contracts in the non{tradable sector is slightly shorter { about 1:5 quarter, and for the wage contracts
is about 1:3 quarter. A share of the non{tradable goods in consumption ( ) corresponds to the prior
information. An assumption of a lower possibility of substitution between tradables and non{tradables
is re ected in the estimation by 0:60.

B ehavior of a representative household is characterized by an elasticity of substitution { 0:81 and by
a relatively high habit parameter in consumption (h) { 0:90. There is also a relatively high elasticity of
labor supply about 6:3 which is connected to the relatively high degree of adjustment in hours of work
(parameter g) about 0:45. The estimated value of the discount factor is 0:99.

A monetary policy implementation according to the adjusted Taylor rule is estimated as (for all t):

Rt =092R¢ 1+ (1 0:92)[1:17 ~ +0:38( ¥+ )]+ Rrit; (23)

which indicates a relatively high stress on the interest rate smoothing. A standard deviation of the
monetary policy shock () is low.

Exogenous processes are characterized with a relatively high persistence in a development of all
technologies. This is in a combination with a high volatility of the tradable and non{tradable technology
shock ( ; and ). On the other hand, the standard deviation of the growth rate of the long{run
technology shock is relatively small ( , = 1:43).

4 The extension of the paper forbids any detailed description of the Bayesian method. For general description
of the Bayesian approach see e.g. [4].
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[| Parameter| Prior Il ean | Posterior i edian [90% Posterior Interval]

T 0.50 0.4117 h0:2520; 0:5559i
N 0.50 0.3112 h0:1850; 0:4523i
w 0.50 0.2407 h0:0888; 0:3920i
0.48 0.5061 h0:4720; 0:5368i

1.00 1.2320 h0:4173; 2:1029i

7 1.00 0.1587 h0:0278; 0:2884i
h 0.70 0.9015 h0:8172; 0:9962i
g 0.50 0.4455 h0:1429; 0:7493i
1.00 0.6046 h0:3644; 0:8500i

R 0.75 0.9216 h0:8987; 0:9455i
1 130 1.1740 h1:0000; 1:3226i
2 0.40 0.3839 h0:1756; 0:6028i
z 0.75 0.5581 h0:4273; 0:68961i
T 0.60 0.6636 h0:5221; 0:8010i
N 0.60 0.5721 h0:4210; 0:7136i
rrss 0.25 0.2512 h0:0931; 0:3958i
T 2.00 3.6979 h2:1569; 5:1619i
N 2.00 3.1330 h2:0063; 4:5332i
R 0.25 0.1098 h0:0848; 0:1327i
2 1.20 1.4326 h1:1368; 1:7091i

Table 1. Posterior E stin ates of Param eters and Innovations

5 Analysis of Behavior

An analysis of behavior is conducted by impulse response functions as a reaction to a unit change of
the exogenous variables of the model { an increase in technology in tradable and non{tradable sector,
monetary policy shock, and grow th rate of the w orld w ide technology shock . A tradable technology shock
is introduced in F igure 1.

Output Consumption Interest Rate
0.02 0.02 0.02
0
0.01 : 0.01 .
-0.02
0 0 -0.04
1 31 51 71 91 1 31 51 71 9:1 11 31 51 71 91
Tradable Inflation Non- tradable Inflation Inflation
05 0.1 0.5
0
0 ' 0
-05
-1 -01 -05
11 31 51 71 91 1 31 51 71 9:1 11 31 51 71 91
Working Hours Wage Inflation Tradable Tech. Progress
05 0.2 15
1
0 0 i
0.5
-05 -0.2 0

1 31 51 71 91 1 31 51 71 9:1 11 31 51 71 91

Fig.1.Impulse R esponse Function from O ne Unitofl onetary Shock

A unit tradable technology shock increases domestic output and consumption as w ell. It also reduces
tradable in ation. B ecause production sectors are interconnected, there is a drop in non{ tradable in ation.
T his corresponds to the estimated values of the C alvo parameter in both sectors. L ow er in ation causes
a reduction in interest rate according to the modi ed T aylor rule. L ow er domestic in ation creates an
increase in real w ages. 0 n the other hand, hours of w ork are decreased, but an existence of a rigidity
ensures a soften reaction.
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6 Conclusion

The theoretical background, estimation of the model, and results from the impulse analysis o er an
appropriate characteristics of behavior of the Czech economy with respect to the model structure. An
extended structure of tradable and non{tradable sectors and an introduction of extra frictions in the
modeled labor market can improve understanding of behavior of the economy. The analysis of behavior
aimed at the tradable technology shock o ers a valuable look at the model structure. The employed model
seems to be a suitable starting point for a model with a more complex structure.
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Extended abstract

Regional competitiveness is the source of national competitiveness. This paper deds with multi-criteria
decison making methods for evaluation of the regional competitiveness. Specific coefficients reflect
economic productivity of the region in form of factors of production inside of the region (effect of one-
regional unit) and are revitaized by the capacity of red employment in the region. Particularly, we deal with
the coefficient of effective disposability, effectiveness of economical development, effectiveness of
investments, effectiveness of revenues and effectiveness of construction works. These coefficients are
evaluated in the years 2000 and 2006. The technology for evaluation of regional competitivenessis based on
application of two methods of multi-criteria decision making. The first oneisthe classical Analytic Hierarchy
Process (AHP) where relevance of criteria s significance is determined by the method of Ivanovic deviation.
The second method - FVK isa multiplicative version of AHP. Theresults of both methods are compared with
the simple averaging. On the basis of the multi-criteria techniques, we obtain a more detailed perspective of
the competitiveness of the NUTS 3 regionsin the Czech Republic.

Keyword. Competitiveness, region, multi-criteria decision making, Ivanovic deviation, specific coefficients,
Analytic hierarchy process

1. The competitiveness of regions

The increasing significance of regions in concept of EU deserves more attention especially because of the
economic efficiency of regions representing the basis of competitiveness of the country. Regiona
competitiveness becomes a subject of evaluation on both levels. qualitative and quantitative. Theinitial problem
is to choose such criteria for evaluation of regional competitiveness which would become widely acceptable.
Approaches to evaluation of regional competitiveness must solve a problem of non existence of any mainstream,
respectively of unique methodology for monitoring and evaluating competitiveness. For this reason the
evaluation of competitiveness is determined by the sdection of the regional unit. This practice is especially
typical for the EU where the NUTS nomenclature of territoria units for statistics is being used. Equally
important significance has the length of the period, duration of cycle and especialy the selection applicable
factors which describe the position of theregions.

There also exist different methodol ogies which have higher aspiration level. One of these evaluation methods of
regional competitiveness is the method according to Viturka [9]. However, this method is orientated to a long
term horizon. The problem arises from the fact that we are very limited by the small humber of the regiona
indicators in formulation of the model of regional competitiveness. Nevertheless, these indicators are
continuoudly monitored for each unit. European system of accounts (ESA 1995) is seen as the best tool for
monitoring and evaluation of competitiveness at the European level. This system is also the basic starting point
in the nationa accounts and it includes regional accounts. Unfortunately, these accounts do not allow us for
assessing the inter-regional transfer of factors of production. If we are looking for initia data, the most useful
procedure is to find the smallest territorial unit for which it is possible to obtain comparable data. The smallest
territoria unit which provides comparable regiona information in the Czech Republic isthelevel of NUTS 3. At
NUTS 3 level it is possible to use the concept of evaluation of the competitiveness of specific indicators as an
aternative factor. Thisisan individual approach which alows us to use a limited number of regional indicators
followed by evaluation and comparison of the competitive position of regions.

! Thisresearch is supported by the Czech Science Foundation GACR, No. 402/08/1015 - Macroeconomic Model's of the Czech Economy and
Economies of the other EU Countries.
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2. Specific indicators as alternative method for evaluation of regional
competitiveness

The non existence of a mainstream in evaluation of the competitiveness causes that it is not possible to use
universal  methodology for assessment of already reached degree of regional (non)competitiveness. An
aternative approach for evaluation of regiona competitiveness is to define the group of specific economic
indicators of efficiency. The basic idea is to assess the internal sources of regiona competitivenessin detail. The
reason is that only by detailed analysis we can identify risk factors which prevent increasng of competitiveness
of selected regions (Martin, [3]). The proposed concept of evaluation of the competitiveness through specific
indicators shal be understood individually, see also [2]. The first specific coefficient of employment is
constructed as

(2.1)

0[N

Zy - number of employment in theregion (NUTS 3);
V4 - number of employment in the state ( R);

S - number of inhabitantsin theregion (NUTS 3);
S - number of inhabitantsin the state ( R).

Each specific coefficient compares a concrete level of the value in the region with respect to itstotal level in the
Czech Republic (CR). Particularly, it takes into account the number of inhabitants in the region compared to the
total number of inhabitants in the Czech Republic. Here, the coefficients could be used also for regions NUTS 2,
however, we focus only on thelevel of NUTS 3.

The quarterly data are not available for the territorial units NUTS 3. Instead, we use the valuation of the macro-
regional aggregates at current prices. Generally we can writethe coefficient (K,) as follows:

(2.2)

- macro-regional indicator for regions NUTS 3;

- value of macro-regional indicator for all the CR;
- number of inhabitantsin theregion NUTS 3;

- number of inhabitantsin the country (CR).

nw;wToo

Coefficient of efficiency of disposability results from the comparison of the coefficient of disposability (KD) and
the coefficient of employment (K,):

KED Kb . (2.3
K

z
From the methodological point of view, the coefficient of efficient disposability is based on the net disposable
income. The net disposable income represents the result of current revenues and expenditures (current
transactions) by the primary and secondary distribution of incomes.

Coefficient of efficiency in development is compatible with the level of gross domestic product in the region and
it also compares the coefficient of productivity (KP) with the coefficient of employment:

KErR KP 2.4)
K

z
From the methodological point of view, it is the gross domestic product which is reached in regions in current
prices and its value derives from the degree of facility of production factorsin theregion.

Coefficient of efficiency of investment congruction is derived from the gross fixed capital formation which
represents the investment activity of enterprises. We compare this coefficient of efficiency of investment
construction (KV) with the coefficient of employment:

Kiv 2.5)
K

z
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Coefficient of efficiency of revenues considers also sales of own products and services of industrid nature. It
compares the coefficient of sales (KT) with the coefficient of employment:

ket KU (2.6)
K

z
Coefficient of efficiency of building works includes works according to supply contracts. It compares the
coefficient of works (KS) with the coefficient of employment:
KS
KSP K_ (2.7

z
Finally, the 5 specific coefficients of efficiency described above were calculated for the year 2000 and 2006 (see
Table 1).

KED | KER | KSP | KIV | KET | KED | KER | KSP | KIV | KET

region/ spec. coef. | 530 | 2000 | 2000 | 2000 | 2000 | 2006 | 2006 | 2006 | 2006 | 2006

Praha (PHA) 1.184 | 1.774 | 2.560 | 1.853 | 1.006 | 1.209 | 1.869 | 2.768 | 2.156 | 0.888

St edo esk (ST ) 1.030 [ 0.927 | 0.494 | 0.983 | 1.693 | 1.028 | 0.877 | 0.537 | 0.884 | 1.588

steck (ULK) 0.937|0.885| 1.114 | 0.987 | 0.857 | 0.948 | 0.880 | 0.711 | 0.753 | 0.620

Jiho esk (JH ) 0.954 | 0.895| 0.639 | 1.162 | 0.980 | 0.971 | 0.905 | 0.549 | 1.126 | 1.163

Plze sk (PLK) 0.908 | 0.779 | 0.450 | 0.567 | 0.617 | 0.889 | 0.764 | 0.348 | 0.768 | 0.513

Moravskodezsk (MSK) | 1.000 | 0.891 | 0.755 | 0.791 | 1.579 | 0.947 | 0.860 | 0.761 | 0.769 | 1.244

Jihomoravsk (JHM) | 0.939 | 0.876 | 0.637 | 0.870 | 0.982 | 0.941 | 0.861 | 0.630 | 0.687 | 1.111

Libereck (LBK) 0.968 | 0.912 | 0.646 | 0.890 | 0.791 | 0.955 | 0.855 | 0.521 | 0.664 | 0.667

Zl nsk (ZLK) 0.941|0.874|0.912| 0.739 | 0.773 | 0.946 | 0.819 | 0.671 | 0.611 | 1.338

Pardubick (PAK) 0.902 | 0.829 | 0.686 | 0.909 | 0.766 | 0.951 | 0.844 | 0.618 | 0.605 | 0.906

KrAovehradeck (HKK) | 0.976 | 0.934 | 1.105 | 0.895 | 0.551 | 0.991 | 0.937 | 1.562 | 0.920 | 0.586

Vyso ina(VYS) 0.976 | 0.850 | 0.763 | 0.818 | 0.637 | 0.932 | 0.764 | 0.564 | 0.920 | 0.665

Olomouck (OLK) 0.963 | 0.858 | 0.971 | 0.755 | 0.742 | 0.955 | 0.819 | 0.724 | 0.730 | 0.894

Karlovarsk (KVK) | 1.006 | 0.867 | 0.658 | 0.796 | 1.208 | 0.994 | 0.940 | 0.672 | 0.954 | 1.256
Table 1: Specific coefficientsin 2000 and 2006

Moreover, thanks to all 5 coefficients it was possible to rank the Czech NUTS 3 regions. We started with the
classical multi-criteria method by averaging the specific coefficients (i.e. criteria) for individual regions. The
following Table 2 showstheresult theranks of regions separately for the year 2000 and 2006. The same results
can befound also in Table 3, column 2 and 3.

region rank/year | 2000 | 2006 | region rank/year | 2000 | 2006
1. PHA | PHA 8. LBK | LBK
2 ST JHM 9. ZLK | ZLK
3 ULK | ST 10. PAK | VYS
4. JH MSK 11. HKK | JH
5 PLK | PLK 12. VYS | OLK
6 MSK | ULK 13. OLK | HKK
7. JHM | PAK 14. KVK | KVK

Table 2: Rank of regions - average of 5 specific coefficients

Here, regional competitiveness (see Nevima, [4]) means an application of the regional own production factors
which are available to promote an increase of regional economic growth.
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3. lvanovic deviation and its applications for evaluation of regional
competitiveness

In the previous chapter we presented specific coefficients of efficiency. Here, they become the basis for further
analysis. Another technique of evaluation of regional competitiveness is Ivanovic deviation (ID), see [8]. This
method bel ongs to the techniques of multi-criteria decision-making and its purpose is to assess the ranks of the
regions, too. In comparison with simple averaging, here, we have to take into account the importance and mutual
dependence of the decision-making criteria (i.e. 5 specific coefficients already mentioned). Firgt, the criteria (i.e.
specific coefficients) should be ranked according to their relative importance. This ranking is done by an expert
evaluation. Here, KER is the most important coefficient asit reflects total economic efficiency of the region and
it also includes the level of production. The second most important criterion is KED. The reason is that the
disposable income is another source for the household consumption and transfer savings to investment. KIV is
the third in the row as the gross fixed capitd formation is an indicator of connection of expenditures for creation
of the fixed assets. These assets are also included in the regiona production. KET represents ancther criterion.
KET could beinterpreted as the result of realized production so it is not a source of its value but it is an indicator
of itsuse. KSP isthelast (but not the least) criterion in thisrank.

In the following step, the weight of each criterion is based on its relative importance - ranking and it takes into
account correation coefficients with the previous (i.e. more important) criteria. Then the weighted distance of
the current variant to theideal (fictitious) oneis calculated asfollows, see [8]:

f
lj

n ‘le Xij‘i 1
(1 |rki|)a (31)
S i2 Si k1

X' valueof i-th criterion of ideal (fictitious) variant (i.e. region),

X; valueof i-th criterion j-th variant,

I, correlation coefficient i-th ak-th criterion (i.e. specific coefficient),

S  standard deviation i-th criterion cal culates:

s, \/% ,-ml xi?ox 2 (3.2)

m total value of variants (m=14),
n total number of criterions (n=5).

The rank of 14 NUTS 3 regions in the year 2000 and 2006 calculated by ID method can be seen in Table 3,
columns 4 and 5 below.

The approach which is based on the application of Ivanovic deviation seems to be more relevant comparing to
the results of the method of simple averaging. As we know the importance of the criteria and correlations (i.e.
dependences) among the criteria we are able to determine the distance to the idea region in a more realistic
way. Then the fina rank of regions corresponds to the different economic importance of individua criteria (i.e.
specific coefficient of efficiency). Thanks to this we can consider the final rank as another contribution of this
alternative approach to evaluation of regional competitiveness of the NUTS 3 regionsin the Czech Republic.

4. FVK method

In this section we deal with the same problem by ancther aternative method. The AHP method was published
already in 1980s, see [7], recently, it is considered asthe classical methodology. On the other hand, FVK isa
newly created tool extending application possihilities of the classical AHP, see [5,6]. Here, we compare and
discuss the results obtained by this method with the previous Ivanovic deviation method (1D).

Comparing ID and FVK methods there are some significant differences:

In classical AHP the weights w are calculated from the pair-wise comparison matrix S = {s;} by the
principal e genvector method, see [7], whereasin FVK the weights w are cal culated from the pair-wise
comparison matrix S through the geometric mean as.
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1/n

1/n

Pt (4.1)
where k = 1,2, ,5. The elements of the pair-wise comparison matrix S are evaluated by expert pair-
wise comparisons of the relative importance of the criteria i.e. the specific coefficients.
Thetotal evaluation J; of every variant (i.e. region) i = 1,2,...,14 is calculated as the weighted average:

n
Wi 8 4.2
k1

i
where a; is the normalized value of the k-th specific coefficient for the i-th region described in Section
2.

FVK method reduces some theoretical disadvantages of the method of principal e genvector used in
AHP, e.g. therank reversal problem.

All results presented in Table 3, column 6 and 7, have been calculated by software tool named FVK. This SW
has been created as an add-in of MS Excel 2003 within the GACR project No. 402060431, see[5]

Table 3, columns 6 and 7 shows the results of ranking the regions calculated by FVK method.

2. 3. 4. 5, 6. 7.

1. average | average | lvanovic | Ivanovic | FVK | FVK
rank /method | 5 coeff. | 5 coeff. | deviation | deviation
2000 2006 2000 2006 | 2000 | 2006

1 PHA PHA PHA PHA PHA | PHA
2 ST JHM ST ST ST JHM
3 ULK ST ULK MSK ULK | ST

4 JH MSK MSK PAK JH MSK
5. PLK PLK PLK ULK JHM | PLK
6 MSK ULK LBK PLK PLK | ULK
7 JHM PAK HKK LBK MSK | PAK
8 LBK LBK JH VYS | ZLK | LBK
9 ZLK ZLK PAK ZLK PAK | ZLK
10. PAK VYS ZLK JHM LBK [ JH

11. HKK JH JHM HKK [ HKK | VYS
12. VYS OLK VYS JH OLK | OLK
13. OLK HKK OLK OLK VYS | HKK
14. KVK KVK KVK KVK [ KVK | KVK

Table 3: Final ranks of regions using sel ected methods

5. Conclusion

In this paper we have dealt with some approaches for evaluation of regiona competitiveness in the Czech
Republic. The final rank of regions has been presented on the basis of specific coefficients of efficiency. In
Table 3 the final ranks of NUTS 3 regions in the Czech Republic applying sdlected methods: the simple
averaging, lvanovic deviation and FVK method is presented. It is clear that any of presented techniques does not
lead to very different results. From this perspective the results are considered as robust. For example the rank of
extreme cases Praha (PHA) and Karlovarsk (KVK) region remain unchanged. On the other hand each
technique is unique so we can not say that some leads to more (or less) credible result than the others. Table 3
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also shows that more similar rank of regions is reached in 2000/2006 when using arithmetic average and FVK
method. Contrary, smaller smilarity in rank is reached when applying Ivanovic deviation. Consequently, all
approaches presented here could be considered as allowable alternative ways for evaluation of regional
competitiveness in the Czech Republic.

The results presented here are aso the part of outcomes of the project of the bilateral cooperation between the
Czech Republic and the Slovak Republic under the project Macroeconomic simulation with focus on currency
transformation in the Czech Republic and Sovakia (MEB 080853).
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Abstract. In this study, I em ploy high frequency 5 n inute m arket data of close prices of the n ain
indices from Prague, W arsaw ,Budapest and Frankfurt and perforn a detailed price jum p analysis
focusing on the tail behavior. T he dataspans June 2003 to the end of2008. luse two de nitions of
price uctuations,nam ely the price jum p index and norn alized returns. U sing the rstapproach, I

nd that the tailpart of the distribution of this quantity show s scale behavior. I perforn asensitivity
test on the paran eters used in this estin ation such as the length of the m oving average. U sing this
quantity, I test the di erent behavior of the high frequency returns between upward and dow nw ard
movem ents as well as for a change in the scale behavior after the nancial turn oil. To be able to
com pare it w ith the existing literature, 1 em ploy the second approach and repeat the basic analysis.
To strengthen my analysis, I perforn a robustness check of the san e study using lower frequencies.
K eywords. Price jum ps, PSE, scale behavior.

1 Introduction

The distribution of the stock m arket price uctuations using high frequency data has been extensively
analyzed, m ainly for m ature m arkets. T ail d istribu tions are particu larly interesting as they are directly
connected w ith extrem e events. T he general understand ing of the tails of price return distribu tions sug-
gests that the price returns follow a distribution close to the inverse cubic one [1,2]. T he tail behavior
of price jum p distribution using high frequency data for a broad range of stock m arket indices has been
studied in [3], where the authors used norm alized returns. T he tail distribution of the em erging n arkets
was further studied in [4], where the authors focused on C hinese stock m arkets. T hey have show n that
power-law scaling behavior is valid only for long tern distributions, w hile for short tern distributions the
tail behavior is suppressed in anexponential n anner. A n alternative to norn alized returns represents the
so-called price jum p index used in [5], which is the ratio of the absolute value of returns to its n oving
average. T his quantity obeys the sam e distributional properties as norn alized returns.

In this analysis | focus on stock m arket indices from the Czech Republic (PX), Hungary (BUX)
and Poland (W 16 20), and also on the index from Frankfurt (D AX), G ern any, chosen because of its
geographical closeness. In the rstpart, | use aprice jum p index to show a tail distribution for all four
indices and for various frequencies asw ell as for the m oving averages w ith various length. Further, I study
the positive and negative jum ps separately. Next, | test the change of the scaling properties during the
heginning of the nancial turn oil. F inally, I en ploy norn alized returns to repeat n y basic analysis of
the tail behavior.

2 Data

luse dataw ith 5 m inute frequency for indices fron Prague (P X 50),Budapest (BU X ), W arsav (W 16 20)
and Frankfurt (D A X ) spanning 06/03 to 12/08.Since the m ain purpose of this research is to study scaling
of the indices w ith respect to the m arket dynan ics, | have cut-o the very beginning and the very end of
the trading day and thus de ned the trading period as follow s: i) P X : opening hours fron 9:15 to 16:00
and trading period from 9:30 to 15:30;ii) DA X :opening hours fron 9:00 to17:30 and trading period from

9:30 to 17:00; iii) BU X : opening hours fron 9:00 to 16:30 and trading period from 9:30 to 16:00; and,
iv) W 16 :opening hours from 9:00 to 16:20 and trading period from 9:30 to 16:00. 1 distinguish betw een
tw o types of tin es, calendar tin e and trading tin e, w here the latter one runs only during the trading
periods, i.e., the last m inute at the end of the trading period is folloved by the rstn inute of the next
trading period.

? Partial nancial support fron GA CR grant N 0.402/08/1376 is gratefully acknow ledged.
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3 Price Jumps Analysis

In this analysis, | perform price jump analysis using two de nitions of price jumps: price jump index and
normalized returns.

3.1 Price Jump Index and Scale Behavior

The intuitive way to study price jumps and their distribution is to compare an absolute value of returns to
the average of the same quantity [5]. | use the standard de nition of returns as r(t) = log(R(t)=-R(t 1)),
where R(t) is the price level of an index. Hence, the price jump index jt (t) with the time window T at
time t is de ned as

hr @©ji;
where hr (t)ji; is the standard moving average of the length T of time steps including a current value.
The distribution of the price jump index jt (t) should behaveas /s T, i.e,,

jir(®= €

PG> s;T) s T 2)

The value 1 < 3 indicates the L evy-like behavior with an in nite volatility. As mentioned above, the
high-frequency returns of the stock prices and indices should follow a process which is on average close
to /4, corresponding to an inverse cubic distribution for tails.

First, 1 will discuss the dependence of on the length of time window. | take T = 12, 24, 100, 1000,
2000 and 5000 . The time steps T = 12 and 24 are taken in calendar time to focus on a current day
without any history. The remaining 4 time widows are taken in trading time.

The tail behavior of the probability distribution from eq. (2) for the PX index for all four frequencies
and all six time windows is represented in the Figure l1a. This Figure clearly shows that the higher the
time window T, the higher is the probability of the occurrence of high events. This result is in agreement
with [4], where they explicitly tested for the exponential behavior of the tails.

Fig. 1. LHS: a) Tail part of the price jump index distribution for the PX index for all combinations of frequencies
and time windows. RHS: b) The same distribution after performing natural logarithms of both sides of 2. Symbols
used: T=12, 3 T= 24,4 T= 100, T = 1000,+ T = 2000and T = 5000.
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Further on, | focus on the long-term properties of the price distributions. To estimate a characteristic
coe cient 1 of a power-law distribution, one can proceed at least in two ways. First, one can estimate
itusing all LE directly from this distribution, as advocated in [1], or one can linearize eq. (2) by taking
natural logarithms and use, as | have done, 0 L S.

The example of such distributions after linearization is depicted in the Figure 1b. The same Figures
for the remaining indices can be found in [6].

Numerical results of the estimated 1 for PX can be found in Table 1. The algorithm to estimate T
is the following: Using 0 L S, | have estimated 1 for each combination of frequency, T and for various
tail intervals of In(s). | have taken the result which has the highest R2. Such an algorithm was simple
and in agreement with visual observation of the linear region of tails. The results suggest that behavior
signi cantly depends on the length of the time window. Generally, the longest time window supports the
existence of extreme events (smaller 7).

Using the longest time window, | have estimated + for all the indices and all frequencies. The result
is summarized in Table 2. The results with the highest frequency suggest the close characteristic of PX,

1 The length in minutes depends also on the used frequency.
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Table 1. Estimated parameter + for index PX and for T =100, 1000, 2000 and 5000, and for 5, 10, 15 and 30
minute frequency. The value in the bracket is the standard deviation.

[ +( ) [ T=100 [ T=1000 | T =2000 [ T = 5000 |
PX, 5 min [4.156 (.055)]3.513 (.036)]3.943 (.038)]3.586 (.033)
PX, 10 min|4.791 (.131)|4.194 (.061)|4.330 (.072)|3.349 (.029)
PX, 15 min|5.626 (.157)|4.309 (.078)|4.674 (.164)[3.713 (.040)
PX, 30 min|5.670 (.260)|4.923 (.147)|4.668 (.108)3.666 (.093)

Table 2. Estimated + for all four indices, all frequencies and T = 5000. The value in the bracket is the standard
deviation.

[t( )] 5min [ 10min [ 15min | 30min |
PX |3.554 (.033)[3.313 (.031)[3.713 (.040)4.167 (.085)
D AX |4.098 (.046)|3.773 (.030)|3.542 (.049)[2.973 (.032)
BUX |3.809 (.024)[3.403 (.027)|3.493 (.029)|3.465 (.059)
WIG [4.949 (.083)|4.825 (.096)|4.517 (.099)[3.927 (.063)

DAX and BUX, while WIG20 index has the most di erent behavior (compare standard deviations). This
table also shows a change in the tail behavior on the frequency, which is most visible in the Levy-like
behavior of the DAX index for 30 minute frequency.

Fig. 2. V olatility study for PX and D AX using 5 minute data and the shortest time window.
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Financial Turmoil In August 2008, nancial markets experienced a sudden change in market condi-
tions. The change in the market conditions can be seen in Figure 2, which contains a volatility study
for absolute returns for PX and DAX. Both indices con rm that \something" disturbing happened after
August 2008, which signi cantly increased volatility on the markets. Hence, | estimate  month by month
test for the signi cant change in its value after the turmoil started. Figures, including 95% CI can be
found in [6]. However, results cannot statistically con rm any pattern. One of the possible explanations
is insu cient amount of data, since one month represents roughly 1:5% of the data and since this study
focuses on extreme events, it would need much stronger statistics.

U p/D ow n asymmetry | have tested up/down asymmetry by estimating for the movements up and
down separately, using all four indices, all frequencies and T = 5000. The results are in Table 3. At highest
frequency, the hypothesis of the more extreme events in the downward direction is clearly con rmed for
PX and BUX. On the other hand, WI1G20 behaves quite di erently, see the size of the standard deviation.

The results also suggest the strong dependence on the used frequency, which can even change the manner
of the asymmetry.

3.2 N ormalized returns
Normalized returns represent the second possible de nition of price uctuations

r@® hr@i; .
(1) ’
where hr (t)i; is de ned as above but with true values of returns and 1 (t) is the standard deviation of
the true values of returns.
In this case, | use T = 5000. The tail part of the normalized returns distribution should also follow
the power-law behavior (2). The plot with the tail part of the distributions for all four indices and various
frequencies can be found again in [6]. Numerical results for estimated + are presented in the Table 4.

()=
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Table 3. Up/down asymmetry for all four indices and all frequencies for T = 5000.

[ ()] 5min [ 10min | 15min | 30 min ]
PX, + |3.654 (.047)]3.721 (.058)[3.475 (.040)[3.516 (.077)
PX, - |3.435 (.041)|3.065 (.031)|4.028 (.053)|4.008 (.082)

DAX, +|3.836 (.037)|3.704 (.049)|3.310 (.044)|2.720 (.044)
DAX, - |4.277 (.057)|3.792 (.043)|3.703 (.068)(3.233 (.037)

BUX, +|3.887 (.027)3.388 (.033)|3.712 (.062)|3.712 (.078)
BUX, - [3.769 (.033)|3.365 (.046)|3.352 (.045)|3.359 (.063)

WIG, +|4.208 (.075)|4.103 (.096)|3.979 (.067)|3.277 (.081)
WIG, - [6.205 (.293)|4.811 (.157)|4.769 (.159)|4.076 (.127)

The results suggest that the scale behavior of the price jump index and normalized returns have
di erent numerical values. However, they also show the same patterns, see, e. g., the Levy-like behavior
of the DAX index for lowest frequency, which is con rmed for both de nitions of price jumps, or the
problems with the size of the standard deviations of the characteristic exponent estimates for the WIG
index, which are much higher compared to other indices. Generally, the size of the standard deviation
serves as an indicator for the accuracy of a given approach.

Table 4. Estimated coe cient for the normalized returns (positve and negative sides) and T = 5000: Value in
brackets means standard deviation.

[ ()] 5minute | 10 minute | 15 minute | 30 minute |
PX + |3.659 (.066)|3.607 (.080)|3.651 (.038)|3.397 (.093)
PX - |3.277 (.070)|3.186 (.027)|3.932 (.105)|3.654 (.141)

DAX +|4.288 (.067)|4.025 (.036)|3.275 (.061)|2.699 (.115)
DAX - |4.064 (.095)|3.815 (.061)|3.830 (.088)[3.388 (.082)

BUX +|3.972 (.044)[3.636 (.060)|3.827 (.103)|4.144 (.138)
BUX - |4.060 (.058)|3.756 (.037)|3.689 (.072)|3.874 (.133)

WIG +|3.992 (.092)|4.316 (.098)|4.140 (.103)[3.472 (.079)
WIG - [5.153 (.110)|4.872 (.215)|5.636 (.234)|4.652 (.246)

4 Conclusion

I have performed both quantitative and qualitative analysis of the tail distribution of price uctuations
using high frequency data for three emerging markets (V isegrad indices: PX, BUX and WIG20) and for
one mature market (DAX). The analysis con rmed a power-law behavior of tails and revealed its strong
statistical dependence on the used frequency and also on the length of the reference window. | have used
two di erent de nitions of price uctuations: the price jump index, and the normalized returns. | have
also performed an analysis of the possible asymmetry between upward and downward movements. This
test con rmed three of the four indices that the extreme movements down are more probable compared
to movements up. | have also tested for possible di erent scale behavior before and after the nancial
turmoil beginning in August 2008. Such an analysis does not con rmed an intuitive hypothesis of the
lower characteristic exponent after the nancial turmoil, as was expected from the volatility behavior.
Despite the existing literature and the work done here, the price jumps and its connection to economics
reality still o ers a eld for future research.
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Abstract. Communication networks have increased in scale and heterogeneity. There are multiple network
owners and operators. It is useful to find economic mechanisms that result in efficient resource allocations
among agents. Auctions for spectrum alocation are devoted to selling frequency spectrum to
telecommunication companies. Several auction formats were discussed for realizing the spectrum auction
objectives such as efficient outcome, preventing monopolization, and maximizing revenue. Bandwidth
auction problems are characterized by sellers with slots of bandwidth and by buyers with values for bundles
of dots. The alocation problem here is to assign combinations of bandwidth slots to buyers and match them
with sellers so as to maximize the total surplus in the system. These problems lead to combinatorial auctions
with multiple criteria. The paper presents mathematical models of auctions in communication networks.
Keywords. Communication network, spectrum all ocation, bandwidth exchanges, combinatorial auctions,
multi-criteria auctions

1. Introduction

Communication networks have increased in scale and heterogeneity. The demand for bandwidth in
communication networks has been growing exponentialy since the birth of worldwide networks and new
applications, more and more bandwidth-needing, have been appearing. As a result, despite the efforts made to
increase communication rates, the available capacities are often insufficient to satisfy all service requests.
Situations of congestion occur frequently, meaning that some users requests are rejected.

The pricing scheme for communications, based on a fixed charge independent of use, does not take into
account the negative externalities among users (a user consuming bandwidth may prevent another request from
being treated successfully), and thus constitutes an incentive to overuse the network. Designing new allocation
and pricing schemes therefore appears as a solution for solving congestion problems, by inciting users to limit
their consumption.

There are multiple network owners and operators. It is useful to find economic mechanisms that result in
efficient resource allocations among agents. Auctions for spectrum alocation are devoted to selling frequency
spectrum to telecommunication companies. Bandwidth auction problems are characterized by sellers with dots
of bandwidth and by buyers with values for bundles of dots. The allocation problem here is to assign
combinations of bandwidth dots to buyers and match them with sellers so as to maximize the total surplusin the
system.

Sdlling frequency spectrum to telecommunication companies through on-line auctions was first attempted in
New Zealand (1989) and in England (1990) (see [6]). Later, auctions were used for selling spectrum rights in
Australiain 1993. These auctions failed to generate much revenue due to flaws in auction design. The paper [5]
attributes the problems of the Dutch and Swiss 3G contests, in particular, to alack of appreciation of the role of
auction design in creating incentives for entry and discouraging collusion.

Auctions are important market mechanisms for the allocation of goods and services. An auction provides a
mechanism for negotiation between buyers and sellers. In forward auctions a single seller sdlls resources to
multiple buyers. In areverse auctions, a single buyer attempts to source resources from multiple suppliers, asis
common in procurement. Auctions with multiple buyers and sellers are called double auctions. Auctions with
multiple buyers and sdllers are becoming increasing popular in eectronic commerce. It is well known that
double auctions in which both sides submit demand or supply bids are much more efficient than several one-
sided auctions combined.
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The communication problems lead to combinatorial auctions. Combinatorial auctions are those auctions in
which bidders can place bids on combinations of items, so called bundles. The advantage of combinatorial
auctions is that the bidder can more fully express his preferences. This is particular important when items are
complements. The auction designer also derives value from combinatorial auctions. Allowing bidders more fully
to express preferences often leads to improved economic efficiency and greater auction revenues.

The paper presents mathematical models of auctions in communication networks. Several auction formats
were discussed for realizing the spectrum auction criteria such as maximizing revenue, efficient outcome, and
preventing monaopolization. The criteria can be taken simultaneously. For multicriteria auctions we propose to
use the Analytic Network Process (ANP) and a dynamic version the Dynamic Network Process (DNP).

2. Spectrum Allocation

Communication authority allocates spectrum licenses. The problem hereis to achieve an efficient allocation
of new spectrum licenses to communication companies. The mobility of clients leads to synergistic values across
geographically consistent license areas. It isrequired that all the licenses be allocated at the same time as some
companies might value certain combination of licenses more than individual licenses.

We consider a version of spectrum auctions, a forward combinatorial auction of indivisible items with one
sdler and multiple buyers. Let us suppose that the seller S (communication authority) offers a set R of r items
(spectrum licenses), j = 1, 2, , r, to n potential buyers (communication companies) B,, B, ..., B, Buyers are
interested in buying the entire set or some subsets of R. Each buyer receives only one subset. The seller wants to
maximize hisrevenue i.e. alocate the goods to the buyers with the highest bids.

Items are available in single units. A bid made by buyer B;, i=1,2, , n,isdefined as
bi = {C, p|(C)},
where

C R,isacombination of items,
pi(C). isthe offered price by buyer B; for the combination of items C.

xi(C) isabivalent variable specifying if the combinationC is assigned to buyer B;.
The forward auction can be formulated as follows

n

pi(C) xi(C) max

il C R
subject to
x(C) 1, i,i=12 ,n, Q)

C R

x(C) L ] R,
il C R
x(C) {01, C R i i=12 ,n

The objective function expresses the revenue for the communication authority. The first constraint ensures
that no buyer receives more than one combination of items. The second constraint ensures that overlapping sets
of items are never assigned. Approaches are proposed for solving of forward auctions (see [1]).

3. Bandwidth Exchanges

Slots of bandwidth are available of a fixed size and duration with public and private companies (sdlers).
Service providers or smaller companies (buyers) have values for bundles of dots. The allocation problem hereis
to assign combinations of bandwidth dots to buyers and match them with sellers so as to maximize the total
aurplus in the system. Thetotal surplusisthe total amount received from the buyers minus the total payments to
be made to sellers (see[2], [4]). This problem leads to a double combinatorial auction.

For the double auction, the auctioneer is faced with the task of matching up a subset of the buyers with a
subset of the sellers. The profit of the auctioneer is the difference between the prices paid by the buyers and the
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prices paid to the sellers. The objective is to maximize the total surplus in the system given the bids made by
sdllersand buyers. Constraints establish the same conditions as in spectrum alocation problem.

We present a double auction problem of indivisible items (dots of bandwidth) with multiple sellers and
multiple buyers. Let us suppose that m potential sellersS;, S, ..., Sy offeraset R of ritems, j=1,2, ,r,ton
potential buyers By, By, ..., B,.

A bid made by sdler S, h=1,2, , m,isdefined ash, ={C, cn(C)},
abid made by buyer B;, i =1,2, ,n,isdefinedas b;={C, vi(C)},

where

C R,isacombination of items,

ch(C), isthe offered price by sdller S, for the combination of items C,
pi(C). isthe offered price by buyer B; for the combination of items C.

Bivalent variables are introduced for mode formulation:
xi(C) isabivalent variable specifying if the combinationC is assigned to buyer B;,
yn(C) isabivalent variable specifying if the combination C is bought from seller Sj..

n m

pi(C) xi(C) ¢n(C) yn(C) max
il C R hili C R
subject to
xi(C) 1, i,i=12, ,n,
C R
wC 1, h h=12 ,m, )
C R
Xi(C) yh(C) ’ J R,
il C R hili C R
x(C) {01, C R, i,i=12 ,n,
yo(C) {0,1}, C R, hh=12 ,m.

The objective function expresses the total surplus in the system. The firg constraint ensures that no bidder
receives more than one combination of items. The second constraint ensures that no seller sells more than one
combination of items. The third constraint ensures for buyers to purchase a required item and that the item must
be offered by sdllers. Approaches are proposed for solving of double auctions (see[9]).

4. Multicriteria auctions

Several auction formats were discussed for redizing the spectrum auction criteria such as maximizing
revenue, efficient outcome, preventing monopolization, and other criteria. The criteria can be taken
simultaneously. For multicriteria auctions we propose to use the Anaytic Network Process (ANP) and a
dynamic version the Dynamic Network Process (DNP).

The key feature that makes combinatorial auctions most appealing is the ability for bidders to express
complex preferences over bundles of items, involving complementarity and substitutability. Items are
complements when a set of items has greater utility than the sum of the utilities for the individual items. Items
are substitutes when a set of items has less utility than the sum of the utilities for the individual items.

Different dicitation algorithms may require different means of representing the information obtained by
bidders. The paper [8] describes a genera method for representing an incompl etely specified valuation functions.
A constraint network is a labeled directed graph consiging of one node for each bundle b representing the
dicitor's knowledge of the preferences of a bidder. A directed edge (a, b) indicates that bundle ais preferred to
bundle b. Figure 1 represents an example of a constraint network for bundles of threeitems (A,B,C).
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{A,B,C}

{A,B} {A,C} {B,C}
{A} {B} {C}

T~

Fig. 1 Constraint network

The constraint network representation is useful conceptually, and can be represented explicitly for use in
various dicitation agorithms. But its explicit representation is generally tractable only for small problems, since
it contains 2" nodes. For preference dicitation of bundlesin a constraint network can be used Analytic Network
Process. The ANP is the method that makes it possible to deal systematically with all kinds of dependence and
feedback in the performance system (see [7]). The structure of the ANP modd is described by clusters of
elements connected by their dependence on one ancther. A cluster groups elements that share a set of attributes.
At least one dement in each of these clustersis connected to some element in another cluster. These connections
indicate the flow of influence between the e ements (see Figure 2).

/ Couvers

Fig. 2 Clusters and connections in multicriteria auctions

The clusters in multicriteria combinatorial auctions can be sellers, buyers, bundles of items, and evaluating
criteriaalso. Paired comparisons are inputs for preference icitation in combinatorial auctions. A supermatrix is
amatrix of al elements by all elements. The weights from the paired comparisons are placed in the appropriate
column of the supermatrix. The sum of each column corresponds to the number of comparison sets. The weights
in the column corresponding to the cluster are multiplied by the weight of the cluster. Each column of the
weighted supermatrix sums to one and the matrix is column stochastic. Its powers can stabilize after some
iterations to limited supermatrix. The columns of each block of the matrix are identical in many cases, though
not always, and we can read off the global priority of units.

We used the ANP software Super Decisions developed by Cregtive Decisions Foundation (CDF) for some

experiments for testing the possibilities of the expression and evaluation of the multicriteria combinatorial
auction models (Figure 3).
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Fig. 3 Multicriteria Auction Model

The ANP have been static but for today s world analyzing is very important time dependent decision
making. The DNP methods were introduced. There are two ways to study dynamic decisions. structural, by
including scenarios, and functional by explicitly involving time in the judgment process. For the functional
dynamics there are andytic or numerical solutions. The basic idea with the numerical approach is to obtain the
time dependent principal eigenvector by simulation. The DNP seems to be the appropriate instrument for
analyzing dynamic network effects (see [3]). The method is appropriate also for the specific features of
multicriteria combinatorial auctions. The method computes time dependent weights for bundles of items or
weights of bidders.

5. Conclusions

The paper is devoted to modeling auctions in communication networks. Modeling and solving the
communication problems by combinatorial auctions is a promising for practical exploitations. Spectrum
alocation and bandwidth exchange problems are formulated. The spectrum allocation problem is solved by a
forward combinatorial auction. The bandwidth exchange problem is solved by a double combinatorial auction.
The proposed combinatorial auction models give us an opportunity to design modifications of the auction.
Several auction formats were discussed for multiple criteria. The approach is based on the ANP and a dynamic
version the DNP. A flexible instrument is proposed for modeling and solving spectrum allocation and bandwidth
exchange problems.
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Abstract. The relationship between foreign direct investment (FDI) inflows and economic growth is
important for policy makers. A positive relationship between this two entities is theoretically expected but
available empirical evidence does not always support this idea. Numerous articles bring the attempts to find
the factors the presence of which boost, or reduce, the impact of FDI on GDP growth in the host country.
Some authors conclude that FDI inflows exert a positive impact on economic growth only in the presence of a
highly skilled labor force and trade openness and the more negative one the higher degree of corruption
occurs. Others give results showing that FDI imply increase of GDP in developing countries but not in
advanced economies. Bringing together, an ambiguity of relationsis apparent.

In thisarticle, a FDI and GDP relation in Central European new EU members is studied. Evidently,
the difficulties arise how to evaluate relevant characteristics of Czech Rep., Hungary, Poland, Slovakia as for
their degree of development. Besides, all the countries do not teke part in the FDI process for a sufficiently
long time to assemble representative data sets. So, all the countries are studied by the help of panel data
techniques and the group is enlarged by Austria, the results of which are used as a sort of verification of
credibility of movements and influences found by the models.

Keywords. foreign direct investment, economic growth, efficiency, panel data

1. Introduction

The relationship between foreign direct investment (FDI) inflows and economic growth isimportant for
policy makers. A positive relationship between this two entities is theoretically expected but available empirical
evidence does not always support thisidea. Numerous articles bring the attempts to find the factors the presence
of which boost, or reduce, the impact of FDI on GDP growth in the host country. In [5], the authors conclude
that FDI inflows exert a positive impact on economic growth only in the presence of a highly skilled labor force
and trade openness and the more negative one the higher degree of corruption occurs. Johnson [3] gives results
showing that FDI imply increase of GDP in developing countries but not in advanced economies. A negative
effect on growth should, according to [1], have FDI inflows into the primary sector. Bringing together, an
ambiguity of relationsis apparent. As we intend to study the FDI and GDP relation in central European new EU
members, the difficulties arise how to evaluate relevant characteristics. Czech Republic, Hungary, Poland,
Slovakia, are they developing countries or advanced enough? Besides, all the countries do not take part in the
FDI process for a sufficiently long time to assemble representative data sets. So, al the countries will be studied
by the help of pand data techniques and the group will be enlarged by Austria, the results of which should be
used as a sort of verification of credibility of movements and influences found by the models.

Two approaches are applied. A traditional one is a formulation of a VAR model 1ooking for eventual
relations between GDP and FDI. Newly, an influence of FDI on GDP is studied by the help of an efficiency
measurement, asitise.g. in [5].

Data concerning years 1998 2007 (yearly, source: Eurostat), FDI, GDP and gross fixed capital
formation are measured in mil. of Euro; their logarithms are fdi, gdp, cap. Productivity is measured as value
added per person employed per year and is related to 100=EU27average; prod means relevant logarithmic
values. The main two entities data are briefly presented at the Figures 1. 2. Each of the five countries is
represented by an average value of GDP and FDI respective. The reations correspond with a common
expectation.

! Financial support of GA R 402/07/0049 is gratefully acknowledged by the author.
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Figure 1.: Average GDP Figure 2.: Average FDI
In both Figures:

1 Austria,2 Czech Republic, 3 Hungary, 4 Poland,5 Sovakia

2. Causality between FDI and GDP

As for the basic question, if FDI induces GDP growth or vice versa, we cannot take advantage of the
Granger causality concept (see eg. [2]) because of the short data series. For the same reason, the individua
VAR models dealing with unique countries were not estimated and a usua inference as stationarity and
cointegration could not be performed. Instead of it, an equation

GDP , ,GDP, ,FDI, u (1)

was estimated for all economies contemporaneoudy using the SUR method. Analogically, the other
VAR eguations

FDI 0 1GDP1 2FDI 1V (2
were found. Theresults are summarized in Table 1.

The shadowed arrays indicate unconfirmed influence. Hence, in Austria FDI do not affect the GDP but
the GDP is a supporting factor of FDI inflows. A similar situations exhibit Slovakia, thought an economic
reasoning will probably be different.

endogen. Au Cz Hu P Sk

const -35.3369 -125.012 89.5811 -230.182 -102.535
GDP, 1.04481 1.19103 1.04542 0.999569 1.17068
s.er. 0.004434 0.02184 0.02299 0.04089 0.01750
t-prob 0.000 0.000 0.000 0.000 0.000

cDP FDI 4 -0.0368617 -0.805675 0.817135 3.06503 0.0617358
s.er. 0.1472 0.2950 0.3865 0.9743 0.2302
t-prob 0.804 0.011 0.044 0.004 0.791
const -113.783 24.8395 -13.8522 -64.8206 28.2206
GDP,; 0.0613299 0.0965960 0.0414152 0.0197367 0.119191
s.er. 0.01395 0.01068 0.008969 0.006979 0.009115
t-prob 0.000 0.000 0.000 0.009 0.000

EDI FDI 4 -0.704363 -0.364205 0.325419 0.649273 -0.672293
s.er. 0.4631 0.1443 0.1508 0.1663 0.1199
t-prob 0.139 0.018 0.040 0.001 0.000

Table 1. Estimates of equations (1), (2)

The SUR estimates guarantee the smallest possible standard errors but the VAR models reconstructed
by this way do not enable to profit from the VAR structure, at least in a case of a standard software support.

That is why the data sample was treated as a panel set and areal VAR mode comprising (1) and (2),
and introducing dummy variable D for Austria, was estimated in the sense of pooled regression. The results are
inTable 2.
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endogen.
const. 44834
dummy | 23831
st.er. 29540
t-prob | 0.425
GDP; | 0.899
GDP s.er. | 0157
t-prob | 0.000
FDI ; 0.019
st.er. 2.398
t-prob | 0.016
const. 2751.96
dummy | 135.502
st.er. 2498
t-prob | 0.957
GDP; | 0.032
FDI ster. [ 0.013
t-prob | 0.024
FDI 3 -0.138
st.ear. 0.202
t-prob | 0.498
Table 2.

The shadowed arrays again indicate statistic unsignificance. There

I verere

ol

is no confirmation of a special position of Austria in the followed context.
Besides, appropriate tests show that the presence of FDI and GDP including
lag 1 is rdevant. Economic interpretation speaks in favor of influence in

both directions (FDI

GDP).
Besides, the two roots of companion matrix have modulus

less then one, so the equation system is stable and an impulse response
andyze can be performed. The results are given by the Figure 3. and show a
quick return to an equilibrium position.

Figure 3.

3. Effectiveness of FDI influence on GDP

In latest papers e.g. [5], a stochastic frontier production function is used to study whether FDI inflows
increase economic growth by the help of efficiency gains. Under an assumption of the same technology available

is computed as

Rowl( adal) - Austria dark bluée?
Row 2( ada?) - Czech Rep. lilac
Row 3( ada3) - Hungary - yellow
Row 4( adad) - Poland - azure
Row 5( adab) - Slovakia bordeaux

across al countries in the sample, technical efficiency of the economies
TE exp(u, max{u, }) when assuming the production function to beaCobb Douglas one (details e.g.
[4]).
Effectivity of FDI
1,2
1 re
/\ —e— adal
0.8 / \ —=— ada2
0,6 ada3
0,4 / \\ adad
0.2 0\’ / L ‘/o\ —x— adab5
O — T v T ' T T T 7\” T
12 4 5 6 7 8 9
Figure 4.

A most simplerelation using logarithmic values show

gdp 7.155 0.526fdi

3

2Thecolor commentary relatesto the fact that presentation aswell as the Proceedings are el ectronic. The author admit that a printed
version is not transparent enough.

257



Technica efficiency TE of FDI influence is presented by the help of Figure 4. The acute part of the Austrian line
may be related to a measurement error (for a verification there was no alternative data source available),
otherwise a comparability between Austria and Poland is apparent what can be a consequence of evident
similarity of GDP and FDI levels (Fig. 1 and 2). The main difference between this two economies is that Poland
exhibit the same macroeconomic performance with triple of inhabitants. The other three economies show similar
lower results.

Having in mind an important influence of capital and labor force performance, the alternative variant of
themodd is

gdp 1.135 1.098cap 0.00006fdi 0.136prod (4

with strongly non-significant fdi and dightly non-significant prod influence.
To be more exact when speaking about an economic growth, the increments of GDP should be used as
endogeneous variable instead of level values. But, such amode fails completdly.

4. Conclusions

Four central European economies were studied; their results were individualized by the choice of SUR,
respective panel data, technique. A basic influence of FDI on GDP and vice versa was confirmed by relevant
estimates for the group as a whole but, not dways if detailed to countries. An efficiency of FDI with respect to
GDP is higher and comparable for Austria and Poland. Czech Republic, Hungary and Slovakia exhibit similar
but lower values. Nevertheless, the influence of FDI on GDP is marginal in comparison with an impact of gross
fixed capital formation on GDP. Besides, thereis no evidence about an influence of FDI on increments of GDP.

Hence, a significant contribution of FDI to an economic growth during years 1998 2007 cannot be
validated in the followed countries. The results rather support an idea that a total economic performance is a
main factor influencing the other indicators.
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Abstract. Vehicle routing problem (VRP), in which splitting of the customer demand into more routesis
permitted, is denoted as split delivery vehicle routing problem (SDVRP). Dueto both NP hardness of the
problem and many binary variables in the mathematical model of the problem, using of heurigticsis
necessary. Some heuristics for the problem are shown in the paper.

Keywords. vehicle routing problem, integer programming, heuristics

1. Split Delivery Routing Problem (SDVRP)

Vehicle routing problem (VRP) in the basic formulation presumes that the vehicles involved have the fixed
trangport capacity. It is generally supposed the number of the vehicles to be unlimited and the vehicles have the
same transport capacity. VRP can be modified by adding restriction regarding to the pre-set fixed number of the
vehicles, eventually withdrawing restriction relating to the same transport capacity. In VRP a communication
network consisting of nodes points and edges is given, represented e.g. by road net. Initial node (depot,
production point) is denoted as node 1, remaining nodes represent customer points with prescribed volume of
demand. Edges in the communication net are weighted by distances in km, eventually by transport costs
connected with the edge. Demand in node i is denoted >0, vehicle capacity is V>0. It is presumed that each
node is served at a time, therefore g Vand @ >V. In this case, the vehicle has to serve nodes by severa
routes, every route hasto begin and end in node 1. Thetask is to minimize the sum of distances of all routes.
Mathematical model VRP supposing the homogeneous and unlimited vehicle park, non-split delivery to nodes
and demand in nodes not surpassing vehicle capacity came from Miler-Tucker-Zemlin formulation of the
travelling salesman problem (see [2]). Arrangement that a vehicle serves nodei first and node j afterwards on a
route is denoted by binary variable x;;.

(MT2):
n n
CijX;j min ]
i1 g1
n
Xij 1L j 23..,n, (2)
i1
n
Xj L i 23,..n, (3)
j1
u q; V@ x5) u, i 12000 ) 2300 ], (4)
u 0, u V, i 22...n (5)

Ancther formulation of the VRP is based on the Dantzig-Fulkerson-Johnson formulation of the travelling
salesman problem.

Mathematical model of the split delivery vehicle routing problem is based on a formulation of the VRP. As all
the routes have to be identified, it is necessary to use variables indexed by three indices likewise the vehicle
routing problem with various vehicle capacity. In contragt to the non-split delivery model to nodes, new
variables g are introduced to represent delivery to node i in k- th route as one node i may be included in several
routes (therefore the equations (2) and (3) have not valid for the solution)
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K n n

ci X i min (6)
k1 i1l j1
n n
xKj xKi, ] 23..nk 12..K, )
i1l i1l
n
x5 10 23..nk 12.K, 8)

uo g vRka x%) Uk, i 1200 23000 k12K, (9)

a“ q.i 23...n (10)
k 1
n
¢ o x i 23..nk 12.K, (11)
i1
uke 0, uf Ve i 120k 12...K. (12)

Objective function (6) and constraints (7) and (8) have the same meaning as the corresponding equations in
previous VRP mode (1) - (5). Vehicle balance is described, likewisein previous VRP moddl, by the inequalities
(9) and (12) with one digtinction: the delivery to thenode j in theroute k is q,-", not q;. Equation (10) describes the
fact that the node i is stocked up to its demand ¢ by partia deliveries g supplied via various routes. Inequality
(11) expresses that the node not included in appropriate route is not supplied.

The "three indices" model represents considerable increase of variables in comparison with the "two indices’
model. This factor has the effect that in solving practical NP-hard problems an optimal solution can not be
obtained. In this situation, one can put up with a suboptimal solution yielded by branch and bound method when
the computation is aborted (if this solution is found) or various heuristics can be proposed and employed.

It holds that any feasible solution of the non-split demand problem is also an feasible solution of the split
delivery demand problem. It can be proved that splitting the demand can cut the overall transport costs,
especially in cases when demands in nodes are higher then half the vehicle capacity. An agorithm was proposed
(see [1]) enabling the optimal solution VRP (eventually heuristic solution of the VRP) to be farther enhanced by
a heurigic. This heurigtic is inspired by the savings method seeking cut down transport costs by splitting the
delivery to a given node and executing it by two different routes.

2. Features of SDVRP

Reducibility in SDVRP

If it holds >V for at least one node, we can form the reducibility problem for SODVRP and VRP. Problem is
reducibleif for each nodei with >V q; /V direct routes exist in the optimal solution ([1]).

We can use the reducibily of the problem for the solution the problem, when we at first form direct routes for all
nodes with g;>V and then solve the problem with reduced demands of the nodes.

Problem isreducibleif the matrix C satisfies the triangular inequality.

Dror-Trudeau theorems

If the cost matrix C satisfies the triangular inequality then each two routes can have at least one split demand
node in the optimal solution. So, if there are two routes which have two common nodes with split demand, if one
of them isremoved from oneroute, the costs did not increase[2].

We can define k-split cycle: the set of nodes {iy, iy,....ik} isk-split cycleif the nodes iy, i, lay on the firg route,
the nodes iy, i3 lay on the second route,..., iy, i1 lay on the k-th route. It was proved that in the optimal solution
does not exist k-split cycle.

3. Heuristics for SDVRP

Quest for starting solution SDVRP

Any solution of the corresponding VRP problem (i.e. non-split demand to node) can be used as a garting
solution of the SDV RP problem. The following heuristics are the most common ones. nearest nelghbour method,
savings method and insert method. Besides, improving methods for this starting solution (e.g. method of node
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exchanges) can be used, by which this starting solution can be further enhanced. In [3] the good heuristics for
TSP and VRP is proposed, named as GENIUS heuristics.

Heuristic methods proposed for vehicle routing problem (VRP) can be easily modified in the following way:
The last node intended for including to the route but unable to be included for capacity reasons (incomplete
vehicle capacity) will be nevertheless included with the proviso that delivery to that node (point) will be partial
only, limited by remaining vehicle capacity. Further heuristics are method of node exchanges, 2-split heuristics
and adding route heuristics [2].

Method of node exchanges between routes

Let us have 2 routes with underused capacities s, and s,. Method of node exchanges consists in substituting the
node k of thefirst route for the node | of the second route and vice versa. In the first route, the node k is preceded
by the node i; and succeeded by the node j;, in the second route, the node | is preceded by the node i, and
succeeded by the node j, (see Pic.1). Exchange of the nodes k and | is advantageous, if the following term is
positive:

Sk Gk Ckj, G Cij, Ci Cij, Ci k Cyj,) O.
The exchangeis possible if the vehicle capacity in both routesis sufficient, i.e.
g kts and ok gt S

This method can be used even in the case the ddlivery to any node has been split.

Pic.1 Node exchanges

Heuristic method of splitting delivery (2-split heuristics)

The method consists in changing nodes in three routes; the first two routes are appended by an additional node
with split delivery and the very same node is removed from the third route. Let us denote thisnode p; in the third
route, the node p is preceded by the node a, and succeeded by the node b,. The demanded delivery to thisnodeis

Cp-

The first and second route do not use the complete vehicle capacity, the available capacity of these routes is
denoted s, and s, supposings; +s, . On this condition the delivery g, can be split into two parts and each
of them can be included in one of these two routes if favourable. Convenience of this exchange can be
calculated using distance matrix C. The node p is included into the route 1 between two given nodes in this
route denoted asi; and j;, accordingly it is included into the route 2 between two given nodes denoted as i, and
j2- The nodes (i, j1) form the edge of the route 1, the nodes (i,, j2) form the edge of the route 2. These edges are
cancelled in both routes, as well as the edges (a,, p) and (p, k) in the third route. On the other hand, the
inclusion of the node p into the first route implies the inclusion of the two edges (i1, p) and (p, by) into thisroute;
accordingly, the inclusion of the node p into the second route implies the inclusion of the two edges (i,, p) and
(p,by) into thisroute.
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The length difference of the added edges and the cancelled edges represents the total change of the solution
value; if and only if this difference is negative, then the changeis carried into effect. The length difference of the
added edges and the cancelled edges is described by the term

Pic. 2: 2-split

C C C C

ivp Cpiy Ci,p Cpi, Cayb, (Cij, Cij, Caup Cpob,)-

Adding route heuristics

If the demanded delivery to the node p is split into two routes, then this node can be removed from both routes
and a new route can be constructed with this node only. In thefirst route, the node i; precedes the node p and the
node j; succeeds the node p, in the second route the node p is preceded by the node i, and succeeded by the node
j2- Thischangeis favourable and it is carried into effect, if the following term is positive:

Ciup Cpiy Cip Cpi, (G, Cij, Cip Cpa) 0.

4. Summary

The gplit delivery routing problem (with delivery to network nodes) is a generdization of the basic vehicle
routing problem VRP and it may represent a more effective implementation of the trangport to customers. Asthe
mathematical moddl represents an extensive integer programming problem, the implementing of this model to a
problem with a large number of nodes eventuates in the unacceptable computing time. The using of heuristic
methods istherefore a proper problem-sol ving instrument.

The research was supported by the grant n0.402/09/0041 of the Grant Agency of the Czech Republic.
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Abstract. In our contrib ution, w e analyze fully anticip ated shocks in a medium-scale closed econ-
omy D S6 E model and comp are them w ith unanticip ated sh ocks. Anticip ated sh ocks might lead to a
signi cant adjustment of agents’ beh avior hefore aperiod w hen these shocks hit the economy. From
a practical p olicy side, modelling of anticip ated shocks can be a useful tool for a p olicy forecasting
since w e admit relevance of rational exp ectations in reality.

K eywords.D SG EM odel, monetary transmission, credit channels.

1 Introduction

T he behavioral analysis of D SG E m odelsviain pulse responses to structural shocks is one of keym ethods
for accepting a m odel for m acroeconon ic research or practical forecasting. In literature, we can often

nd im pulse response analysis of n ain m acroeconon ic variab les to various unanticip ated shocks. T his
analysis is in p ortant, but son etim es not su cient. For apractical use ofaD SG E n odel,n odelers need
to know (and understand) the reaction of almost all n odel variab les to all shocks. H ence inour previous
work,we laid en phasis onunderstanding the behavior of the m iddle-scale closed econon y D SG E n odel
(see Tonner et al. [L1]). M oreover, one m ight be interested in in pulse responses to fully anticip ated
shocks. A nticipated shocks play an in portant role in m odern econon ies. A Il agents have son e personal
projections about future econon ic developm ent, based (at least partly) on rational expectations. i hen
rational expectations are relevant (and people are aw are of signi cant future shocks), agents d o not w ait
for the period when the shocks hit the econom y. Instead, they change their behavior in n ediately (or at
least som e tin e before the hit).

Fron the practical forecasting side, anticipated shocks are one of key elen ents of a good forecast.
An adn irable exan ple of using anticipated shocks is the C zech N ational B ank case. 0 ne indisputable
advantage of the new ¢3 m odel is its ability to com bine anticipated and unanticip ated structural shocks.
0 urforn erand current colleagues (0 .K am en k,M .A ndrle, J.Benes, T .H ledik,and J.V Icek) developed
an excellent m ethod which allow for am ix of son e unanticipated and son e fully anticipated shocks in
the forecast.

Inthispaper,we investigate the behaviorofaD SG E m odel viaim pulse responses to fully anticip ated
shocks. W e com pare the behavior w ith the unanticipated case w hen a shock is a surprise for agents. T his
contribution extendsour last paper [L1]w here only unanticip ated shocksw ere discussed. T he rest of this
paper is organized as follow s. Section 2 brie y describes the m odel and the technique. T he third section
presents im pulse responses and explains the di erences betw een anticipated and unanticipated shocks.
The nal section concludes the contribu tion.

2 The M odel

For the analysis, w e use the closed econon yn iddle-scale D S6G E m odel with staggered nom inal p rice and
wage setting. T hisversion of the m odel canbe found directly inFernandez-V illaverde and R ubio-R an rez
[B]and [7],butthe structure isverysin ilar toothern odelsthat canbe found in the literature.* B ecau se of

4SeeGal [9], W alsh [L2], or W oodford [13] for more detailed descrip tion of the model and a survey of the related
literature.
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the limited length of this contribution, we refer to cited papers for the description of the model structure
and its features and, instead, focus on the model behavior.®

The model economy has a standard structure with optimizing agents and rational expectations bor-
rowed from the real business cycle theory. It is enriched with some real rigidities and the price and wage
stickiness. In spite of its closed economy nature, it can be quali ed as a middle-scale model. It incorpo-
rates Calvo-type sticky prices and wages, wage and price indexations, adjustment costs for investment,
intensity of use of the capital stock etc. The model contains ve sectors - monopolistically competitive
households, monopolistically competitive intermediate goods producers, two aggregators, and a policy
authority. The nal equations can be found in the Appendix of [11].

The solution of linear di erence models under rational expectations is outlined in famous paper of
Blanchard and Kahn [3]. Because of lack of the space, and because we do not intend to rewrite equations
of the solution, we refer to the paper for the technique description.

3 Behavior of the Model

The model economy is hit by ve shocks - a monetary policy shock, a shock to the investment speci ¢
technology, a shock to the total factor productivity, an intertemporal preference shock, and a shock to
the labor supply. In this section, we present the impulse responses to the monetary and total factor
productivity shocks. For the analysis, we use a parametrization according to the estimation in [11]. The
model is simulated with the IRIS Toolbox [2].

In the gures, the solid line denotes unanticipated shocks whereas the dashed line denotes fully antic-
ipated shocks. In general, we can see that the behavior changes signi cantly when a shock is anticipated.
In the anticipated case, agents know the timing of the shock, its nature (short- or long-lasting), and they
realize (rationally) all its e ects. Hence, they alter their behavior before the period of a hit.®

The gure 1 shows impulse responses to the monetary policy shock. With the presence of nominal
rigidities in the model, the monetary policy matters. We can see from the gure that in the unanticipated
case, the nominal and real interest rates rise and the in ation falls below its target. Consequently, the
output, consumption, investment, hours worked, and the real wage fall below their steady-states. Also,
these variables display a hump-shaped dynamics. The optimal in ation rate is signi cantly below the total
in ation rate because of the presence of nominal rigidities in the model. Due to the presence of capital
adjustment cost, the return of investment (and capital) to the steady-state is relatively long-lasting.

In the anticipated case, agents are aware of a future positive monetary policy shock. Moreover, they
understand its e ects (a rise of the real interest rate, a decrease of in ation, output, wages, hours worked
etc.). Since they are optimizing, they lower their optimal price in ation before the shock hits the economy.”
As in the previous case, the decrease of the overall in ation is smaller than the optimal in ation fall. The
monetary authority sets interest rate consistently with new conditions in the economy.® This objective
implies a releasing of monetary conditions via lower interest rates. Note that the interest rate increase is
much smaller in the period of the hit and the return to the steady-state is faster than in the unanticipated
case. Output, wages, hours worked, consumption, and investment increase initially. These variables have
a hump-shaped pro le and return slowly to their steady-states. Some of them jump signi cantly below
the steady-state after some periods as a reaction to new conditions in the economy (returning of in ation,
expecting of monetary policy shock, dynamics of both production inputs deviations etc.). The behavior
of the capital stock is strongly a ected by investment adjustment cost (see Tonner et al. [11]).

The gure 2 shows a positive total factor productivity (TFP) shock. The unanticipated shock results
in a decline of investment, consumption, wages, hours worked, and output below the steady-state.® Simply
said, an unanticipated technological shock means that agents observe (fully unexpected) change of the
technology which makes them more productive. A decrease of in ation and interest rates is consistent

5 See also Dixit and Stiglitz [4], Erceg et al. [5], Yun [14], Fuhrer [8], Abel [1], and Kk im [10] for detailed explanation
of model features.

® Note that they are maximizing their objectives (utility or pro ts functions). Typically when optimizing, agents
try to spread the e ects of a shock in a longer period.

7 Note that the timing of deviations before the hit depends on the calibration and the overall model design. H ere
the e ects are relatively long-lasting, but we do not perceive this feature as a model fault. 0 ne needs to realize
that this model does not serve for forecasting purposes and our objective is the behavioral analysis only.

8 The monetary authority targets in ation and output.

9 Note that the model has the balanced growth path where all variables are either constant or grow at a constant
pace in the long run. In a case of a positive technological shock, one needs to realize a permanent level shift
after a positive temporary technological shock. H ence, some variables below the steady state are still growing,
but with less growth rates with respect to the after-shock steady state.
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with the technology improvement. On the other hand, when the shock is fully anticipated, agents know
perfectly that they will be more productive in future. Moreover, they understand a permanent level shift
of the shock and adapt immediately to the new situation. They raise their consumption and decrease
their hours worked and investment below the steady-state. In ation raises with respect to the demand
stimulus because the economy still faces the old (before-shock) productivity. Nominal interest rate raises as
a reaction to the above-target in ation and the positive output gap.'® When the shock hits the economy,
it makes inputs more productive. Almost all variables are below the steady-state. As was noted, this
means (with the reference to technology shocks) that the economy is more productive and the old growth
rates are now insu cient.

4 Conclusion

In our contribution, we analyze fully anticipated shocks in a medium-scale closed economy DSGE model
and compare them with unanticipated shocks. When a shock is fully anticipated, agents adjust their
behavior before a period when a shock hits the economy. This behavioral change might be signi cantly
di erent when compared to the unanticipated case. In the paper, we present impulse responses to two
model shocks (a monetary policy shock and a total factor productivity shock) with a parametrization
according to [11]. This analysis extends our previous work where only unanticipated shock were assumed.
From gures, one can observe a signi cant altering of agents’ behavior. The current calibration results in
a relatively long-lasting return of model variables to their steady states. These deviations depend on the
parametrization of the model, but general patters might remain. From a practical policy side, modelling
of anticipated shocks can be a useful tool for a policy forecasting since we admit relevance of rational
expectations in reality.

10 At rst, output slightly falls as a consequence of a decreased investment, but quickly raises above its steady-state
since consumption and hours worked divert substantially from the steady-state.
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Abstract. The paper proposes a particle swarm optimization (PSO) algorithm for solving the basic vehicle
routing problem (VRP). A direct route-based representation of VRP is used in the implementation of PSO,
i.e. each particle represents a set of feasible routes. After initia routes have been constructed, a modified edge
recombination crossover operator is used to move particles towards better solutions. The paper presents early
results on application of the proposed PSO algorithm to VRP using benchmark data sets available from the
literature.

Keywords. Metaheuristic algorithm, vehicle routing problem, particle swarm optimization, edge
recombination crossover operator

1. Introduction

In the vehicle routing problem (VRP), the task isto specify a set of routes on which vehicleswill run to serve
customers, while all restrictions on customers, vehicles and routes are hold and the set is optimal. Many variants
and solution methods of VRP have been formulated ([9]). In this paper, we deal with the so-called capacitated
vehicle routing problem (CVRP): the customers have delivery demand only, the vehicles have equal capacities
and they all start and end at a single depot. Thetotal route cost is subject to optimization and it is only composed
of distance-dependent travel costs of vehicles.

VRP isan important NP-hard optimization problem and since its formulation fifty years ago, plenty of exact,
heurigic and metaheuristic solution techniques have been invented. In our contribution, we present a
metaheurigic solution technique based on particle swarm optimization (PSO). PSO is a population-based
algorithm that simulates spatial behavior of animals living in groups such as flock of birds or school of fish in
which the individuals move toward common target without central control. Although PSO has been used for
many optimization problems, its applications for VRP arerare ([6]). Recently, PSO for VRP with simultaneous
pickup and delivery has been presented ([1]).

The paper is organized in the following way. First, we define the problem of capacitated vehicle routing and
we mention some solution methods. Then, we introduce the particle swarm optimization and we propose its
application for CVRP including the explanation of the modified edge recombination operator. Finally, we
discuss the results and future work.

2. Capacitated vehicle routing problem

The capacitated vehicle routing problem (CVRP) can be formally defined in the following way. Let G = (V,
A) be such agraph whereV = {vg, v;, ,vn} isaset of vertices representing customers, and A = { (v, vj)| Vi, V;
V,i j} isaset of arcs. Let ks denote the number of vehicles available, each with the same capacity Q. Let vq
denote a depot where al vehicles are stationed; the vy, v, vertices represent customers. For each customer,
delivery demand quantity g; is defined. Finally, a matrix of travel costs associated with arcs (c;) for each (vi, v))

A is aso defined. A solution of CVRP is defined as a set of at most k routes respecting the following
conditions:

each route starts and ends at the depot, Q)
each customer isvisited exactly once by exactly one vehicle, ()]
thetotal demand of customersin each route does not exceed the vehicle capacity. 3
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Solution of CVRP is subject to optimization. Let the total cost of all routes be defined as the sum of travel
costs spent by vehicles running on arcs that are parts of respective routes. The following condition has to be
fulfilled, too:

the tota cost of all routes is minimized. (4)

2.1. Solution methods for CVRP

Since the CVRP was formulated, it was solved by exacts methods. The exact methods include branch-and-
bound agorithms, branch-and-cut agorithms and set-covering-based algorithms ([9]). Twenty years ago,
heurigtic methods were introduced which outperformed the exact methods. These methods explore rather limited
regions of the solution space, find good quality solutions and require moderate computing time ([5]). The
heuristic methods (now called classical) can be classified as constructive heuristics, two-phase heuristics and
improvement heuristics ([5]).

Recently, metaheuristic techniques have been invented. These methods explore the most promising regions
of the solution space in detail ([5]) and typically, the solutions generated during the solution search process may
be of poorer quality or even infeasible ([3]). The main metaheuristics widely used for the CVRP are simulated
annealing, deterministic annealing, tabu search, genetic algorithms, ant agorithms and neural networks ([3]).
Very recently, particle swarm optimization and artificial immune systems have been used as yet another two
promising metaheuristic algorithms for solving CVRP. So far few results can be found in the literature ([7]).

3. Particle swarm optimization

Particle swarm optimization (PSO) is a population-based algorithm ([2]). The algorithm isingpired by spatial
behavior of large groups of animals (e.g. bird flocks or fish schools) which are capable to move in a coordinated
manner towards common target without central control. The group is called swarm and the individuas are called
particles. Each particle represents one solution of the problem. For each particle, position in the solution space
and velocity driving its movement in the solution space is specified. Let x;(t) denote the position of the ith
particlein the solution space at time step t and let v;(t) denote the vel ocity vector of theith particlein the solution
Space at time step t. The new position of theith particleis calculated as:

Xi(t+1) = xi(t) + vi(t+1) ®)

The velocity vector comprises the individual experience of the particle (so-called cognitive component) as
well as the collective experience of the swarm (so-called social component). Each particle keeps information
about the best position it has ever reached as personal best position. For each position, its quality is calculated
using the fitness function defined on the solution space.

For each particle, its neighbors are specified according to the neighborhood structure defined. One of the
basic neighborhood structures is so-called total star neighborhood where each particle is a neighbor of all other
particles. Each particle also keeps information about the best position ever reached by its neighbors as global
best position. Let y;(t) denote the personal best position of the ith particle at time step t, and let (t) denote the
global best position of theith particle at time step t. The velocity of theith particleis calculated as:

Vij(t+ L) =vi(t)+eary(O[y;(1) xi(D]+carz(0[ (1) xi(0)] (6)
s0 the new position of a particle can be formulated as:
Xij(t+1) = X;i(t) + viO)+cury@yi(t) X0 +carz@®[ () x;(t)] (7)

Cognitive and social acceleration coefficients ¢; and ¢, serve the purpose to strengthen or weaken the
attraction of a particle towardsits persona best and global best positions, respectively. They are usually constant
during the iterations. Random coefficients r; and r, in the range <0;1> represent small perturbations in the
attraction of a particle towards the personal best and global best positions, respectively. Typically, the ¢; and ¢,
constants are set to a value in the range <0;2>, the swarm size is between 20 to 50, and the simulation is run
from 500 to 5000 time gteps. In the basic version of the PSO, the algorithm starts by creation and initialization of
the particles of the swarm. The remaining steps are performed in the loop until the stopping criterion is met: for
each particle, its persona best position is updated, then its neighbor best position is updated and finaly the
position of the particle is updated using the equation (7).
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3.1. PSO representation of CVRP

Different coding schemas can be used for representation of CVRP solution in PSO. In their work ([1]), Ai
and Kachitvichyanukul represented the solution as priorities assigned to customers. The solution is used in the
constructive heurigics: the higher the priority, the earlier the customer will be placed on aroute to be served.

We propose the solution ingtance based representation which is a sequence based representation. Let n denote
the number of customers and k the number of vehicles used, k k. The number of vehiclesused is set in such a
way that:

k 1) Q 9 k Q (8)
il

Each particle represents a set of k routes. The position x of a particle is defined as n+k-1 dimensional vector
such that:

)i {0,1, ,n}for0 i n+k-1, where (9)
(x)i=] for exactly onevalueofi,1 j n,and (20)
(x)i = O for exactly (k-1) values of i. (11

a=(x); and b=(x);., adjacent values in the position represent the fact that the arc (v, Vy) is included in the
route. The arc (vo, V) represents the starting arc of the route of a vehicle, the arc (v, Vo) represents the ending
arc of the route of a vehicle. For c=(x); and d=(X)n+k.1, the (Vo, Vo) and (vg, Vo) arcs are also added at the
beginning and the end of the corresponding routes, respectively. For example, the position
x=(8,17,11,12,15,0,6,16,2,4,18,0,5,1,9,13,3,10,7,14) represents three routes on customers {v;, , Vig} (see Fig.
1).
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Fig. 1. Three routeson customers{vy, , Vig}.

Because (x);=0 for exactly (k-1) values of i, the position of a particle represents routes of exactly k vehicles,
al garting and terminating in the depot (the vy vertex), and all customers (the vi, v, vertices) are visited by
exactly one vehicle. The representation thus ensures that the solution encoded by the position of a particle will
hold the conditions (1) and (2) of the optimization problem. The condition (3) of the optimization problem is
kept during the process of the particle construction. Initially, the position of each particleis constructed in such a
way that the total demand of customers in a route does not exceed the capacity Q of the vehicle, if possible.
During the solution search process, when the particles move in the solution space, the position is adjusted if the
condition (3) does not hald. The fitness function includes a penaty function which adds a big penalty to the
resulting fitness of the solution if the (3) condition is violated. The fitness function is formulated as total travel
costs of the route.

As the representation is based on sequences instead of state variables, the general PSO modd has to be
reinterpreted. The velocity models attraction of a particle towards a position in the solution space, and in the case
of state variable based representation it is computed as difference of two positions. This differenceis then added
to a position of the particle and thus the particle moves to a new position. In the case of sequence-based
representation, subtracting and adding positions as vectors is not defined. Instead, we apply edge recombination
crossover (ERX) operator on position pairs. The result of such an operation is again a new position such that it
shares common parts with both operand positions. We reformulate the calculation of the new position of a
particle in the following way:
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i .ifpit) <$(tzl(t)l>

: 0]
i) @), ifpi() <0am,

it D (12)

where  denotes the edge recombination crossover operator, pi(t) <0;1> is assigned a value with uniform
distribution probability, ui(t) isfitness of yi(t) and [3(t) isfithness of (t).

3.2. Edge recombination crossover operator

The edge recombination crossover operator was introduced as crossover operator in genetic algorithm for the
travelling salesman problem ([10]). When the solution of TSP is represented as a path, the ERX operator applied
to two operand (parent) solutions (e.g. see Fig. 2) yields a new offspring solution such that each segment of the
offspring solution was randomly selected from one of the two parent solutions (e.g. see Fig. 3a). As the
experiments have shown ([4]), the effectiveness of the ERX operator can be enhanced by giving higher priority
to the segments shared by both operands (e.g. see Fig 3b).

BOR ©
e o
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Fig. 2. Two parent paths sharing segments 1-2, 3-4 and 5-6.

g
@
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Fig. 3. a) Offspring path. b) Offgpring path with segments 1-2 and 5-6 included.

The application of the ERX operator is performed in the following way. Firstly, the adjacency matrix of all
nodes contained in the both operand paths is constructed in such a way that for every node the nodes adjacent
with the given node in either operand pathsarelisted (e.g. see Tab. 1.).

ode | adjacent nodes
2,6,2,4
1,315
2,446
3,513
4,6,2,6
1535
Tab. 1. Adjacency matrix for paths fromFig. 2.

OU|BRIWINIFIS

Each node in the adjacency matrix has exactly four adjacent nodes (two from each operand paths). Duplicate
nodes on the list of adjacent nodes mean that the segment is common for the both operand paths.

The adjacency matrix is used in the resulting path construction. Initially, a starting node ng of the path and
one node n, from the list of its adjacent nodes are selected and they become the first segment of the resulting
path. Therest of the path is constructed in aloop: the information on adjacency of ns and n, in the resulting path
is recorded for both nodes ns and n,. Furthermore, the node ns is removed from the list of adjacent nodes for all
nodes in the adjacency matrix. The node n, gets then assigned to ns, and n, is assigned a node selected from the
list of the adjacent nodes of ng (see Tab. 2a, 2b).
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Adjacency matrix Resulting path Adjacency matrix Resulting path

node | adjacent node | adjacent node | adjacent node | adjacent
nodes nodes nodes nodes

1 2,624 1 2,4 1 2,624 1 2,4

2 4345 2 1 2 4345 2 1

3 24,46 3 2446

4 3543 4 1 4 3543 4, 1,5

5 4,6,2,6 5 46,26 5 4

6 4535 6 4535

Tab. 2a. Construction of the resulting path, Tab. 2b. Construction of the resulting path,

ns=1, n=4. ns=4,n,=5.

The loop halts when the list of the adjacent nodes of the current ns is empty and the adjacency matrix
becomes empty. The last node of the path is then made adjacent with the node which was used to start the path.

3.3. ERX operator for vehicle routes

When we use the ERX operator for the VRP (see e.g. Fig. 4), we have generaly more than one path, thus the
node O corresponding to the depot has more than four adjacent nodes in the adjacency matrix of the operand
solutions. During the construction of the resulting route set, we have to deal differently with the node 0 in the
role of ng it cannot be removed from the list of adjacent nodes for al nodes in the adjacency matrix, as the
construction would result in a single huge route passing through the depot node and all nodes. On the other hand,
keeping the node 0 in the adjacency matrix, routes can be closed too early leaving some nodes not included in
any route. Therefore, when sdlecting the next n, node from the adjacent nodes of the current ns node, we give
less priority to the node O than to other nodes. We also give higher priority to duplicate adjacent nodes of the
current ng node (meaning common segments in the operand solutions). When the list of the adjacent nodes of the
current ng is empty, we close the current route, and we start another one by selecting such a node in the
adjacency matrix that gill has adjacent nodes listed. The application of the ERX operator halts when the
adjacency matrix becomes empty.

@
®/ @\3 //\@ @ ............ @ ..... ©
— 0 —9—— 0)--@)-----
2 @—@——® Ve g

Fig. 4. Two operand route sets.

3.4. Refinement of the solution

To terminate the construction of new solution, we have to check that the solution is composed of k routes and
that each route passes through the depot. If necessary (see e.g. Fig. 5), we randomly merge two routes into one or
split one route into two until we get k number of routes such that they all pass through the depot.

Finally, when k number of routes is reached, we have to ensure that the condition (3) is met. We can apply
some solution multiroute improvement heurigtic regarding the edge exchange (see [5] for details) to balance the
total demand of routes.

Fig. 5. The result of the ERX operator application on the operand route setsfromFig. 4.
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4. Results and future work

The algorithm proposed has been run on several CVRP instances, i.e. the benchmark problems of Solomon
([8]). Sofar, the results are not competitive with the other results achieved. The reason is that, currently, alittle
problem-specific information is used to guide the movement of the particle swarm in the solution space. Instead
of random selection, the problem specific features can be taken into account, e.g. during the application of the
ERX operator or refinement of the solution. The PSO algorithm can be made more eaborated, too. Random
replacement of a particle can be introduced as another mechanism that brings stochastic ement into the search.
It allows the swarm to escape from the local optimum which can attract al particles. Currently, in the calculation
of the next position of a particle, fitness of the personal best and neighbor best positions is used. Instead,
probabilities proportional to the social and cognitive components can be applied.
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On the Neoclassical Theory of Investment and Tobin’s g
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Abstract. The neoclassical theory of investment considers a rm’s optimization behavior - the
objective of the rm is to maximize the present value of the rm subject to some technological
constraints. Another concept of investment was developed by Tobin who suggested that the rate of
investment is a function of q; de ned as the ratio of the market value of new additional investment
goods to their replacement cost. It was shown by Hayashi that the two di erent approaches to
investment can be integrated and that g can be interpreted as the value to the rm of an additional
unit of capital, which is the discounted value of its future marginal revenue products. This can
be demonstrated from an application of Pontryagin’s maximum principle. In the present paper we
consider a similar problem. We present necessary conditions for an in nite horizon optimal control
problem to nd an optimal investment behavior of a rm.

Keywords. Investment, Tobin-s g, optimal control problem, in nite horizon, Pontryagin-s maxi-
mum principle.

1 The Value of the Firm

The basic principle of investment comes from a common pro t maximization and can be formulated as
follows: the rm chooses such level of the input that the marginal productivity of this input is equal to
its relative price. In the long period, all inputs of the rm can be adjusted, including such xed inputs
like capital, i.e. machines, buildings and equipment. To develop the principle of investment in more detalil
it is necessary to consider decisions that will in uence pro ts in long period. The concept that allows us
to do it is the value of the rm. The value of a rm can be de ned as the present value of the expected
future net cash ow (NCF) that the rm will generate. The general formula can be written as

Z 1 RS
V = e "V (g)gs; 1)

t
wheret; t O represents time and (S) is the net cash ow of the rm at time s;s t; which represents
revenues minus costs without any concern for depreciation of assets. The parametes) is the discount
rate at time s;s t. For purposes of this paper we may assume that this rate is a constant. Then the
present value of the rm V; at time t can be expressed in a simpler form

z 1

V; = e’ ') (s)ds: 2)
t

2 Neoclassical Investment Problem

One of the rst dynamic models of the rm is the neoclassical investment model, see (Jorgensor?)
and (Hall, Jorgenson, ?). Let p(t); p(t) > O; be the unit price of the output of the rm at time t; w(t);
w(t) > 0; the unit price of labor and nally g(t); g(t) > O; the unit price of investment good. Let Q(t) be
the quantity of output at time t; L(t) the quantity of input, say labor, and | (t) the rate of investment at
time t: Now the net cash ow at time t can be written as

= p®OQM  wOL®)  9®! (O ©)

The rm that is owned by households wants to maximize its value Vy: If we consider the neoclassical

production function F, then Q = F(K;L ); whereK; K = K (t); is the quantity of capital stock at time

tand L; L = L(t) is the quantity of labor at time t: It is assumed that capital depreciates at the rate ;
2 (0;1): The value of the rm V, de ned by (??) is then given as a function of the variablesK;L and

| and the problem can be formulated as follows

maxfVo(K;L;1 )jK 2 M1;L 2 M3;1 2 M3g (4)
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where

M;=fK 2 PCY(0;1)] K.=1 KK (0)=Kg>0;K 0; 2(0;1)g (5)
M,=fL 2 PC(0;1))j L Og (6)
M3 = PC([0;1)) (7)

The current-value Hamiltonian of this problem is
He=HSKL;l;q9 )= pF(KL) wL gl+ql K); ®)

where we suppressed the variablé denoting time in the enrollment of the functions K = K (t); L = L(t);
I =1@®); p = pt); w = w(t); g = g(t) and where g = ((t) is the current-value adjoint variable. Let
(R; C; ) be the optimal solution to problem (??). We will also use the notation ¢ = HS(K; C; I} q):
If Pontryagin maximum principle for in nite horizon is used, see e.g. (Seierstad, Syds ter, ?), then the
following necessary conditions are obtained:

C=pF (K ) w=0; ©)
Be= g +q=0; (10)

and the adjoint equation is
g rg= M= pF KD+ g (11)

The relation (??) is a standard employment optimality condition - the labor is employed if the marginal
labor product p(t)F . (K (t); £(t)) is equal to unit price of labor w(t); t 2 [0;1): Since (??) is a necessary
condition for optimal solution to (??) we have q(t) = g(t); t 2 [0;1): This condition can be substituted
into (??) and we gain the relation

pPOFk (K(®; L) = g@®+ rg(t) af);t 2 [0;1) (12)

which means that the cost of capital has three components: the capital depreciates at rate; using the
capital, the rm gives up the choice of selling it and invest the money at interest rate r; and the rm
may get a capital gain or su er a capital loss, i.e. the price of the capital good may change in the rate
g(t): If the relative price of capital is constant, i.e. g(t) = 0 and is normalized to unity, we obtain the
standard rental rate expressionp(t)F k (K (t); £(t)) = r+ which one gets in the static model of the rm.
On the optimal path the rm should determine a desired level of the capital stock from (??), i.e. it should
adjust the actual capital stock immediately to its desired level. The rm chooses its desired capital stock
through optimal investment. What is the optimal investment rate if the initial capital stock K (0) is not
at its desired level? Since capital evolves continuously over time, se@®), and a discrete change in the
capital stock is required an in nite rate of investment is necessary. It means that the optimal investment
strategy given by (??) to obtain the desired level of capital stock is infeasible. Moreover, any discrete
change of the exogenous parameter as interest rate leads to a discrete change in the desired capital
stock. Similarly as in the previous observation this will lead to an in nite investment level. The theory
of investment tackles these problems by introducing capital adjustment costs.

3 Adjustment Cost and Investment

We will consider that capital is costly to install and uninstall - the more detailed discussion was given in
(Pramk, ?). The net cash ow attime t;t 2 [0;1); of the representative rm can be modi ed as follows

) = p®Q() wL®) gl ) CU MK (1) (13)
The key assumption in this formulation of the net cash ow of the rm is that there is a convex installation
costC(l; K ); particularly we will assume that the adjustment cost for installing new capital has the form
| 2

C(hK)= K

(14)
where is a positive real constant. Notice that if p(t); w(t) and g(t) are exogenously given function and

moreover if Q(t) is given by a neoclassical production function then ()= (K (t);L (t);1 (t)): If we use
(??) in (??) then the current-value Hamiltonian in the problem (??) is

H®=HK;L;l;9)=pF(K;L) wL gl CH;K)+qgl K): (15)
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Now we use Pontryagin maximum principle for in nite horizon problem. Since H¢(K;L;1;q ) is concave
with respect to variables L and | the optimal solution (K (t); [(t); I'(t)) to (??) satis es the following
necessary conditions:

f=pR (KD w=o0; (16)

He=g C(TKR)+q=0: (17)

The relation (??) is again the standard employment optimality condition. If we use (??) for adjustment
cost function we can rewrite (??) as

) _ a® o) (18)
R ®
which means that optimal investment has the same sign agi(t) g(t); t 2 [0;1): This criterion can

be used as a rule for regulation of optimal investment. Whenewer the control variabled” and [ are
continuous the adjoint function g satis es the adjoint equation

a ra= Hg = pF (K D+ C(NK)+ g (19)
with the transversality condition
Jim e qtyR(®)=0: (20)
Note that pF « (K; )+ Ck (' K) = k (R; 0 1) see (??), which means that adjoint equation (?)
can be rewritten as
a (r+ )= kKGN (21)
This is a linear di erential equation and its solution q(t) can be express with the following relation
Z, h i
Jim q(s)e ) qe® * = el s « (K(s); [(s); Ns)) ds:

t

The economically relevant solution requires thatK (t) is bounded and it means that transversality con-
dition (?7?) gives
Jim e qt)=0:

This observation yields that
Z, h i
av= el T (R(s) L) Ns) ds; (22)

t

which denotes the present value of the marginal contribution of capital to net cash ow of the rm. A

unit increase in the rm’s capital stock at time t increases the present value of the rm’s net cash ow
by q(t): It means that q(t) shows how an additional unit price of capital a ects the present value of net
cash ow of the rm and thus it raises the value of the rm by q(t): Thus q(t) can be interpreted as the
market value of a unit of capital for a given rm.

3.1 Marginal ¢

To check the interpretation of q(t) let us nd the derivative of the functional that represents the value of
the rm at time t, i.e. the functional
z 1
Ve= VIR@®; Ly )= e ©1 ) (R(s) L(s); M(s)ds

t

with respect to function K (t) that represents capital stocks. It can be proved that

@v_*1

@K™ | el )0 (R(s); L(s); MNs)yds = at): (23)

Therefore the marginal q(t) can be considered as the ratio of the change in the value of the rm to the
added capital cost for a small increment to the capital stock.
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3.2 Tobin's q

There is a problem with marginal qg: It cannot be measured and therefore it cannot be considered for
empirical work. Instead of that it is necessary to use some approximations and average values. The average
g or Tobin’s g is de ned as
Vi
7=

gOK ®

which represents the ratio of the total value of the rm to the replacement cost of its total capital stock,
see (Tobin,?). The relationship between averagej and marginal g was for the rst time shown in (Hayashi,

?).
3.3 Hayashi observation

Now we use the fact that F is a neoclassical production function which re ects a constant return to
scale. It means that F is a homogeneous function of degree one. Let us further consider that also the
adjustment cost function C is a homogeneous function of degree one such that we consider for example
in (??). Then according to Euler’'s theorem for homogeneous function of degree one we have

FIK;L)= KFk (K;L)+ LFL(K;L); C(ILbK )= 1C, (I1K )+ KCk (I;K ):

Relations (??), (??) and the previous observations allow us to expres& « (K; [; ") as follows

R « (RGN = pRFg (K )  Rek ([ K)
=plFK; D) LF(K O] [C(HR) 1C(NK)]
=pF(K; ) Ctw c(iR)+ Mg 9
= KGN+
This relation, (??) and (??) can help us to nd the following derivative
(k)= oK + gk

(r+)a «&GHK+ M K]
gk + gk KGN o'+ ot gR
rqk (K G 1Y):

We obtained a linear di erential equation for an unknown function q(t) K (t): The solutions to this equation
can be written in the following form

z 1
Jim e as)K(s) e gty K() = e’s  (s)ds;
' t
where we use a truncated version for (K (s); [(s); '(s)) =  (s): If we take into account transversality
condition (??) and we can nally write
z 1
qoR@® = e ') (s)ds=V;
t
which means that
q(t) = = g(t)g” (¥); t 2 [0;1): (24)
K\()

The latter expression means that if we normalize the unit price of investment good, i.eg(t) =1 ;t 2 [0;1);
the marginal q and averageq are equal.

4 Conclusion

The paper deals with a neoclassical investment model with adjustment cost on in nite time horizon, uses
necessary conditions given from Potryagin maximum principle and o ers a simple and a transparent proof
of Hayashi result which states that Tobin’s g and marginal q are equal providing that the rm is price
taker, its production function is concave, its cost function is convex and both functions are homogeneous
of degree one.
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Abstract. The goal of this paper is to estimate timing and shap e of a structural change (regime
sw itch) of the C zech economy, w hich took place at the end of the nineties. T he approach we have
chosen is bhased on D ynamic S toch astic 6 eneral Equilib rium (D S6 E) model v ith Markov sw itch ing
regimes. In order to keep the estimate meaningful w ith resp ect to the numb er of parameters (model
comp lex ity) and the length of C zech macroeconomic time series, w e h ave ch osen a small p rototyp ical
N ew K eynesian model. T his model has b een estimated by B ayesian tech niques. T he results do not
consist of parameter estimates for di erent regimes only, b ut also of p rob abilities of th ese regimes
in time. T his o ers very interesting view of the changes the C zech economy w ent through in the
second half of the nineties.

K eyw ords. Structural change, Markov sw itching regimes, N ew K eynesian, C zech economy, D SG E.

Key words: structural change, N arkov sw itching regimes, N ew K ey nesian, C zech economy, D SG E

1 Introduction

E ven a quick glance at main macroeconomic time series of the C zech economy raises a qu estion:
{ Did the C zech economy undergo a structural change in the late nineties?

In other w ords, did the dy namic b eh avior of the C zech economy change or did the economic develop ment
at the late nineties just re ect extreme exogenous sh ocks?

Prior to the estimation of the possible structural change we know that at least a switch of the
monetary regime to in ation targeting took place at that time. T herefore w e exp ect that the structural
change happened and the question above have to he re ned:

{ D id the structural change in the late nineties consist only in a monetary regime sw itch or another
asp ects of the C zech economy changed as w ell?

In this paper, we try to nd the answ er to this question. According to this ob jective, w e focus on
estimation of a possible change in fairly general aspects of the economy. T he precise assessment of a
structural change would require more realistic (and comp licated) model structure. At least an open
economy model should be considered in this case.

2 Simple New K eynesian Model

Ashasbeenw ritten ab ove,w ew ould like to nd outw hether the dy namics of the C zech economy changed
du e to oth er asp ects then monetary p olicy or not. B ecau se w e do not asp ire to track dow n concrete sou rces
of a structural change, a simple N ew K eynesian model ts our requirements w ell enough. Nl oreover,
estimation of more comp licated model structure could be problematic w ith respect to the number of
estimated parameters and length of the C zech time series.

T he chosen model is a slightly modi ed version of the closed economy N ew K eynesian dynamic
stoch astic general equilibrium (D S6 E) model presented in [L]. W e refer the reader to the cited pap er for
more detailed discu ssion.

T he economy consists of a rep resentative household, a continuum of intermediate goods producing

rms, a nal goods producing rm, and a monetary authority. T he representative household consu mes

?Thisworkwassupported by MSMT project R esearch C enters 1M0524, and funding of speci c research at ESF
MU.

?? ) e appreciate the access to the MET AC entrum comp uting facilities provided under the research intent
MSM6383917201.

280



nal goods and supplies the intermediate goods producing rms with homogeneous labor. The model
supposes perfect competition on labor market and that’s why household and rms are wage-takers. The
intermediate goods producing rms hire labor and produce goods according to constant returns on scale
production function. The j-th rm faces the quadratic price adjustment costs

- !2

Pt 1()

AC() = 2

where is the measure of price stickiness, *° is steady state in ation rate of the nal goods, P¢(j) is price

of its production in period t, and Y¢(j) is its production. The monetary authority which pays attention

to in ation rate and growth rate of output sets nominal interest rate according to Taylor type rule.
The linearized model in terms of stationary variables is

1
Y=EPe1 -t Eiwa %), (22)
MN= EdMer t m Be+" s (2b)
o= e 1 +@Q ) 1Mt 2 Y 1+ 2) e (20)
2= % 1+"zt; (2d)

where variables with hat are deviations from steady state. The rst equation is IS curve, the second is
Phillips curve, the third is Taylor rule, and the last one represents technology process. Parameter is

the inverse elasticity of intertemporal substitution in consumption, is the discount factor, and = 1—
where is the inverse elasticity of demand for intermediate goods. The shocks " ., "t and ",.¢ are
Gaussian with mean zero and standard deviation , ,and , respectively.

The model variables are connected with observed data via measurement equations

YGRy= ** +% % 1+72; (3a)
INFL= S+ 7 (3b)
INT¢= 5 +1200( % D+ °+n; (3¢c)

where 5% is steady state growth rate of technology, and the observed data are

YGR { growth rate of seasonally adjusted and adjusted by working days per capita real gross
domestic product. Data are obtained from Eurostat.

INFL { CPIlin ation per quarter. Data are obtained from SourceOECD Statistics.

INT { 3-month Prague InterBank O ered Rate (PRIBOR, in per cent per quarter). Data are
obtained from ARAD data series system of the Czech National Bank.

We used quarterly data from 20 1996 to 3Q 2007.

3 Estimation Method

This section gives a brief description of the method used to estimate model parameters and regime
switches. The detailed discussion of the theory of Markov switching state space models is presented in
[3] and [4].

After solving rational expectations?, the model given by the equations (2) and (3) is put into the state
space form

Xe = F(;Se)Xt 1+ G( ;St)ue + wy;

yt = H( ;St)Xe + A( ;Sue + ®)
wherewy N(@©;Q (;St))and ¢+ N(;R( ;St))isaprocess and measurement noise, respectively, X is a
state vector, y; is a measurement vector and uy is known exogenous vector. Matrices F; G; H; A; ( and R
are functions of parameter vector and state indicator S;. The process of state indicators fStgth o follows
a discrete-time two state Markov process with unknown transition matrix . The vector equals ( §; )’
where 1 is the vector of model parameters when state 1 arises and » consists of values of model
parameters when state 2 of the system arises.

1 We used the algorithm of C. Sims described in [8] and his Matlab code gensys to solve rational expectations.
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We carried out Bayesian estimate of the parameter vector , transition matrix of the Markov
chain, and realization S = (S3; Sy :::; St) of the (hidden) Markov chain based on the componentwise
Metropolis-f astings sampling. This means that we simulated draws from posterior simultaneous proba-
bility

peS; 5 JY); ©)
where Y is set of observed data. Because the likelihood p(YjS; ; ) is invariant to relabeling of states of
the Markov chain, we chose priors for Sgp, and invariant to permutation of states, performed random
permutation sampling variant of the sampler mentioned above, which provided us with balanced mixture
of draws from all labeling-speci ¢ subspaces, and processed the posterior draws in order to attain unique
labeling rather than restricting to the subspace speci ed by a certain formal identi ability constraint. We
had decided for permutation sampling method because an a priori chosen identi ability constraint need
not guarantee unique labeling.

4 Results

We simulated 100,000 draws and threw away rst half of the simulated chain to get rid of e ect of
initial conditions. The computation was done in Matlab. We estimated all model parameters except for
discount factor . We calibrated this parameter to value 0:995, which imposed steady state real interest
rate approximately equal to 0:5+ SS per cent per quarter. Prior densities for other parameters are reported
in Table 1. The priors are identical among di erent states. Next, we chose Dirichlet distribution® with
parameter 3 for diagonal element and 2 for o -diagonal element for each row of the transition matrix
of the hidden Markov chain. The probabilities of state 1 and state 2 at the initial period were set both
to 0.5.

We have estimated \ sharp” distribution of the states in the period under consideration. The probability
of state 1 is depicted in F igure 1. The whole period is divided into two intervals corresponding to two
states of the economy. Based on the estimation results, the regime switch arose during the rst quarter of
the year 1999. This is the quarter after the rst in ation target.> This means that the estimated regime
switch do not coincide with monetary regime switch, which took place at the beginning of 1998. This
lag can be caused by subsequent changes of another aspects of the Czech economy and/or by gradual
propagation of the monetary regime switch to the structure of the economy.

L L n n n
1996 1998 2000 2002 2004 2006 2008

Fig. 1. Probability of state 1

The estimates of the model parameters are presented in Table 1. As can be seen, we found strong
evidence of a change in steady state values. The steady state growth rate of technology decreased from
1.174 (approx. 4.7 per cent p.a.) to 0.358 per cent (approx. 1.4 per cent p.a.). The steady state in ation
also decreased. It dropped from 2.025 (approx. 8 per cent p.a.) to 0.142 per cent (approx. 0.6 per cent
p.a.). The steady state in ation in the second part of the period is quite low and signi cantly lower then
in ation targets. This re ects the fact that the Czech National Bank (CNB) undershooted the in ation
target systematically (see [5]). Nevertheless, the estimate is still low despite of undershooting.

2 The Dirichlet distribution is conjugate prior in problems of this type.
3 The rstin ation target was set in December 1997 for the rate of net in ation at the end of year 1998.
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Table 1. Priors and estimation results (The prior distribution functions are Beta (B), Gamma (G) and
Inverse Gamma (1G).)

Prior D istribu tion Posterior { State 1 Posterior { S tate 2

Param. ot W ean Std. dev. W ean 5% 955 W ean 5% 954
G 2000 0500 2214 1834 2723 3.752 3506 4.043

G 0200 0100 0242 0109 0377 1541 1.395 1.856

. B 0500 0200 0857 0795 00922 0.697 0569 0.794
N G 1500 0250  1.202 1.067 1.335 1227 1.074 1.353
2 G 0500 0250  0.456 0312 0.696 0502 0.335 0.701
) B 0500 0100 0272 0.83 0348 0425 0326 0.491
55 G 0800 0250 0358 0272 0451 1174 1.031 1.324
s G 1000 0500 0142 0048 0251 2025 1.921 2.129
IG  1.000 0500 1326 1.016 1.623 2.286 1.952 2.484

. IG 0300 0150 0.368 0265 0473 0.865 0.707 0.958
. IG 1500 0500 1663 1.436 1.953 2.850 2.507 3.130

The steady state values are not the only parameters which changed. The parameters in uencing the
shape of reaction of the Czech economy to shocks changed as well. The parameter decreased. This
induces an increase of intertemporal elasticity of substitution in consumption and hence consumption
(output in closed economy model) has become more sensitive to real interest rate. The parameter
decreased signi cantly. This parameter lowers if the adjustment costs increase (parameter ) or elasticity
of demand for intermediate goods (1= ) decreases. L ooking at estimates of , and SS and the Phillips
curve (2b), the in ation seems less sensitive to output uctuations and hence more stabilized during
the second part of the period under consideration. As far as parameters of monetary policy rule are
concerned, the results are ambiguous. The interest rate smoothing parameter  raised during the period
but another two parameters ( 1 and ;) remained almost unchanged.

Based on the estimates, the standard deviations of all shocks decreased in the late nineties inducing
lesser volatility of the Czech economy after the structural change. The cost-push shock is the one whose
in uence has reduced the most if changes of parameters , and SS are taken into account (see (2b)).

5 Conclusion

This paper has aimed to detect a structural change of the Czech economy in the late nineties, its timing
and shape in general aspects. It has made an inference based on Bayesian estimate of the Markov switching
state space model.

The paper has found strong evidence of one structural change of the Czech economy which took place
during the rst quarter of the year 1999. This switch did not consist in change of steady states only
but also in change in reaction of the economy to exogenous shocks. The structural change of the Czech
economy did not comprise only of a change of monetary regime but also of another aspects of the economy
(elasticities, degree of nominal rigidity). Besides that, volatility of the economy lessened as indicated by
standard deviations of exogenous shocks included in the model.
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Abstract. The choice of capital structure by firms is a fundamental issue in financial literature. According to
a recent finding, the capital structure of firms remains almost unchanged during their lives meaning that
leverage ratios are significantly stable over time. The stability of leverage ratios is mainly generated by an
unobserved firm-specific effect that is liable for the majority of variation in capital structure [1]. However, the
important fact is that the study focuses on the US economy which is relatively stable. | study how substantial
changes in the economy affect the stability of firm capital structure in transition countries. Specifically, |
concentrate on Central and Eastern European economies that passed through transition from central planning
to market economy and privatization, Russian financial crisis, and EU membership. In addition, | investigate
whether the ownership structure of the firms is responsible for the part of the unexplained variation in
leverage.

Keywords. Capital structure, financing decisions, ownership.

1. Introduction.

Capital structure choice is an important decision for a firm. It is important not only from the returns
maximization point of view, but also because this decision has a great impact on a firm's ability to successfully
operate in a competitive environment. Current literature has suggested a number of factors that can explain about
30% of the total variation in capital structure. However, an important finding is that the capital structure of firms
remains almost unchanged from their birth to death meaning that leverage ratios are significantly stable over
time. The stability of leverage ratios is not affected by the process of going public, but it is mainly generated by
an unobserved firm-specific effect that is responsible for the majority of variation in capital structure [1]. As
Lemmon, Roberts, and Zender (2008) focus on the US economy which is relatively stable over time, their
finding raises a question whether this significant stability in leverage ratios is determined by the stability of the
economy the firms operate in. The impact of substantial changes in the economy on capital structure stability has
not been studied yet.

In this paper | focus on countries that experienced substantial changes in all economic spheres during the
transition. There are several events that could have the strong impact on firms’ capital structures. These are
transition from a central planning to market economy and privatization, the Russian financial crisis, and EU
membership. The paper is organized as follows. In the next section | survey the literature. Section 3 describes the
data sources. In section 4, I present the models and discuss the obtained results. I summarize the paper and
conclude in section 5.

2. Literature.

The question about the choice of capital structure by firms is fundamental in financial literature. This
literature is fairly extensive [2-4]. Scholars have identified a number of factors which are correlated with
leverage. Six factors (industry median leverage, market-to-book assets ratio, tangibility, profitability, firm size
and expected inflation) account for more than 27% of the variation in leverage, while another 19 factors improve
the explanatory power of the model by only 2% [4]. However, traditional leverage determinants explain a minor
part of the variation in leverage (at most 30%), while 60% remain unexplained [1]. This variation comes from an
unobserved firm-specific time-invariant component that is responsible for persistence in leverage ratios over
time. As the authors focus on the US economy, which is relatively stable, it is not clear whether leverage ratios
exhibit a similar level of persistence when the economic environment rapidly changes over time. To answer this
question I will refer to transition economies.

* I would like to thank Jan Hanousek for helpful suggestions and comments. Partial financial support from GACR grant No. 402/09/1595 is
gratefully acknowledged.
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There are only a few papers that attempt to study the capital structure of firms in transition economies. Some
of them are concentrated on the firm-specific determinants [5, 6]. They investigate capital structure determinants
and find that leverage ratios of firms in transition economies behave differently from leverage ratios of firms in
Western economies. For example, asset tangibility and profitability are negatively related to leverage in
transition countries, while studies on Western firms report positive relationships. Moreover, profitability and
firm age are found to be the most robust determinants of target leverage ratios among transition countries [7, 8].
Some studies suggest that not only firm-specific factors matter, but also institutional and macroeconomic factors
are able to explain the variation in leverage ratios [9]. However, my paper differs from existing studies on the
capital structure of firms from transition economies by focusing on the question of capital structure stability and
its sources.

In addition, | attempt to investigate whether the ownership structure is able to explain the part of unexplained
firm-specific variation in leverage. My motivation for the inclusion of this factor into the model is based on the
existing differences in ownership patterns between the US and Europe. In the US dispersed ownership prevails,
while in Europe it is more concentrated. The majority ownership not only gives a right to make important
strategic decisions, but also creates strong incentives to monitor managers. The controlling share owner is
directly interested in firm performance and is likely take part in firm capital structure decisions. Thus, ownership
structure seems to be an important determinant of firm capital structure.

3. Data.

The firm-level data is obtained from the Amadeus database constructed by Bureau Van Dijk. This database is
the most comprehensive source containing financial information on public and private companies in Europe. In
this study | use the Top 1 million companies and focus on ten Eastern European countries (Bulgaria, the Czech
Republic, Estonia, Hungary, Latvia, Lithuania, Poland, Romania, Slovakia, Slovenia) in 1996  2006.

I require that all key variables have nonmissing data. | keep only firms that have leverage from zero to one
interval. Firms from financial intermediation sector are excluded from the sample, since they have a specific
liability structure. | exclude observations if the sum of current and non-current liabilities does not exceed the
trade credit because in this case the nominator is negative? or if capital is negative. In addition, as | am interested
in studying the firm-specific time-invariant effect, | require every firm in the sample to have a minimum 3
consecutive years of data. The construction of all of the variables used in the study is presented in the Appendix.

The resulting sample is unbalanced and the number of observations across countries varies. Estonia and the
Czech Republic have the greatest coverage, while Lithuania and the Slovak Republic have the lowest. The mean
leverage in all countries is in the 40% range, however, it is lower in Estonia (0.36) and higher in Hungary (0.52).
The largest firms in terms of total assets are located in Poland. In terms of profitability, firms' mean return in
assets is larger than their median return. This implies that firms' profitability distribution is positively skewed
and most firms have low profitability, while only a few firms have very high profitability. The average age of
firms in the sample is about 7 years®.

4. Model.

4.1. The determinants of leverage in transition economies.

I study the determinants of leverage using three different models: pooled OLS, fixed effect and random
effect. | start with estimating pooled OLS model [3, 4].

Yit Xit 1 t it ? (1)
where Y, is leverage of firm i at time t; is a time fixed effect and is a random error term. The standard errors
are robust to heteroskedasticity and correlation within firm [10].

As recent literature suggests that fixed effect matters and it is responsible for the majority of the variation in
leverage, | also estimate the following model using fixed effect and random effect regressions.

Yy X

uit uit 1 \Nit’
where u is stationary, w is a is a random disturbance that assumed to be possibly heteroskedastic, but serially and
cross-sectionally uncorrelated, is a firm fixed effect.

it 1 i t uit’

2

The results are reported in Table 1. The first column contains the pooled OLS regression results. The results
are similar to previous works examining transition economies. The size of the firm has a positive highly

2 According to the leverage definition; see Appendix.
® To save space, descriptive statistics are not reported here but available on request.
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significant effect. However, it appears that tangibility, profitability and GDP growth are insignificant, while
industry median leverage has a strong positive effect on leverage. Unexpectedly, the age of the firm is negatively
related to the leverage ratio. On the one hand, older firms are better known on the market. They have certain
reputation and lower information asymmetries, thus, it is easier for them to get debt. On the other hand, the
negative sign could be due to older firms who are able to finance their operations from their internal sources and
prefer to do so rather than use the external sources. Finally, the dummy for a firm s status is negatively related to
leverage and highly significant, meaning that public firms tend to have lower leverage than private firms [11].

On the whole, the pooled OLS model explains only about 11% of the variation in leverage. Fixed and random
effect models perform better; however, the random effect model is rejected in favor of the fixed effect model
using the Hausman specification test. All the determinants are statistically significant despite tangibility, which
is measured imprecisely. Larger firms tend to have higher leverage because they more diversified and face lower
bankruptcy risk. Firms also prefer to borrow more when growth opportunities are high as predicted by the
pecking order theory. The estimated relation between leverage level and profitability is positive. This finding is
consistent with agency theory, which says that firms use more debt to avoid misuse of the free cash flow by
managers [12]. Moreover, higher debt could be served as a tax shield. I also find that in the fixed effect model
age is positively related to leverage. Older firms appear to be more leveraged because they have a well-
established reputation which guarantees them easier access to debt.

Table 1. Determinants of Leverage in Transition Economies

Variable Book Leverage

Pooled OLS Fixed Effect Random Effect
Log(Total Assets) 0.010*** (0.0005) 0.002*** (0.0004) 0.004***  (0.0003)
Tangibility 0.001 (0.0008) 0.0001 (0.0002) 0.0001 (0.0002)
Profitability -0.002 (0.0014) 0.0004** (0.0002)  0.0003 (0.0002)
GDP growth 0.001 (0.0004) 0.002*** (0.0003) -0.001***  (0.0002)

Industry median 0.663*** (0.0103) 0.460*** (0.0094)  0.586***  (0.0055)
Expected inflation ~ 0.001**  (0.0004) 0.001*** (0.0003)  -0.0002  (0.0002)

Age -0.002*** (0.0001) 0.006*** (0.0004) -0.002***  (0.0001)
cons 0.017 (0.0112) 0.078***(0.0025)  0.195***  (0.0063)
Hausman 389.38  (0.0000)

Adjusted R? 0.1072

AR(1) 0.532 0.532

Obs 313537 238296 313596

Although the fixed effect model has a statistical advantage over the random effect and the pooled effect
models because it has the highest adjusted R?, there is a certain threat that fixed effect estimation kills all of the
cross-sectional variation and evaluates the time-series variation in the data. However, this is acceptable when the
cross-sectional and the time-series impacts are equal, but if this assumption is violated, fixed effect estimates are
not able to capture the total impact of the leverage factors [13].

4.2. Ownership structure of the firm as a determinant of firm capital structure.

| started with the question of how much variation in firms' leverage is firm-specific and time-invariant in
transition economies. To answer this question | run the regression of leverage on firms fixed effects. The
adjusted R? from this regression is about 65% which is larger than in the US. Then, | conduct a sensitivity
analysis by considering only firms that have at least 5, 7, and 10 years of hon-missing data for book assets. | find
that the variation explained by firm fixed effects approaches 60% as the number of years available increases.
However, it is quite surprising that even in rapidly changing transition economies, the fixed effect is responsible
for the same or even a larger part of the variation in leverage. As the majority of unexplained variation comes
from unobserved time-invariant firm characteristics, | suggest looking at such firm-specific leverage
determinants in European countries as ownership of the firm. | distinguish between three ownership categories
which are majority ownership (>50%), blocking minority ownership (>33%, but 50%) and legal minority
ownership (>10%, but 33%).

The majority ownership not only gives a right to make important strategic decisions, but also creates strong

incentives to monitor managers. The controlling share owner is directly interested in firm performance and is
likely to choose following low-risk strategies which result in lower leverage levels. In addition, blocking
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minority ownership grants a right to block a number of decisions concerning major changes in the business
activity of the firm. For example, blocking minority owners are able to block the decisions of major shareholder
concerning changes in assets and the firm's activities. Finally, legal minority ownership gives the possibility to
delay or completely block the implementation of larger shareholders decisions through lengthy court proceedings
[14]. Thus, ownership structure has a potential to be an important determinant of firm capital structure.

The direct ownership data are available starting from 2004. Firms controlled by major owners are largest in
terms of total assets. In fact, median total assets are significantly lower compared to their mean value. This fact
suggests that total assets are positively skewed. In other words, total assets of most firms are low, while total
assets of few firms are high. However, in terms of profitability, tangibility and leverage level there are no
significant differences with respect to ownership concentration.

Table 2 reports the results of leverage regression that accounts for ownership structure of the firm. The first
column contains estimates from the pooled OLS regression. In the second column | add ownership concentration
variables to traditional leverage determinants. As can be seen from Table 2, it only slightly increases the
explanatory power of the model. All the estimates stay approximately the same. At the same time, majority and
legal minority ownership appear to affect the level of leverage. In the third column in addition to ownership
concentration | also distinguish between foreign and domestic ownership. Only majority and legal minority
domestic ownership estimates are significant and positively related to leverage. Thus, ownership structure of the
firm could be considered as one of the capital structure determinants. However, it does not increase substantially
the explanatory power of the model.

Table 2. Leverage and Direct Ownership

Variable Book leverage

@) 2 @)
Log(Total Assets) -0.004***  (0.001) -0.004*** (0.001) -0.004**  (0.001)
Tangibility 0.0003* (0.0001) 0.0003*  (0.0001) 0.0003* (0.0001)
Profitability -0.082***  (0.026) -0.082***  (0.026) -0.08***  (0.026)
GDP growth 0.008***  (0.002) 0.008** (0.002) 0.007***  (0.002)
Industry median 0.562***  (0.028) 0.561***  (0.028) 0.559***  (0.028)
Expected inflation 0.009***  (0.004) 0.009***  (0.004) 0.009** (0.004)
Age -0.001*** (0.0002) -0.001*** (0.0002) -0.001***  (0.0002)
Quoted -0.004 (0.017) -0.003 (0.017) -0.008 (0.019)
Majority 0.01* (0.006)
Monitored Majority 0.004 (0.007)
Minority 0.01* (0.006)
Majority*foreign 0.009 (0.008)
Majority*domestic 0.011* (0.006)
Monitored Majority*foreign -0.029 (0.050)
Monitored Majority*domestic 0.004 (0.007)
Minority*foreign 0.001 (0.022)
Minority*domestic 0.011* (0.006)
cons 0.208*** (0.029) 0.199***  (0.030)  0.205***  (0.030)
Adjusted R* 0.1041 0.1043 0.1042
Obs 38521 38521 37688

5. Conclusion.

Using a comprehensive database of firms in transition countries, | examine the determinants of capital
structure. First, | check how much variation in leverage is explained by traditional determinants. I took the
determinants which were previously identified as relevant for both developed and transition economies. It
appears that a number of core determinants are able to explain about 11% of the variation in leverage. This
percent is low mostly because the majority of firms in the sample is unlisted. Listed companies are about 1% of
the entire sample. The obtained coefficient estimates are in line with estimates reported in earlier studies in
transition economies [9, 6]. An interesting finding is that tangibility and profitability are weak determinants of
firm capital structure. At the same time, age is a highly significant determinant of capital structure in transition
economies. Different models estimate different signs for this determinant, but a positive relation between
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leverage and age estimated by the fixed effect model is more intuitive. Older firms have a well-established
reputation on the market and are able to borrow at lower cost. As a result, they have higher leverage. Moreover,
the fixed effect model accounts for unobserved firm-specific time-invariant factors which are responsible for
about 65% of the variation in leverage in transition economies.

Second, | investigate whether the ownership structure of the firm is able to explain at least a part of the
unexplained variation in leverage. This determinant has a certain potential because major owner is directly
interested in firm's performance. He has control over firms and can directly monitor and replace the
management. | control for majority, monitored majority and minority ownership. Majority and minority
ownership appear to be significant determinants of firm's leverage, however, they do not improve the
explanatory power of the model substantially. | also distinguish between foreign and domestic owners. The
estimated coefficients of ownership concentration dummies appear to be insignificant for foreign owners, while
estimates of majority and minority domestic ownership are significant.

As | mentioned earlier, Eastern European firms operate in an environment that is completely different from that
of US firms, but firm fixed effect is responsible for even a larger part of the variation in leverage. It seems to be
not an effect of the stable economic environment firms operate in, but rather purely a firm-specific characteristic.

Appendix.

Leverage Lt_,where debt total liabilities trade credit [7].
debt equity

GDP growth is a proxy for growth opportunities of the firm.

Age Age, Year of incorporation

Log(total assets) is the natural log of total assets.

Majority ownership=1, firm is controlled by a majority owner, the rest are hold less than 10%.
Monitored minority ownership=1, despite of the majority owner at least one minority owner is present.
Minority ownership=1, either blocking or legal minority owner is the largest owner.

Dispersed ownership=1, all shareholders hold less than 10% of equity.
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Abstract. The paper presents the model for a red-life problem that consists in optimisation of production
process of white masses (WMs) for one of the global world companies. The problem is formulated as a
standard blending problem with several specia features. The optimisation criterion is minimisation of total
costs of the production process. The most important constraints are requirements on composition of WMs,
composition of raw materials and limits for surplus sales of materials. The results of the model offer
recommendation for purchase of raw materials, own production of materials, and surplus sales of raw
meaterials. We have used M S Excel interface cooperating with LINGO solver for its solving.

Keywords. blending problem, food-processing industry, optimisation, LINGO

1. Introduction

We were addressed by a food-processing company to set up a model that would optimise protein costs. The
company isintent on production of diary products such as yoghurts, acidified milk drinks etc. They would liketo
optimise the purchase of raw milk (RM) and other dairy ingredients such as cream (CR), skimmed milk (SM),
concentrated milk (SMC), powdered milk (SMP) or anhydrous milk fat (AMF). The aim of the model isto blend
different white masses (WMs) according to recipes using different ingredients and to achieve the lowest costs as
possible due to constraints. The problem of production WMs is a standard blending problem with several specia
features that can be formulated as a linear programming problem.

2. Mathematical model

The optimisation criterion is the minimization of total costs of the production process. They consist of costs
of input supplies and costs of processing reduced by revenues from surplus sales. The constraints that must be
fulfilled during the optimisation follows from requirements. The maost important ones are as follows:

requirements on the composition of WMs (fat and protein content, tota weight of milk, limits of protein
and fat contents from different sources, etc.),

composition of ingredients (RM, CR, SM, etc.) with respect to fat, protein, available amount and price of
ingredients,

limitsfor surplus sales of RM and ingredients, unit prices of the sales, etc.

We have to take into consideration that raw milk cannot be used as an ingredient, but it is used for producing
cream and skimmed milk. Produced and purchased skimmed milk can be used for producing concentrated
skimmed milk. The company has contracts with some of the vendors to purchase certain amount of raw milk or
ingredients as well as contracts with customersto resell certain amount of raw milk, cream or skimmed milk.

The results of the optimisation offer recommendation for purchase of raw milk and ingredients, own
production of ingredients, surplus sales, composition of WMs, etc.

The complete modd is asfollows. Each part of the model is described in detail below.

290



Minimize

z PURC; Rprice; RM,Mprice, prodRM RM,
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Xj devl; dev2; WMweig;WMquant;, I (2.13)
[
devl; dev2; 0,0YWMweig;WMquant;), i,

Rfat;x; fatDEV; WMfat;WMquant;, i (2.14)
i

Rprot;x; protDEV;  WMprot;WMquant; , I (2.15)
[

Rfatixi]- AMF max; WMfathMquant]- , i,
i AMF

Rprot;x; SMCmax; WMprot;WMquant; , I (2.16)
i SMC

Rprot; x;  SMP max; WMprot;WMquant; , I
i SMP

Rprot;x; SMmax; WMprot;WMquant; Rprot; x;; , I
i SM i SMPW
IbM, RM, ubM,, k, (2.17)
IbR; PURC; ubR;, i, (2.18)
IbRMp SIPRM,, ubRMp, P,
IbCR, srpCR; UbCR, q, (2.19)
[bSM, srpSM, ubSM,, r,
0 fatDEV; deviation WMfat;WMquant;, I (2.20)
0 protDEV; deviation WMprot;WMquant, i,

where the index sets mean
j  white masses that have to be produced,
i ingredientsthat can be purchased, thisindex set has six subsets (CR, SM, SMC, SMP, SMPW, AMF)
according to different types of ingredients, each subset contents different vendor of the ingredients,
k raw milksthat can be purchased from k different vendors,
p customersthat buy the surplus of raw milk,
g customersthat buy the surplus of cream,
r customersthat buy the surplus of skimmed milk.

The variables of the model are as follows;

RMk amount of raw milk that should be purchased from vendor Kk,
spRMk amount of raw milk from vendor k that is not used for ingredients production and is resold as
surplus,

SMC1i amount of concentrated skimmed milk produced from skimmed milk i, i SM|
PURCIi amount of ingredient i that should be purchased (or produced),
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srpRMp  surplus of raw milk that can be sold to customer p,

srpCRq  surplus of cream that can be sold to customer g,

srpSMr  surplus of skimmed milk that can be sold to customer r,

CR1k amount of cream produced from raw milk,

SM1k amount of skimmed milk produced from raw milk,

Dprot k negative deviation of protein in protein balance of raw milk k,
Dprot+k positive deviation of protein in protein balance of raw milk k,
Xij amount of ingredient i in white mass j,

useSMCi  amount of skimmed milk used in concentrated skimmed milk production, SM ,

useWMi amount of skimmed milk used for white masses production, i SM|
devlj negative deviation of milk weight in white mass j,

dev2j positive deviation of milk weight in white mass j,

fatDEV+j positive deviation of fat in fat balance in white mass j,

protDEV+j positive deviation of protein in protein balance in white mass j,
useSMPWi amount of reconstituted powdered milk i.

The input parameters of the model can be divided into two groups. The parameters given by white masses
recipes are as follows:

AMFmaxj maximal % of total fat content in WM i can be from anhydrous milk fat,

SMCmaxj maximal % of total protein content in WM i can be from concentrated milk,

SMPmaxj maximal % of total protein content in WM i can be from powdered milk,

SMPWmaxj maximal % of total protein content in WM i can be from reconstituted powdered milk,
SMmaxj maximal % of total protein content in WM i can be from skimmed milk,

WMfatj fat content in kg/100kg of white mass,

WMprotj protein content in kg/100kg of white mass,

WMquantj quantity of white mass i produced in chosen period,

WMweigj total weight of milk in kg/100kg of white mass.

The other group of input parameters follows from parameters of the purchased ingredients. These are;

Mpricek price in local currency per 1kg of raw milk from vendor k,

Mprotk % of protein in raw milk from vendor k,

Mfatk % of fat in raw milk from vendor k,

Rpricei price in local currency per 1kg of ingredient i,

Rproti % of protein in ingredient i,

Rfati % of fat in ingredient i,

prodRM  production cost of processing of 1kg of raw milk,

prodSMC production cost of processing 1kg of concentrated milk from skimmed milk,
priRMp, priCRq, priSMr  price of raw milk (cream, skimmed milk) resold to customer p (q,r),
IbRMp, IbCRq, IbSMr amount of RM (CR, SM) that has to be resold to customer p (q,r),
ubRMp, ubCRq, ubSMr maximal amount of RM (CR, SM) that can be resold to customer p (q,r),
IbMk amount of raw milk that has to be purchased from vendor Kk,

ubMk  maximal amount of raw milk that can be purchased from vendor K,

IbRi  amount of ingredient i that has to be purchased,

ubRi maximal amount of ingredient i that can be purchased,

deviation % deviation of fat or protein in each white mass,

deviationl 9% deviation of protein in cream and skimmed milk production.

The objective function (2.1) consists of four parts that are costs of ingredients purchase, costs of raw milk
purchase, and costs of production of cream, skimmed milk and concentrated milk reduced by revenues from
sales of raw milk, cream and skimmed milk surpluses. Relation (2.2) presents balance of protein and fat in
production of cream and skimmed milk from raw milk. The balance of fat have to be fulfilled exactly, in the
balance of protein there is allowed a deviation. The total amount of produced cream and skimmed milk has to be
equal to the amount of purchased raw milk reduced by resold raw milk. Congraints (2.3) show the limits of
positive and negative deviation of protein in the balance of protein in raw milk processing.
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It follows from (2.4) that the amount of purchased cream is equal to the sum of cream used for each white
mass. The purchased amount of produced cream and skimmed milk is equa to the sum of cream (or skimmed
milk) produced from each raw milk (2.5). Constraints (2.6) presents that the purchased amount of produced
cream is a sum of cream used for white masses production and of cream resold to customers. The purchased
amount of produced skimmed milk reduced by amount of SM used for concentrated milk production is a sum of
SM used for white masses production and of SM resold to customers. (2.7) shows that the sum of surpluses of all
raw milks is equal to the sum of surpluses resold to all customers. The purchased amount of skimmed milk
consists of SM used for concentrated milk (SMC) production and of SM used for WM production (2.8).
Balances of protein and fat in SMC production are evident in (2.9). In (2.10) thereis visible that the purchased
amount of produced concentrated milk is equal to sum of SMC used for white mass production.

Constraints (2.11) show that the amounts of purchased SMC (AMF, reconstituted SMP) are equal to the sum
of SMC (AMF, reconstituted SMP) used for each white mass. Constraints (2.12) relate to powdered (SMP) and
recongtituted powdered milk (SMPW). The purchased amount of SMP consists of sum of the SMP and SMPW
used for white mass production. Reconstituted powdered milk is adulterated powdered milk in the proportion
1:10,5. The sum of the SMP used for white mass production as powder and SMP in reconstituted SMP have to
be lower or equal the maximal available amount of SMP. The deviation of milk in each white mass (2.13) must
be lower than 1%. (2.14) and (2.15) are fat and protein balances in each white mass. Congraints (2.16) represent
the maximal limits of total fat content in each white mass that can be from anhydrous milk fat or total protein
content from concentrated milk, powdered milk and skimmed milk.

Last constraints are bounds. (2.17) are bounds of purchased amounts of raw milk and (2.18) are bounds of
purchased amounts of each ingredient. Limits for surpluses of raw milk, cream or skimmed milk are represented
by constraint (2.19). Bounds (2.20) are related to positive fat and protein deviation in fat and protein balances in
each white mass.

3. Computer implementation and conclusions

For solving this model specialized optimisation solvers can be used. The company requested a system that
enables repeated solving of the problem with different settings of parameters. Therefore we should create a
system that could be used by people, who doesn t know anything about mathematical modelling. Due to the
necessity to ensure user-friendly environment of the system we have used MS Excel interface cooperating with
LINGO solver. MS Excel contains its own Solver for working with linear optimisation problems. Nevertheless
this Solver can work with size-limited problems only and therefore is not applicable for this problem. That is
why the system uses an externa high quality professional solver LINGO (see www.lindo.com). This solver is
not part of the application and hasto be installed on the PC before using of the system.

Mathematical model iswritten in LINGO modelling language but the user doesn t get in touch with it. Users
work only with MS Excel worksheets. In the MS Excel workbook there are two sheets with tables for input
parameters such as fat or protein content of ingredients, prices, recipes of white masses etc. The optimisation is
started from MS Excd. Results of the optimisation are entered in two other MS Excel sheets in the same
workbook.

The system is now ready for operationa using. The current version enables simultaneous optimisation of 30
white masses using 7 different raw milk vendors, 6 cream vendors (plus produced cream), 8 skimmed milk
vendors (plus produced SM), 6 concentrated milk vendors (plus produced SMC), 6 powdered milk vendorsand 3
vendors of anhydrous milk fat. Thereis also possibility to resall surpluses of raw milk, cream and skimmed milk
to 6 different customers each. The total number of variables in the current version is 1491 and the total humber
of constraintsis434.

The results of this optimisation are recommendations for raw milk and ingredients purchase, for cream,
skimmed milk and concentrated milk production and for raw milk, cream and skimmed milk surpluses resdll. It
also offers compositions of white masses. The modd is quite sendtive to parameters. There is no feasible
solution when any of the deviations is not allowed. The necessity of using deviations follows from deviations
during measuring of fat or protein content in raw milk and ingredients.
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Abstract. We consider an extended version of the Ramsey growth model under stochastic uncer-
tainties modelled by Markov processes. In contrast to the standard model we assume that splitting
of production between consumption and capital accumulation is in uenced by some random factor,
e.g. governed by transition probabilities depending on the current value of the accumulated capital,
along with possible additional interventions of the decision maker. Basic properties of the standard
formulation are summarized and compared with their counterparts in the extended version. Finding
optimal policy of the extended model can be either performed by additional compensation of the
(random) disturbances or can be also formulated as nding optimal control of a Markov decision
process.

Keywords. Economic dynamics, the Ramsey growth model under uncertainty, Markov decision
processes, optimization.
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1 Classical Ramsey Growth Model

The heart of the seminal paper of F. Ramsey [6] on mathematical theory of saving is an economy producing
output from labour and capital and the task is to decide how to divide production between consumption
and capital accumulation to maximize the global utility of the consumption. Ramsey'’s original results from
1928 were revisited and signi cantly extended only after almost thirty years and at present the Ramsey
model can be considered as one of the three most signi cant tools for the dynamic general equilibrium
model in modern macroeconomics. In [6] the problem was considered in continuous-time setting, Ramsey
suggested some variational methods for nding an optimal policy how to divide the production between
consumption and capital accumulation. However, in the recent literature on economic growth models
(see e.g. LeVan and Dana [2] or Majumdar, Mitra, and Nishimura [4]) the discrete-time formulation is
preferred.

The Ramsey growth model in the discrete-time setting can be formulated as follows:

We consider at discrete time pointst = 0; 1;:::, an economy in which at each timet there are L;
(merely identical) consumers with consumptionc; per individual. The number of consumers grow very
slowly in time, i.e. Ly = Lo(1+ n)t fort with :=(1+ n) 1. The economy produces at timet gross

output Y; using only two inputs: capital K, and labour Ly = Lo(1+ n)': A production function F(K ;L)
relates input to output, i.e.

Yy = F(K¢;Ly) with Kg> 0; Lo > 0 given Q)
We assume that that F (; ) is a homogeneous function of degree one, i.€&.(K; L )= F (K;L) for any
2 R.

The output must be split between consumption C; = ¢;L; and gross investmently, i.e.

Ci+ 1t Y= F(KgLy): 2
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Investment |, is used in whole (along with the depreciated capitalK ) for the capital at the next time
point t + 1. In addition, capital is assumed to depreciate at a constant rate 2 (0; 1), so capital related
to gross investment at timet + 1 is equal to

Kwr =1 K¢+ I ©))

Preferences over consumption of a single consumer (resp. the considered consumers) for the discount
factor 2 (0;1) and the considered time horizonT are expressed by means of utility functionu() as

X . X .
U (ko;T) = u(c) (resp: U (ko;T)= Lo () u(c)): (4)
t=0 t=0
The problem is to nd the rule how to split production between consumption and capital accumulation
that maximizes global utility U (ko; T) of the consumers for a nite or in nite time horizon T.

In what follows let k; := K{=L; be the capital per consumer at timet, and similarly let y; := Y;=L;
be the per capita output at time t. Recalling that the production function F(; ) is assumed to be
homogeneous of degree one, thein(k;) := F(k¢; 1) denotes the per capita production per unit time. In
virtue of (2), (3) we get

c+(1+ nmkea (T ke yr = f(ke); (5)
and if we set for simplicity (1 + n) =1 then (5) can be written as
G+ kur (1 ke oy = f(ke): (6)

In the above formulation we assume that the per capita production functionf (k) and the consumption
function u(c) ful | some standard assumptions on production and consumption functions, in particular,
that:

AS 1. The function u(c) : R* ! R™ is twice continuously di erentiable and satis es u(0) = 0: Moreover,
u(c) is strictly increasing and concave (i.e., its derivatives satisfyu() > 0 andu®{) < 0) with u%0) =+ 1
(so-called Inada Condition).

AS 2. The function f (k) : R* | R" is twice continuously di erentiable and satis es f (0) = 0: Moreover,
f (k) is strictly increasing and concave (i.e., its derivatives satisfyf ) > 0 and f °¥) < 0) with f%0) =
M < +1, lim 1 k) < 1.

Sinceu() is increasing (cf. assumption AS1) in order to maximize global utility of the consumers is
possible to replace (6) by the (nonlinear) di erence equation

ke +(1 ki f(ki)= c with ko> 0 given @)
or equivalently for f{k):= f(k) (1 )k by
kiepr  fik¢) = c ¢ with kg given; (8)

wherec; (t =0; 1;:::) with ¢ 2 [0;f (ky1 )] is selected by the decision maker. Since the considered system
is purely deterministic the initial capital ko along with the control policy ¢; fully determines development
of (ki;c) over time. In particular, (cf. (4), (7)) for a given initial capital ko policy c; is optimal for a
nite or in nite time horizon T if the global utility

>J t % t
U (ko;T) = u(e) = u(ftke)  kesa) 9)
=0 =0
attains maximum for policy & = u(f*(ﬁt)t Ris1), e trt1e value function
X
0 (ko;T)= max 'u(flke) ke1) where (k;c) = fko;coike;cesiiirkr;crar (10)
(K;C) t=0

Moreover, since the performance function is separable (in particular, additive) by the well-known
\principle of optimality" of dynamic programming we immediately conclude that for any time point
=0; 1;:::it holds
1
0 ko= ‘u@)+ 0 k:T ) (11)
t=0
0 (kT ):Tax[u(f"(f%) ks)+ O (k ;T 1)]: (12)
+1
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The following simple facts may be useful for better understanding the development of the considered
economy over time.

Fact 1. i) If fq0) 1 (and hencef Yk) < 1 for all k > 0), then by AS 2 every sequencék o; Ky;:::;Ke;: g
must be decreasing and limp;  k; =0:

i) If £40) > 1 (and hence, since limn f9k) < 1, there exists somek® such that f9qk) < 1 for
all k > k9, then there exists somek > 0 such that f(k ) = k and somek, 2 (0;k ) such that
f(km) km =maxg[f (k) K].

iii) Supposing that ko > k then elements of any sequencé o; Kky;:::;k¢;:::g must be decreasing for all
ki >k . Furthermore, if for somet = t- it holds k;. <k thenky <k forallt t-, butfk¢;t t gneed
not be monotonous. However, in any casd; Kmnax = max(ko;k ) and f (k;) f(Kmax) = Ymax for all

In what follows we summarize some basic properties of value functions and sketch the corresponding
proofs (for details see e.qg. [2]).

Result 1. Properties of the value function O (ko; T).

i) (Monotonicity of value function at initial condition.)

In case thatk] > ko > Othenitholds O (k3;T) O (ko;T):

i) (Continuity and di erentiability of value function O (ko;T).)

O (ko;T) is di erentiable function at initial condition ko

iii) (Concavity and continuity of value function O (ko;T).)

0 (ko;T) is concave and continuous with respect to initial condition ko:

iv) (Continuity and di erentiability of value function O (ko;T) at discount factor .)

0 (ko;T), as well as any feasibleJ (ko;T), is a continuous and di erentiable function of discount factor

v) (Truncation and in nite horizon.)

There exists limits O (ko) :=lim 11 O (ko;T), and O (ko) converges monotonously to0 (ko) as T !
1: Note that since the discount factor < 1 maximal global utility O (ko) is nite also if f%0) < 1!
(cf. Fact 1i).

To verify parts i), ii), observe that if we start with initial condition k> ko and follow optimal policy
with respect to initial condition ko, except of enlarging initial co by ¢ ¢ = f (k3) f (ko) > O (recall that
by AS1 and AS2f (k3) > f (ko) and u() is increasing). For such policy we haveU (k$;T) > 0 (ko;T),

0 k%:T) U (ko;T)and obviously 0 (k&:T)> 0 (ko;T).

Moreover, 0 (ko; T) must be continuous and di erentiable function of the initial condition ko: To this end
observe that that 0 (k$;T) O (ko;T) = u(f (kQk1) u(f (ko) ki) and u(), f () are continuous and
di erentiable functions by assumptions AS 1 and AS 2. Using the same way of reasoning we can conclude

functions of kg:

Part iii) is a consequence of concavity of instantaneous utility functionu() (cf. AS1) and per capita
production function f () (cf. AS2). Since concave function de ned on an open interval must be on this
interval continuous, it su ces to verify concavity. For details see [2].

Part iv) follows immediately for any feasible policy and by taking into account part i) and ii) for
optimal policies.

To verify part v) observe that if k 2 [ko; k ] (cf. Fact 1ii)) and ¢ ZI;O;f (k¢)], henceu(c;) > 0 must be
bounded by someC < 1 implying that O (k ;T )= MaX ¢ o1 ) th tu(cy) CcH1 ); and
0 (kT ) is decreasing in : Moreover, condition tlzo tu(cy) < 1 is fullled even for unbounded
u(c;) if for some > u (¢;) < 'C (this holds if f90) < 1).
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2 The Growth Model Under Uncertainty

To include random shocks or imprecisions into the model, we shall assume that for a given value kf we
obtain the output y; only with certain probability, in particular we assume that y; 2 [f min (K¢); T max (Ki)]
(e. fmin()  f() fmax(), AS 2 also hold for f (k)). Obviously, better results can be obtained if
we replace the rough estimates ofy; generated by means off max (ki) and fmin (ki) by a more detailed
information on the (random) output y; generated by the capitalk;.

To this end we shall assume that that in (6) y; = f (k¢) is replaced byy; = Z(k¢), where Z() is a
Markov process with state spacel; R and transition probabilities p(yjk) flgpm state k 2 | ; in state
y 21, Rsuchthat p(yijki)  p(yjk) for eachy 6=y; = f (k) (obviously, ., , p(yjk) = 1 for each
k 2 1,). Moreover, we assume that the current value of the total output y; is known to the decision
maker and then the recourse decision (intervention) may be taken to reach immediately the optimal value
of ki forthe original model (cf. (10){(12). Such an extension well corresponds to the models introduced
and studied in [8] and also in [3,4]. Up to now we have assumed that the transition probabilities cannot
be in uenced by the decision maker. In what follows we extend the model in such a way thap(yjk) will

decision. Similarly, additional cost, denoted c(y; k); will be accrued to the recourse decision transferring
statey 2 | , to the desired statek 2 | 1 (of course,c(k; k) = 0).

So the development of the considered system over time is given by the following diagram

o c(yik)
p(y jk;d) ;
k = kt' y:yt! k = kt+1
The above model can be also treated as a structured controlled Markov reward proce3s with compact
state spacel = I 1[I 2 (with 1.\l =), nite set D = f0; 1;:::;Dg of possible decisions (actions) in

each statek 2 | ; and the following transition and cost structure:
p(yjk; d) : transition probability from k21 ;! y2I, if decisiond 2D is selected
c(k;d) : cost of decisiond 2 D in state k 2 | 1;
c(y; k) : cost for intervention, i.e. immediate transition from state y 21, in k 21 4;
r(yjk;d) : expected value of the one-stage reward obtained in stat& if decisiond 2 D
is selectedzin statek; in particular
ryikid) = poikdul () @k yldy;

yal 2
r(yjk;d) : total expected reward earned by transition (including possible intervention)

from state k to state k;i.e., 7

r(yjk;d) = r(yjk;d) c(k;d) ) p(yjk; d)c(y; k) dy:
yal 2

Now we have two options:

1. Follow optimal policy found for the corresponding deterministic model (cf. (12)) in such a way that
we maximize by means of intervations transition rewards between consecutive states, i.e. at time
points t = 0; 1;::: we maximizer (k; ki1 ; d) with respect to d 2 D and follow the same policy as if
p(yiki;d) =1 for y = f (k¢):

2. Consider the problem as nding optimal control policy of a -discounted Markov decision chain with
compact state space and nite action space.

In the latter case for the considered time horizonT let the value function O (k; T ) denote expectation
of the maximal (random) global utility received in the remaining  next transitions if the considered
Markov reward chain X is in state k 2 | ; and optimal policy is followed. Then obviously

Z

0 kT ) = max . p(yjk; d)Ir (yjk;d)+ O (y;T Dldy; k2ly21:  (13)
yal 2

and for  tending to in nity, i.e. when lim 0 k;T)= 0 (k), then
Z
0 (=max  pukdiroiid+ O oNdy  k2lay2iy: (14)
yal 2
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Equation (14) demonstrates that part v) of Result 1 also holds in the considered extended version.
Similarly, also part i) of Result 1 (Monotonicity of value function in initial condition), as a common
property of Markov control processes holds for the considered extended version along with continuity and
di erentiability of value function both at initial condition  k and discount factor (cf. Result 1, parts
i) {iv)).

Unfortunately, assuming that Z is a Markov process with compact state spac® then the model given
by (13), (14) is not suitable for numerical computation. To make the model computationally tractable
we it is necessary to approximate our system governed by (13), (14) by a discretized model with nite
state space and estimate the resulting errors caused by such approximation.

To this end, it is necessary to assume that the values o€;, k;, and y; take on only a nite number of
discrete values. In particular, we assume that for su ciently small > 0 there exist nonnegative integers
G, ki, and y; such that for everyt = 0; 1;::: it holds:

G =¢,k =k, andyr =y with k; K = Kmax= and similarly v, Y = Ymax= . Such
approach was discussed in [7], [9].

Conclusion. In this article we indicated possible applications of controlled Markov processes for the
analysis of extended versions of the growth models. As it was shown, many properties of the classical
model can be extended to the considered more general cases.
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402/07/1113.
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Abstract.  The goal of this paper is to evaluate some characteristics commonly used in New Key-
nesian DSGE models, such as habit formation in consumption, full price indexation and partial
price indexation. This paper estimates six DSGE models in order to determine, which model pro-
vides better data t. One model is the most general one and others are its nested submodels. These
are models of closed economy and include price and wage rigidities modelled in Calvo style. Three
models include simple CRRA period utility function and other three models contain CRRA period
utility function with habit formation in consumption. Two models assume traditional Calvo price
setting mechanism, in which non-optimizing agents leave their price unchanged. Other two models
assume partial price indexation in Calvo price setting mechanism, in which a part of non-optimizing
agents adjust their prices according to past in ation. Last two models assume full price indexation
in Calvo price setting mechanism, in which all non-optimizing agents adjust their prices according
to past in ation. The models were estimated on data of US economy. All models were estimated
using Bayesian techniques, particularly Metropolis-Hastings algorithm (using Dynare toolbox for
Matlab). The data t measure is posterior odds ratio calculated from marginal likelihood, acquired
from Bayesian estimation. Results suggest that including habit formation improves signi cantly the
data t of the models, whereas including price indexation does not.

Keywords. New Keynesian, DSGE, habit formation, price indexation, posterior odds, Bayesian
estimation.

1 Introduction

There are a lot of papers and studies concerning di erent DSGE models and di erent assumptions
about them, but there has been little work on evaluating ability of di erent model speci cations to t
macroeconomic data, in order to justify which speci cations and assumptions t the data better.

This paper estimates six DSGE models in order to determine, whether inclu-

ding habit formation in consumption and price indexation (in Calvo price setting mechanism) in the
model provides better t of the data. Models are following model of Jordi Gal in Monetary Policy,

In ation, and the Business Cycle, chapter 6 and this concept was modi ed in some model variants by
allowing for habit formation and price indexation. Section 2 sketches the derivation of these models and
their log linear equilibrium. Section 3 discusses the Bayesian estimation and results. Section 4 concludes.

2 Models

2.1 Households

We assume a continuum of households indexed by 2 [0;1]. Each household is specialized in di erent
kind of work and seeks to maximize its utility function

s
Eo "U(C( ;NG ) 1)
t=0

where Ey denotes expectations in period 0, is a discount factor, N¢(j ) is a quantity of labor supplied
and C;(j ) is consumption index of householdy de ned as

Z1 L
Cij) = Oct(i;j)l o di @)

We thank Miroslav Hlowsek, Jan Capek and Adam Remo for their helpful advices and comments.
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where | is elasticity of substitution among di erent types of goods, and C;(i;j ) denotes a consumption
of goodi by householdj in period t. Maximization of (1) is subject to a sequence of budget constraints,
sequence of labor demand constraints and Calvo constraint on the frequency of wage adjustment. Models
1, 3 a 5 contain simple CRRA period utility function !

_ct N
1 1+

Uy 3

where > 0 is inverse elasticity of intertemporal substitution, > 0 is inverse elasticity of labor supply.
Models 2, 4 a 6 contain CRRA period utility function with habit formation in consumption

(Ct hCiq )t N
1 1+

Ut = (4)

where h is parameter of habit formation in consumption.

2.2 Firms

We assume a continuum of rms indexed byi 2 [0;1] and each rm produces its own di erentiated
product. Production function of the rm i 2 [0;1] is in the form

Ye() = ANe(i)t ; 0< < 1 ()

where A; is exogenous technology process common to all rms, is a paremeter of decreasing returns to
scale andN(i) is index of labor input used by rm i de ned as
Z 1 A

w1

N = NG )t d (6)

where N¢(i;j ) denotes amount of labor typej employed by rm i in period t and , is elasticity of
substitution among di erent labor varieties. We also de ne agregate wage index in the form
Z, 1

1w

W, = . We()t vd : ()

Firms seek to maximize discounted sum of their current and expected future pro ts, taking into account
their demand constraints and Calvo constraint on frequency of price adjustment.

2.3 Price Phillips Curve

Models 1 and 2 assume that the fraction , of rms that are not able to reoptimize their prices
simply leave their prices unchanged. Solution of rm’s maximalization problem then leads (after some
mathematical manipulation) to price Phillips curve in the form

ef = Etely; + p+ pkit 8

where ef; @ and k; are price in ation, output and real wage in the form of log-deviation from their

steady state?, p= T p = @ ")(t ")1+1 > and di = 4di1 + 4t iS ARL process for price
in ation shock, which was added to this equation.

Models 3 and 4 assume that a part , of those rms that are not able to reoptimize their prices adjust

their prices according in ation in the previous period. This leads (after some manipulation) to price
Phillips curve in form

el = E (el p€)+ per1 + pR+ pkr+ di )]

Models 5 and 6 assume that all of those rms, that are not able to reoptimize their prices, adjust their
prices according in ation in the previous period. It can be shown, that price Phillips curve of model 5
and 6 is the speci ¢ case of those in model 3 and 4 for, = 1.

1We assume identical preferences and because all households face the same problem, we can omit indgxin
speci cation of utility function.
2Formally ®: =log x: logX, where X is a steady state value.
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2.4 Wage Phillips Curve

Models 1 and 2 assume that in each period only 1 , fraction of households can reoptimize their
wages, while , fraction of households, which can’t reoptimize, leave their wages unchanged.
Wage Phillips curve of model 1 is in the form

e;N= Etet\’il T owih wkt + fy (10)

where e} is log-deviation of wage in ation from its steady state,
wi= w +1— 5 w= % andf; = :fi1 + 1 is ARL process for wage in ation shock,
which was added to this equation.

Wage Phillips curve of model 2 is in the form

e = Erefis + wol w1 wbt + fy (11)
where w2= w T+t 71— s w= W%.
Models 3 and 4 assume that a part , of those households, which are not able to optimize their wages,

adjust their wages according past in ation.
Wage Phillips curve of model 3 is in the form

e = E (e} we')t well + wig wkt + f (12)
Wage Phillips curve of model 4 is in the form
el = E(efs wel')+t well + woR w1 wkt + fy (13)

Models 5 and 6 assume that all households, which are not able to reoptimize their wages, adjust their
wages according to in ation in the previous period. It can be shown, that wage Phillips curve of model 5
is the speci c case of those in model 3 for,, = 1 and wage Phillips curve of model 6 is the speci c case
of those in model 4 for , = 1.

2.5 Euler Equation

Euler equation of models 1, 3 and 5 is in the form
1
®=Efpag ~®& Edef;0)+ uw (14)

where®; is is log-deviation of nominal interest rate from its steady state,u; = yu;1 + y: IS ARL process
for Euler equation shock, which was added to this equation.
Euler equation of models 2, 4 and 6 is in the form

h

% = Eifeni g ® Eifel; g)+ u (15)

2.6 Ination Identity and Monetary Policy Rule
Wage in ation, price in ation and real wage are connected in an identity
Be= By +ef e (16)
All models are completed with monetary policy rule in the form of modi ed Taylor rule
= %1 +(1 Dl pel + yrl+w (17)

where ; is a backward looking parameter for interest rate, , is an elasticity of interest rate to in ation,
y is an elasticity of interest rate to output and v; = Vi1 + vy iS AR1 process for nominal interest
rate shock.

2.7 Relations between Alternative Models and Parameters Interpretation

The most general is the model 4, other models are his nested submodels for specic values of selected
variables. Model 1 is a submodel of model 2 foh = 0, a submodel of model 3 for , =0, , =0anda
submodel of model 4 forh =0, , =0, , =0.Model 2 is a submodel of model 4 for, =0,  =0.
Model 3 is a submodel of model 4 foh = 0. Model 5 is a submodel of model 4 foh =0, ,=1, =1

and submodel of model 6 forh = 0. Model 6 is a submodel of model 4 for , =1,  =1.
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Table 1. De nition of Parameters

Parameter|Interpretation [Restriction |
discount factor hO;1i
inverse elasticity of intertemporal substitution h0;1)
inverse elasticity of labor supply h0;1)
h degree of habit formation in consumption hO;1i

parameter of decreasing returns to scale hO;1i
p fraction of non-optimizing rms hO;1i
w fraction of non-optimizing households hO;1i
P degree of price indexation hO;1i
w degree of wage indexation hO;1i
p elasticity of substitution among di erent goods h0;1)
w elasticity of substitution among labor varieties h0;1)
P elasticity of interest rate to in ation h0;1)
y elasticity of interest rate to output h0;1)
i backward looking parameter for interest rate hO;1i
u AR1 parameter for Euler equation shock hO;1i
v AR1 parameter for interest rate shock hO;1i
d AR1 parameter for price in ation shock hO;1i
f AR1 parameter for wage in ation shock hO;1i

3 Estimation

3.1 Data Set Used for Estimation

Quarterly data of USA from 1.4.1985 to 1.10.2008 downloaded from database of FRED (Federal Reserve
Economic Data), http://research.stlouisfed.org/fred2

{ w&: detrended data (linear trend used) of log real GDP per capita (per cent). A measure of GDP
is GDPC1: Real Gross Domestic Product, in Billions of Chained 2000 Dollars, Seasonally Adjusted
Annual Rate. A measure of population is POP: Total Population: All Ages including Armed Forces
Overseas

{ e: detrended data (constant trend used) of quarterly price in ation rate (in percentage points). An
underlying index for price in ation is CPIAUCSL: Consumer Price Index For All Urban Consumers:
All ltems, Index 1982-84=100, Seasonally Adjusted.

{ e: detrended data (constant trend used) of quarterly wage in ation rate (in percentage points).
An underlying index for wage in ation is COMPNFB: Nonfarm Business Sector: Compensation Per
Hour, Index 1992=100, Seasonally Adjusted

{ %: detrended data (linear trend used) of quartelized interest rate. A measure of interest rate is TB3MS:
3-Month Treasury Bill: Secondary Market Rate (in percentage points), Averages of Business Days,
Discount Basis.

3.2 Estimated Parametres

Except parameter , which was calibrated at 0:99, were all parametres estimated using Metropolis-
Hastings algorithm (using Dynare toolbox for Matlab).

3.3 Results

Comparison of models with habit formation in consumption and models with no habit formation in
corresponding variants of Calvo constaint, based on their posterior oddsK O)

POy 2sw 1 = 67:7495; P Qyamy 3 = 8:2741; POy emw s = 97:9295 (18)

Comparison of models with no price indexation and models with partial price indexation in corresponding
variants of utility function, based on their posterior odds (PO)

POy 12w 3 = 1137900:2255; P @) 2oy 4 = 9317307:5663 (19)

Comparison of models with partial price indexation and models with full price indexation in corresponding
variants of utility function, based on their posterior odds (PO)

P Owm 3=m 5 = 15804548797308032; P@4-m 6 = 1335328494303031 (20)
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Table 2. Estimated Parameters

[parameter[jprior] M1 | M2 | M3 [ M4 | M5 | M6 |

0.99

0.99

0.99

0.99

0.99

0.99

4.0

5.7203

4.0354

5.6958

3.8690

6.0764

3.6552

15

1.6945

1.8667

1.5702

1.7437

1.3221]

1.5037

h 0.6

0.7350

0.7428

0.7373

0.2

0.2733

0.2638

0.2690

0.2650

0.2505

0.2197

0.7

0.8154

0.8283

0.8136

0.8270

0.7535

0.7571

0.7

0.7303

0.7734

0.7168

0.7676

0.6764

0.7340

0.5

0.1149

0.1170

0.75

0.4633

0.3974

6.0

10.4302

10.6273

10.3735

10.7219

8.1624

8.1021

6.0

7.7860

9.5885

6.7885

9.4969

4.4854

7.8360

15

1.2536

1.3274

1.2622

1.3228

1.3799

1.4174

0.5

0.4719

0.4434

0.4824

0.4420

0.4260

0.4159

0.8

0.9007

0.9159

0.9029

0.9159

0.9043

0.9177

0.7

0.9378

0.9024

0.9366

0.8944

0.9267

0.8963

0.3

0.3815

0.3903

0.3813

0.3951

0.3608

0.3864

0.2

0.1357

0.1422

0.1019

0.1093

0.052¢

0.0583

= la|< | |- |« | |82 |o |2 o |5 |o

0.3

0.2376

0.1787

0.0877

0.0751

0.0494

0.0512

4 Conclusion

Posterior odds of modeli and j (POpyi=vj ) is a bayesian statistic based on comparison of maximal
likelihood functions. It shows us how many times more probable is model then model j. DeJong and

Dave in Structural Macroeconometrics, p. 242 show an interpretation of P O values

{ 1:1 3:1-"very slight evidence"

{ 3:1 10:1 - "slight evidence"

{ 10:1 100:1 - "strong to very strong evidence"

Results suggest, that including habit formation in consumption improve signi cantly t of the US economy
data, see posterior odds in (18), whereas including partial price indexation does not, see posterior odds
in (19). The worst model variants, regarding t of the US data, where those with full price indexation,

see posterior odds in (20).
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Abstract. Are the prices of the driving fuel in the Slovak economy making asymmetrically? Will in the
Slovak economy the same negative and positive changes of the oil price cause the different negative and
positive changes of the driving fud prices? Yes it will. The price maker reacts more strictly, when the ail
price increases and, on the other hand, he is more benevolent when the ail price fdls. His preferences are
asymmetric. The source of the asymmetric price making is a conflict between the society that requires
respectable fue prices and the price-maker that requires making use of his dominant position by setting
optimal prices. As we show, the theory explains the structure of the driving fuel price-making. To verify our
statements we form an asymmetric cost function of the driving fuel price maker and derive his reaction
function. The coefficients of the function are estimated by the generalised method of moments and by the two
stage least square method.

Keywords. Price making policy, driving fuel, asymmetric preferences, oil, price, timeinconsistency

1. Introduction

Ingtitutions of the Sovak Republic have decided that the dominant seller of the fuel (price-maker) was
counting some items towards his costs without authorisation in years 2002-2004 and he was sdlling fuel for such
prices that he made inappropriate profit. According to our theory this conflict between the government and the
sdler leads to asymmetric price making of the driving fudl in Slovakia.

This statement follows from two assumptions. Firgtly, optima price of the dominant driving fuel sdller isin
average higher as a price respectable by society. If price-maker deviates from the respectable price, he risks the
possibility of the punishment from the society. Dominant price-maker therefore has additional threat costs .
Secondly, the fud price making is discretional  a price maker behaves sequentialy rationa, as he has a
possibility to react to the changes of the expected oil prices every time. His reaction is rather eladic, if he
expects the oil prices ail increase and, on the contrary, hisreaction is rather rigid, if he expects the ail price will
decrease. Thisasymmetry weform by a threat cost function in linex specification.

In the paper we will form atheory of the asymmetric fuel price-making. We will derive and estimate a price-
making reaction function of the ail price. We choose correctly the specification and verify the estimations
statistically as well as economically by the confrontation with our theory.

2. Brief Literature Overview

Pfann and Palm [11] provided anice example of an asymmetry approach in a labour market. According to
the approach the firing costs of manufacturing exceed the hiring costs. As Adda and Cooper [1] state, Pfann and
Palm estimated parameters of the of the cost function in linex specification using generalised method of
moments (GMM) approach on data for manufacturing in the Netherlands (quarterly, seasonally unadjusted data,
1971(1)-1984(1V)) and annual data for U.K. manufacturing. They used data on both production and non-
production workers and the employment choices are interdependent from the production function. For both
countries they find evidence of asymmetry. They report that the costs of firing production workers are lower than
the hiring costs. But, the opposite istrue for the non-production workers.

Surico [15], [16] and [17] used similar approach for the analysis of U.S. and EMU monetary policies. He
responded on questions, whether central bankers weight differently positive and negative deviations of inflation,
output and the interest rate from their reference values. As showed Surico and before him Cukierman [5] or
Ruge-Murcia [12], an asymmetry of the monetary policy for the output is a novel source of monetary policy
time inconsigency . Time inconsistency of the economic policy problem is defined by the theories of Kydland
and Prescott [10] or Barro and Gordon [2] according to which central banks systematically produce an inflation
bias.

1 This paper is supported by the Grant Agency of Slovak Republic VEGA, grant no. 1/4652/07 The Analysis of Actual
Problems of Slovak Economy Progress before the Entrance to European Monetary Union  Econometrical Approach .
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Chari, Kehoe and Prescott [3] showed that the source of the time consistency problem is a conflict between
economic agents. Actually in Slovak driving fud price-making process there is a conflict between the society
that requires respectable fuel prices and the price-maker that requires making use of his dominant position by
setting optimal prices. Asymmetry in price-making process therefore means that the processis time inconsistent.
The price-maker systematically produces a bias from the driving-fuel price respectable by the society.

3. The Model
Let usform threat cost function in linex specification:

p kE C e P KEi 1 G 1
C pt’Et 1 G t - 2 ! (1)

where we suppose that the price-maker derive a fuel price, p,, from the expected value of the ail price using an
information set available at t 1, E¢4(c;). Coefficient k contains information about an oil consumption needed to
produce a litre of the fuel and is an asymmetry coefficient. A negative value of the coefficient impliesthat a
negative value of the difference p;  Ei.1(c;) causes for the price-maker higher costs than the same positive one.
The linex specification nests the quadratic form as a special case, so that applying twicel H pital srule when
tendsto zero, the cost function (1) reduces to the symmetric parameterization:

1 2
c pt’Etl C E P kEtl G,

The fuel price-maker minimizes the cost function (1). The first-order condition isin the form:

leptkcl

Et T - 0 (2)

The condition (2) describes general areaction function of the fuel price-maker. Whenever coefficient tendsto
zero, thereaction function (2) collapsesto the linear form:

p, KE , ¢

t1l ~t

As the reaction function (2) is nonlinear, we perform a second-order Taylor-series expansion of the
exponentid termsin (2):
2
P kEt 1 G E P kEt 1 G Vi 0 (3)

Thereminder of the approximation isv; and contains terms of third order or higher. A litre fuel priceis expressed
by reaction function of the expected ail price using information set available at timet 1. In contrast to the
linear reaction function the fuel price depends on a quadratic term product half asymmetry coefficient .

We solve equation (3) for p; and, prior to GMM estimation, we replace expected values with actual values. In
practise we estimate the following price-making rule with coefficient restrictions:

pt kCt E pt kCt ut (4)
and without coefficient restriction:

Y X )
where the coefficients are given by the expressions:

and the error term:
u ¢ E C ¢Z E ,c? V,
t 1 3P t t 1t 4 Mt t 1 “t t

depends on ail prices forecast errors and therefore is orthogonal to any variable in the information set available
attimet 1
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The coefficient restrictions are;

k . a 2, (6)
k 5 42 a 2—1‘; (8

4. Data’ and Methodology

We dispose with weekly data about average 95-octane gasoline prices (01.02.2006 01.12.2009) and diesel
prices (01.02.2006  01.19.2009) both in Slovak crowns per litre* from the portal natankuj.sk. The portal
www.tonto.ela.doe.gov provides daily data about oil BRENT prices in American dollars per barrel. We
multiplied the data by official course of the National Bank of Slovakia from the portal www.nbs.sk and from
them made average weekly data of the BRENT pricesin Slovak crowns per barrel.

Using (4) and (5) specification we try to explain gasoline and diesel prices by the ail prices. We modify the
specifications by taking first differences of (4) and (5) due to an integration of order one of all original variables.
This decision was perform on the basis of Augmented Dickey Fuller unit root test. We make use of the
estimations realized by the two-stage least squares method TSLS and the generalized method of moments
GMM (theresultsare displayed in the Tables 3 to 7).

Instrument set consists of a constant, first lags of first differences of gasoline, diesdl and oil prices, their
sguares and their products. Moreover for the first differences of the gasoline (diesd) price estimation is the
instrumental set richer by first differences of the square of the diesel (gasoline) prices and firgt differences of the
product of diesel (gasoline) and ail prices. The choice of the instrumental set is verified by the corresponding
tests.

The first applied test is exploiting Staiger s and Stock s [14] declaration, that in applications of TSLS, it is
common for the F-statistic, testing the hypothesis that the instruments do not enter the first-stage regression, to
take on a value less than 10 alternatively the instruments are weak. The results of this procedure confirm the
entire ingruments asrelevant in both equations.

The results of the second test  Durbin-Wu-Hausman [9] test of the endogeneity of regressors are displayed
in the Table 1. We perform one version of this test in two stages; the first we regress every potentially
endogenous variable on all exogenous variables and instruments to obtain residual; than we include all these
residuals in our origind modd and test for their significance. We can reject the endogeneity of regressorsif we
can reject thesigni cance of these residuals.

The last test used only for TSLS is Sargan [13] test of overidentifying restrictions. This test requires the
coefficient of determination R? of the regression TSLS residuas on al exogenous variables (instruments and
controls). Under the null hypothesis that all instruments are exogenous, the test statistics S=nR? (where n is a
number of observations) is distributed as 2 with degree of freedom equal to the degree of overidentification,
which is the number of ingruments minus the number of endogenous variables. The null hypothesis isn t
rejected in any equation.

The paralle test is employed for GMM estimations. In the context of GMM, the overidentifying restrictions
are tested via the commonly employed J statistic of Hansen [8]. The J statistic is distributed as 2 with degrees of
freedom equal to the number of overidentifying restrictions. A rejection of the null hypothesis implies that the
instruments are not satisfying the orthogonality conditions required for their employment. This may be either
because they are not truly exogenous, or because they are being incorrectly excluded from the regression. The
results of both overidentifying tests are displayed in the Tables 2, 3 (last two rows) and 7 (the fifth and the last
columns).

For testing hypotheses (6) to (8) in both models, we use the Wald test (Greene [6]) comparing specifications
of nested modd s by assessing the significance of restrictionsto an extended model with unrestricted parameters.
When the test statistic exceeds a critical value in its asymptotic distribution, the Wald test rejects the null,
restricted model in favour of the aternative, unrestricted model. The asymptotic distribution is ? with degree of
freedom equal to the number of restrictions. The results are displayed in the Tables 4 and 5. The same test we
apply to verify whether specification (4) and (5) equdly explain first differences of gasoline and diesdl prices.
Wald test does not reject the null hypothesis of (6) = (7) = (8) for al cases.

2 We are grateful to the employees of the portal openiazoch.zoznam.sk for their help in the data processing.
3 Datain euros per litre after the entrance of the Slovak economy to the European Monetary Union at 01.01.2009 are
multiplied by the official converse course 30.126 crowns per euro
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5. Results

Table 1: Durbin-Wu-Hausman test of the endogeneity  original models with residuals

Parameter Gasoline equation Diesal eguation

0.0075 o 0,005100 **

! (0.000488) (0.000414)
0.021 *x 0.015912 **

2 (0.000736) (0.000560)
-0.000325 ** -0,000147 **

$ (3.0410°) (2.2810°)
1.2910° *x 2.04107

4 (194 107) 152107
-0.00387 o -0.003439 o

¢ (0.000665) (0.000549)
-0.00521 ** -0.001167 *

P2 (0.000812) (0.000602)
0.000217 ** 6.3810° *x

pe (334107 (24510
-8.4710" o 7.8010°

2 (2.02107) (1.58107)

R? 0.998 0.998
D-W 1.98 1.81
endogeneity 16.5 21.85

Note. Parameters are parameters of residuals from regression of subscript endogenous variable on all exogenous variables and
instruments. The standard errors of parametersare in the parentheses. The superscript ** and * denote thergection of the null hypothesis

of thet-test at the 1% and 5%. R? denotes the coefficient of determination and D-W the value of Durbin-Watson statistics. The values of

F-gtatisticsin line endogeneity are the signi cancetest of residuals.

The estimates of the different forward-looking models and results of the test of overidentifying restrictions of
the gasoline price equation and diesel price equation areinthe Table 2 and 3.

Table 2: Comparison of estimates of different forward-looking models

gasoline price equation

E 0 0 +1 +2 +4 +8
GMM TSLS GMM GMM GMM GMM
0.009492 *| 0.007503 **| 0.008349 *+| 0.005895 **| 0.003439 **| 0.004512 **
! (0.001040) (0.000888) (0.000714) (0.000575) (0.001082) (0.001291)
0.023796 *|  0.021082 **[ 0.021346 *+| 0.018289 **| 0.015388 **| 0.016352 **
2 (0.002035) (0.001340) (0.001108) (0.000830) (-0.000110) (0.000617)
-0.000446 *| -0.000327 **|-0.000353 *+]-0.000215  **| -0.000110  **| -0.000145  **
8 (8.2710°) (554 10°) (5.0210) (342107 (4.0410°) (2.96 10°)
20310° | 13110° **| 1.4210° **| 59810 *| 246107 2.94107 *
4 (559107 (353107) (3.63107) (2.40107) 1.77 107 (134107
J?IS | 47% 13.114 6.275 5.589 3.615 4.335
p 0.686 0.069 0.508 0.588 0.823 0.714
Table 3: Comparison of estimates of different forward-looking models diesel price equation
I= 0 0 +1 +2 +4 +8
GMM TSLS GMM GMM GMM GMM
0.006784  **| 0.005100 **| 0.008134 **| 0.004886 **| 0.003410 **| 0.003413 *
' | (0.000541) (0.000780) (0.002150) (0.000945) (0.000830) (0.001567)
0.018737  **[ 0.015912 **| 0.020816 **| 0.017080 **| 0.015809 **[ 0.014749 **
> [ (0.000932) (0.001056) (0.002148) (0.000948) (0.000507) (0.000716)
-0.000244  **| -0.000147 **| -0.000349 **| -0.000178 **| -0.000131 **[ -9.7110-5 **
* [ (3857105 (4.3010-5) (0.000104) (4.50 10-5) (2.27 10-5) (3.36 10-5)
733107  **| 2.0410-7 160106 *| 468107 *| 406107 **| 3.7610-8
¢ [ (270107) (2.86 10-7) (6.3110-7) (3.0810-7) (154 10-7) (2.2810-7)
JIS| 7.290 13.235 2.913 5.093 6.043 3.802
p 0.399 0.067 0.893 0.649 0535 0.802

Note. The standard errors of parametersare in the parentheses. The superscript ** and * denote the regjection of the null hypothesis of the
t-test at the 1% and 5%. J(7)/S denotes the Hansen [8] or Sargan [13] test of overidentifying restrictionsand p is p-value of these tests. It
is compared with 2 with degree of freedom equal to 7. In the first line there is the lag of weeks used for computing of regressorsin

forward looking equations.
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The estimates of the coefficientsk and  from the restrictions given by (6)-(8) in the gasoline and diesdl price
equation arein the Table 4 and 5.

Table 4: Estimates of parameters k and

in gasoline price equation Wald test of restrictions

| = 0 0 +1 +2 +4 +8
GMM TSLS GMM GMM GMM GMM
K 0.009492  **| 0.007503 **| 0.008349 **| 0.005895 **| 0.003439 **| 0.004512 **
©6) (0.001040) (0.000888) (0.000910) (0.000714) (0.001082) (0.001291)
-0.047591  **| -0.042163 **| -0.042692 **| -0.036577 **| -0.030776 **| -0.032705 **
(0.004070) (0.001340) (0.002216) (0.001661) (0.001757) (0.001235)
K 0.009374  **| 0.007750 **| 0.008265 **| 0.005870 **| 0.003582 **| 0.004443 **
@ (0.000938) (0.000825) (0.000751) (0.000673) (0.001111) (0.000747)
-0.046997  **| -0.043549 **| -0.042260 **| -0.036424 **| -0.032055 **| -0.032208 **
(0.003769) (0.003293) (0.002548) (0.002942) (0.002959) (0.004187)
K 0.009238 **| 0.007882 **| 0.008145 **| 0.005718 **| 0.004000 **| 0.004237 **
® (0.000880) (0.000822) (0.000835) (0.001025) (0.001331) (0.000960)
-0.045080  **| -0.046527 **| -0.040635 **| -0.034409 **| -0.041639 **| -0.028838
(0.003985) (0.007650) (0.004193) 0.009649 (0.017740) (0.023826)
Table 5: Estimates of parameters k and in diesel price equation Wald test of restrictions
| = 0 0 +1 +2 +4 +8
GMM TSLS GMM GMM GMM GMM
K 0.006784 **10.005100 **10.008134 *40.004886 *4 0.003410 **| 0.003413 *
©) (0.000541) (0.000780) (0.002150) (0.000945) (0.000830) (0.001567)
-0.037474  **| -0.031824  **| -0.041632  ** -0.034159 ** -0.031618 **| -0.029499 *H
(0.001863) (0.002111) (0.004296) (0.001896) (0.001013) (0.001432)
K 0.006517 **| 0.004626 **| 0.008390 **| 0.005200 **| 0.004129 **| 0.003291 *H
© (0.000634) (0.001048) (0.001641) (0.001033) (0.000593) (0.000991)
-0.036002  **| -0.028870  **| -0.042946  **| -0.036359  **| -0.038285 **| -0.028445 *H
(0.003532) (0.004979) (0.002362) (0.003302) (0.005721) (0.006511)
K 0.006253  **| 0.003580 0.008772  **| 0.005236  **| 0.005070 **| 0.001596
@ (0.001003) (0.002400) (0.001286) (0.001596) (0.000917) (0.004857)
-0.031843  **| -0.015681 -0.048421  **| -0.039236 *| -0.069893 -0.006446
(0.009896) (0.019075) (0.009429) (0.017280) (0.047010) (0.043115)

Note. The standard errors of parametersare in the parentheses. The superscript ** and * denote the regjection of the null hypothesis of the
Wald test of redtrictions at the 1% and 5%. The results are obtained for the different specifications (6), (7) and (8).

The estimates of the coefficientsk and using specification (4) arein the Table 6.

Table 6: Estimates of parameters k and from restricted model

first differences of the gasoline prices first differences of the oil prices
| method K J(9)/S K J(9)/S
p p

0 GMM 0.007069 **-0.039760 *x 9.219 0.006504 **-0,037383 ** 8,159

(0.000519) (0.001523) 0.417 | (0.000452) (0.001183) 0.519

0 TSLS 0.007172 **-0.040644 ** 14,651 0.005196 **-0,033282 ** 16.665

(0.000653) (0.002040) 0.101 | (0.000604) (0.001252) 0.054

+1 GMM 0.008444 **-0.043171 *x 6.755 0.005944 ** -0.036245 ** 9634
(0.000750) (0.002219) 0.664 | (0.000430) (0.000828) 0.381

+2 GMM 0.005972 **-0.036825 *x 5.875 0.004603 **-0,032317 ** 7784
(0.000544) (0.001263) 0.754 | (0.000373) (0.000611) 0.556

+a GMM 0.002268 **-0.028537 *x 5.021 0.004832 ** -0.033456 **  7.636
(0.000870) (0.001311) 0.832 | (0.000724) (0.001372) 0.572

+8 GMM 0.004382 **-0.032622 *x 4.638 0.002798 **-0,028429 **  8.362
(0.000553) (0.000937) 0.865 | (0.000385) (0.000577) 0.498

Note. The standard errors of parametersare in the parentheses. The superscript ** and * denote the rejection of the null hypothesis of thet-
test at the 1% and 5%. J(9)/S denoctes the Hansen [8] or Sargan [13] test of overidentifying restrictions and p is p-value of these teds. It is
compared with ? with degree of freedom equal to 9. In thefirst column thereis the lag of weeks used for computing of regressorsin
forward looking equations.
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6. Conclusions

The most of the estimates of the coefficients are significant at 1% level and have signs that correspond to our
theory. Using (6)-(8) specification we estimated coefficients of the threat cost function k and . The negative
value of the coefficient implies that the driving fuel price making is asymmetric with respect to expected ail
prices. Different restrictions (6), (7) and (8) generate the same value of the coefficients. It follows that the theory
explains the sructure of the price-making process.

A conflict between Slovak Government and the dominant driving fuel priceemaker is a source of the
asymmetric price-making of the fuel with respect to expected ail price. In order to make use of the dominant
position of the price-maker, he tends to overval ue expected increase and underval ue expected decrease of the oil
price.

The asymmetric behaviour of the pricee-maker is in line with the time-inconsistency problem theory.
Dominant price-maker probably systematically produces a bias from the driving-fuel price respectable by the
society. For its quantification we need information from one side of the conflict. Our conclusions are only from
estimated coefficients with use of the data. We lack information about average optimal driving fuel price and ail
price ratio for the price-maker or about driving fuel production technology. Or we lack information about
respectable driving fuel price and ail priceratio for the society.
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RANDOM GRAININESS IN STOCHASTIC DIFFERENCE
EQUATIONS

Blanka Sediva ?

University of West Bohemia, Faculty of Applied Sciences,
Department of Mathematics,
sediva@kma.zcu.cz

Abstract.  This paper studies a simple extension of the linear rst-order di erence equations. Our
generalization is based on variable, and random lengths of time steps. Our interest is devoted to
magnitudes of solutions of these equations. We illustrate our approach and results one simple model.
Keywords. Stochastic di erence equation, random grain.

1 Introduction

The twentieth century witnessed the rebirth of discrete-time modeling and di erence equations. While
the continuous calculus had been widely developed, its discrete counterpart was full of open problems.
It was thus natural to study discrete phenomena with respect to the massive continuous patterns. This
established numerical analysis as an important and integral part of modern mathematics and created many
corresponding discrete structures. However, many blank pages remain intact and they mostly correspond
to the phenomena without appropriate correspondence in the continuous settings. Our paper tries to |l
one of these gaps. Namely, we study discrete models with variable steps and concentrate on those in which
the variability of the step is governed by a certain probability distribution. Note that such a probabilistic
model has no counterpart neither in the continuous world (no time steps) nor in the computer science or
numerical analysis (the phenomena are naturally deterministic).

On the other hand, most of the economic (demographic, psychologic, political...) decisions are not
regular and thus less predictable. However, this lack of regularity is very scarcely studied. Moreover,
when the regularity question is addressed, it is approximated by aggregate variables and constant time
steps. Since the study of rigidities (degrees of commitment, lengths of institutional tenures...) has become
a central question in certain areas of macroeconomics, institutional economics and others (see Taylor [9]),
it would be desirable to study also models where the lengths of intervals behave randomly.

Applicable theory in this direction would allow to form rules more e ectively since it would answer
the following two questions. Firstly, how long should the policymaker (central bank, CEO, etc.) govern.
Secondly, how much freedom should he receive in determination of his own tenure.

Some attempts have been already made to answer this question in the di erent (mainly game theo-
retical) settings. See e.g. Laguno and Matsui [6], Cho and Matsui [2], Rogo [4] or Libich and Stehlik
[7] or Posgsil, J.,Stehlk, P., Sedia, B. [8].

2 Economics Models

In this section we present four basic micro- and macroeconomic models which can be viewed as the
motivation for our theory. More details and di erent problems of similar form can be found in Gandolfo
[3].

Formal economic modeling began in the late 19th century with the use of dierential calculus to
describe and predict economic behavior. Economics became more mathematical as a discipline throughout
the rst half of the 20th century, but it was not until the Second World War that new techniques
would allow the use of mathematical formulations in almost all of economics. This rapid systematizing of
economics alarmed critics of the discipline as well as some esteemed economists.

Firstly we are interested in non-stochastic mathematical models. This models may be purely quali-
tative (for example, models involved in some aspect of social choice theory) or quantitative (involving
rationalization of nancial variables, for example with hyperbolic coordinates, and/or speci ¢ forms of
functional relationships between variables). In some cases economic predictions of a model merely assert
the direction of movement of economic variables, and so the functional relationships are used only in
a qualitative sense: for example, if the price of an item increases, then the demand for that item will
decrease.

? This work was supported by the Research Plan LC06075
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The cobweb model. The cobweb model or cobweb theory explains why pricesp is price in period
t) could be subject to periodic uctuations in certain types of markets. It is an economic model of
cyclical supply (St) and demand (D:) in which there is a lag in producers’ response to a change of
price. Assume that both functions are linearD; = ap + bpp; and S; = as + bspy1 : A last assumption
is the market-clearing assumption, this meansD; = S;, whence the nally equation is

bbpe bspr =as  ap; 1)
where p; is price in periodt and Iy ;bs;ap;as are parameters from demand and supply reaction
linear functions of model.

Keynesian macroeconomics models. Keynesian model of income determination theory stated that
people will put aside the same level of income or save the same amount of money at all possible
rates of interest. As an example of multiplier analysis, we shall describe a foreign trade multiplier.
Imports M are function of incomeY and exports X are assumed to be exogenous. In open economy,
aggregate supply is the sum of national productY and imports M , aggregate demand is national
consumption C plus investment | plus export X . In the formal model there are four linear functions
and the equilibrium condition Y + M = C + | + X: After substitution and elimination of depending
functions we obtain

Y (b+h m)Ytl = a+lg+ Xog Mg+ 4l + 4X; (2)

whereY; is the national product in period t and M, is import, |; national investment and X export;
Xo;lo; Mg are initial condition and b; h; a; m are parameters of model.

3 Models with nonconstant steps

Models from previous section (e.g. (1) or (2)) shows that various phenomena in di erent elds of economics
lead to simple discrete models of the form

X j=px +fj; i =0;1;2;::5N; 3
Xo = A
where x; is a function of real variable j, the di erence operator isdened by x ; = xj+1  X; and

pi; f; are real constants. The conditionxo = A is initial condition for discrete model. Using the equality
X j = Xj+1  Xj, one can rewrite (4) into

Xja1 =L+ p)xj +fj0 [ =0,12000N; 4)
Xo = A
This form is widely used and accepted. However, it implicitly suggests that all considered phenomena
change in constant time intervals. However, this assumption goes against the intuition and economic
theory. Indeed, our experience and standard circumstances of economic life imply that real-life rigidities
and commitment periods vary in time. Moreover, in many elds (central banking, price setting, ...), the
policymakers seek the algorithm to set the optimal length of tenures or policies. Standard discrete models

with constant steps are unable to provide answers to such questions.
First of all, we have to adjust the notation to the new settings. We take into account an arbitrary

time gaps, we de ne thegraininess function : T nftyg! (0;+1):

i =t o (5)
Finally, the relative di erence will be denoted by delta in the upper index, i.e.:
= X+ X,
X = — (6)

Thus, one can replace the constant version (4) by

X = pX+fj; j=0;1;2;:::N; @
A

Xo
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or equivalently

Xj+1 =1+ )%+ fj; ] =0;1,2000N; (8)
Xo= A
Obviously, the latter form straightforwardly implies the existence of time transformation : T !
f0; 1;:::;Ng,where (tj;) := j; which enables to transform the non-constant model to the one with
constant steps, i.e.
R =(1+) %+ T i =0;1;2;::5N; 9)
Xo = A

wherex; = x; = jp;fi = ifj:

This transformation allows us to exploit the wide range of results for (4) (see Agarwal [1] or Kelley,
Peterson [5] or Posysil, J.,Stehlk, P., Sediwa, B. [8]). We can write explicit form of the solution of (8) and
to obtain solution in the following form

I
e Xt e '
Xj=Xo (@+ jp)+ ifi T+ kpk) (10)
i=0 i=0 k=it1

One can also study the behavior of the solution of (7) af\ tends to in nity,

Xj+1 =1+ jp)x + jfj;  jinNg; (12)
Xo = A

and the stability theory for the in nite counterpart of (4) provides basic results for the stability and
boundedness of (11). The complete analysis of problem with in nite horizont can be found e.g. in Agarwal
[1].

In order to motivate our choice of random steps in the following section, we restrict our attention only
to the simple case wherp; ;f; and ; > O are constant. We can show that for the restrict model hold (for
proof see e.g. Posysil, J.,Stehlk, P., Sedia, B. [8]) following lemma
LEMMA 1: Let us suppose thatp; = p2 R, ;= > Oandf; =f forall j 2 Ny.

(&) If p=0 then (11) converges if and only iff =0:
(b) If p= 2 and f; = f is constant then the solution oscillates between two valueg and f X0-

(c) Ifp2 B g;O)I_:then the solution converge to %

(d If p62 2;0 and Xj 6=lj—p then the solution diverge.

4  Analysis of the model

We will study one of the simplest examples of equation(10). Letg; = 2, f; =0and ; =1+ u; for
j =0;1:::, where 2 (0;1) is a graininess parameter (or graininess diameter) and u; 2 f 1;1gis a
random variable equal to 1 or 1, each with probability 1 =2. This model has all the properties described in
the Introduction, it is a discrete time model with random time steps. Though being simple, it encounters
an interesting behavior, as we will show below.

We have

Xj+1 = (A+2u;)x;; j=0;1;:::: (12)
Xo = A

If u; was zero, we would get the oscillation betweerxg and x o. In this case we have a random
behavior such that in each time step we have eithep 2 ( 2;0) (convergent behavior) with probability
1/2 or p2[ 2;0] (divergent behavior) also with probability 1/2. We oscillate with time step  between
values 1 and 1+ . We study the qualitative behavior of the solution depending on the value of the
graininess parameter .
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Using (10) we can write
Y
i =( 1'% (1+2u):
i=0

(13)

In what follows we consider only the absolute value of the solution keeping in mind that the solution
oscillates due to the term (1) .
LEMMA 2: Let x;;j =0; 1;::: be the solution of (12) and Iethp be thep-percentile of x;. Then

1. function XP( ) := max; ij is an increasing function of and
2. if we denote by ( ) the index WhererP attains its maximum, then ( ) is a decreasing function of

The proof of this see (Posysil, J.,Stehlk, P., Sedi, B. [8]). In Figure (1) we can see the simulated and
exact 99%-percentiles for di erent values of graininess parameter . The behavior of the solution could
be explained the following way. The bigger the value of parameter , the larger "peak” of the solution for
lower times, but also the faster convergence towards zero.

99-percentiles for different graininess diamaters, p=-2, f=0, x ;=1

25 T T T T T T T T

——0.020
——0.040
——0.060
———0.080
——0.100| |

99-percentiles for different graininess diamaters, p=-2, f=0, x ;=1
20 T T T T T T T T

20
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x|
=
X
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Fig. 1. Simulated and exact 99%-percentiles for di erent values of graininess parameter .

5 Conclusion

This paper studies a simple extension of the linear rst-order di erence equations. Our generalization
is based on variable, and random lengths of time steps. We will study one of the simplest examples of

equationxj+; = (1+
2 (0;1)andu; 2f

B )X+ jfj; with p

2, fj=0and ; =1+ uj forj =0;1:::. We suppose

1;1gis a random variable equal to 1 or 1, each with probability 1 =2. We study
the qualitative behavior of the solution depending on the value of the graininess parameter .
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Abstract

We study probabilistic properties of a zero intelligence model of a limit order market, very similar
to those of [4] and [8]. We (recursively) describe the distributions of the order books and the best
guotes. B ased on these theoretical results, a procedure for statistical inference of the model may
be designed and the evolution of the process may be simulated more e ciently then by the crude
simulation of all the events.

K eywords. Continuous double auction, limit order markets, distribution, simulation, statistical
inference, price increment tails.

1 Introduction

Recently, several zero-intelligence models of limit order markets® have b een introduced: [4] show s that
even a simp le model assuming a P oisson orders’ arrival and the uniform distribu tion of the limit prices
generates fat-tailed price increments. [6] computes the rate of the tail by means of a mean- eld ap-
proximation. [8] introdu ce a model, similar to that of [4], including, in addition, order cancelations.? A
generalization of this model incorp orating the statistical prop erties of real-life order b ooks is made by
b1 Even though many stylized facts cannot be explained by the zero-intelligence models (see [1]) they
may b e regarded as a good rst app roach .

D espite the great e ort of the authors, no exact p rob ab ilistic descrip tion of any of th e zero-intelligence
has been published yet, w hich, among others, disallow s statistical inference of the models. In our recent
work [T] we formulated a general model, covering fully the models of [4] and [8] (the latter after a
discretization) and partially the one by [5] and w e recu rsively describ ed its distribu tion. T he purp ose of
the present paper is to apply these results to a simp ler (uniform) model of the continuous doub le au ction.

In particu lar, w e consider a model w ith P oisson order ow s, constant cancelation rate and continuous
uniform distribu tion of limit prices (Section 2) which may be easily transformed both to the Il aslov’s
model [4] (by sending the cancelation rate to in nity) and to the model of [8] (by a slight rede nition
and the rounding of the prices, see [7], Section 3). T he distribu tion of the p resent model is describ ed in
Section 3). Further (Section 4), w e discuss app lications of our results. Finally, we conclude the paper
(Section 5).

This work is supported by the grants No. 402/09/0965 and No. 402/07/1113 of the Czech Science Foundation and by
project No. L C06075 of the ll inistry of E ducation, Y outh and Sports.
YThis work is supported by the grants no. 402/06/1417 and 402/07/1113 of the Czech Science Foundation.
1For a detailed description of a lin it order n arket, see e.g. [8].
2In a subsequent work [2] it is argued that, despite the radical assun ption of econon ic agents acting as gas particles,
zero intelligence n odels replicate several stylized facts found in real-life lin it n arkets.
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2 De nitions
2.1 Inputs

In the model we study, the orders of all the four types (i.e. buy/sell market/limit orders) arrive with
(possibly di erent) constant intensities, the intensity of the limit orders’ cancelations is constant and the
limit prices are uniformly distributed. In particular,

- the arrivals of sell limit orders form a marked Poisson process x with an intensity and with marks ;
U( h;h),ui Exp( ), standing for the absolute limit price, lifetime of the order respectively, where
hisa nite positive constant® and where all the marks are mutually independent and independent of
the arrival times,

- the arrivals of sell market orders form a Poisson process x with an intensity

- the process y of arrivals of buy limit orders is Poisson with an intensity ! and with independent,
mutually independent marks (ri; i)i-; (absolute limit prices, cancelation times respectively) such
thatr; U(h;h)andv; Exp(z) for some constant z,

- the process y of arrivals of buy market orders is Poisson with an intensity I,

- the random elements x, y ,y, x are mutually independent.

2.2 Dynan ics of the Systen

Il e describe the state of the market at a time by a tuple
=(A;B) 1)

where A and B are simple atomic measures (collections of points on the real line) describing the sell
order book, buy order book respectively, each atom (point) standing for a waiting limit order with the
(absolute) limit price equal to its location. Il e denote

a Zminf : isan atom of A g™ h 2

the value of the (best) ask (we put min; = 1) and

b £ maxf : isan atom of B g_ h (©)

the value of the (best) bid (we put max; = 1).

Il e assume our process to start by a single limit order on each side, i.e. both Ag and By contain a
single (deterministic) point ¢, o respectively, such that o < (. Further, we assume the lifetime ug
(vo) of the starting sell (buy) order to be exponentially distributed with parameter , (z) such that ug,
vp and (X;x;y;y) are mutually independent.

Il e let the process (possibly) jump only at the times ( i)izan, ( i)izns ( i)izns ( i)izn, denoting the

. . . a 4 .
jump times of x, X, y, and y respectively, or at ( i)izn, ( i)iavy Where = j+ujand ;= j+vi i 0
(i.e. the cancelation times of sell limit orders, buy limit orders respectively, we put o= ¢ =0).

If is one of the possible jump times of then the change of at is de ned as follows:

-if = jforsomei> Oand ;> b then ;isadded into A

-if = jforsomei Oand ;ispresentin A then ; isremoved from A

-if = jforsomei> Oand B & O0thenb isremoved from B

-if = jforsomei> Oand j< a then ; isadded into B

-if = jforsomei Oand ;ispresentin N then ; is removed from B

-if = jforsomei> 0and A & 0thena isremoved from A

- if does not t any of the conditions above then both A and B are left unchanged at

3Later we de ne our model also for in nite h
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It follows from the de nition of the input processes that
Plany pair of i; i; i; i; i; i;1 2 N; coincide] =0 4
hence our de nition is correct with probability one. Further, since
Plany pair of ;; ;i 2 N; coincide] =0 5)

it is guaranteed that A and B are simple (with no overlapping points) at each 0.
For a \formula based" de nition of , see [7].

3 Distributions

In the present Section, we describe probabilistic properties of and of the process of the best quotes
A
=(@;b): 6

An uninterested reader may skip this section; however, (s)he will need to return here for a notation
sometimes.
We start with a nearly obvious statement:

Proposition 1 (Markov properties of )

(i) For any determ inistic 0 s; < <sp<s,
L(s+ s soiih sn)=L( s+ s) ()

(here, for any random elem ents X, Y, sym bol L(XjY ) denotes the conditional distribution of X
given Y).

(ii) Relation (7) keeps holding even ifs; <  <sy<sareoptional tin es with respect to the Itration
generated by

Proof. Statem ent (i) follows from the fact that all the inter-jum p tim es and the orders’ lifetin es are
exponential and that the value of ata jump is fully determ ined by the value at the last jum p and the
type of jum p tim e. Part (ii) stem s from the fact that ispure jum p type process (see [3], chp. 12).

To go on, we need to introduce som e notation: For any interval j such that j = [s;t) or J = [s;1],
0 s tdenote

d:jIR a2 ARINCE 2j; ®)
and introduce a function
X -
IMmE" ey 'L et (¢ &)l p2R; ©)
j=0
where 22 @h) *, 33 isthenun berofjun psofal on j.4 < <e&d;denotethe jum p tin esthen selves
(weput&aés)and where
a{i]éagjj; 0o j I (10)

(we putaJ[' 1 éh). Further, denote 0 =#o <#; <::: the sequence of jum p tim esof .

3.1 Order Books

Until the end of subsection 3.1, x s tful lling one of the conditions
- both sand tare detern inistic,

-s=#cand t=4#; forsom e (determ inistic) k;i 2 N, k i,
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and agree to write a instead of al>t, J instead of JISY, etc.
The following two Propositions describe the distribution of the order books given s, (. where the
latter symbol denotes the trajectory of restricted to interval [s; t].

Proposition 2 (conditional distribution of A¢)

X X

Ac= a + a;,8 + sdj + L (11)
i=1 i=t

where  denotes the D irac measure concentrated in q (i.e. a single point fqg) and

L e s [s:y =A Iternative exp t g : 1§ J; (12)

- 1< < K are all the atoms of As whose location is greater then a,

L dj s [y =A lternative(expf (t s)g); 1 j k; (13)

- L is (conditionally on s; [s;y7) @ non-homogenous P oisson process on (ac; h) with the intensity given
by distribution function

Proof. See [7].

Remark 1 Using the symmetry of A and B, an analogous formula for the distribution of B may be
obtained as a corollary of P roposition 2.

3.2 Best Quotes

Until the end of subsection 3.2, x deterministic integers 0  k < i and agree to abbreviate al*<#) as a,
JF#) as J etc.

0 ur present goal is to specify the conditional distribution of #;.1 and ,,, given g and 4, 4. Fora
better intuitive understanding, we add an additional step to the de nition: we consider an supplementary
variable .1, coding the type of the event happening at the time #;.1. D enoting the possible values of

i+1 symbolically by a*,a ,b* and b , we de ne it as

8 .
§a+ if ayw, >0; by =0;
4 a if <0; bg =0;

ax.
B i i 14
'UBbT 0 ay =0 by >0; (14)
b if ay, =0; by <O:
D enote .
&ia = ?(a#i b#i); &ia :1[a#i< h](! + ); (15)
&ib = 1[b#i> h]( +2); &ib+ = !?(a#i b#i); (16)
L= 2+ 172 n) 1 17)
( 7 was introduced at the de nition of T).
Proposition 3 (distribution of #;+1)
L Aivr pom] e —EXp&): (18)
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Proposition 4 (distribution of ;)

LR R
; ; ; : 1
T e h (19)

L iv1 Hivl) poml #e

Proposition 5 (distribution of ay,,,)

(i) If j+1=a" then

Plag., =P #iv1: i+15 ol #el
=lp<mexpf (P expf (g #hg)"<®

(1 expf  (Hiv1  &+1)9)

1 j<J 8 P

where K(p) is the number of points of Ay, belonging to interval (a,;p,

(ii) If j+1=a then
L awy  Hirl i+l ol s = U by aw) (20)

(iii) 1f ;412 fb ;b*g then

L aw,  Hivels il proml #e — agy (21)
Proof of Propositions 3-5. See [7].

Remark 2 T he formula for the distribution of by, , is symmetric.

4 Applications

Even if the formulas describing the distribution are quite complicated, several useful and practical appli-
cations may be constructed based on them.

4.1 Statistical inference of the m odel

The problem of the inference of our model (i.e. testing its validity and estimating its parameters) may be
broken into ve parts: an inference of all the four input processes. Since the ows of market orders may
be studied by standard techniques,* we do not discuss them in the present work. To test and infer the
distributions of () 2y and (p ) 2n, may also apply standard statistical tools. On the other hand, we
are getting into di culties with cancelations rates and z because the sample of observed cancelations
of the orders is censored (some orders are executed before they could be canceled) - in fact, this is the
point where our theoretical results may help: based on our formulas, the cancelation rates (together with
the market limit orders’ arrival rates, if we are lacking detailed enough data to infer them directly) may
be estimated. For details, see Section 4.2. of [7].

4.2 E cient Sin ulation

Since we do not know analytic formulae for the (unconditional) distributions of and , all onte C arlo
simulation is needed when working with the processes. H owever, our knowledge of the (conditional)
distributions may help us to speed up the simulations signi cantly.

C ontrary to the \crude" simulation, when each variable de ning the system is generated, our procedure
allows us to omit a vast majority of the steps of such a simulation: Thanks to our results, it su ces to
generate the process only and to draw the values of only at the times when they are actually needed.®
Our procedure is as follows:

40f course, this is true only if we are able to distinguish the moves of bid, ask respectively, caused by cancelations from
those due to market orders.

SIn fact, our procedure \is ab le" to generate the order b ooks only at the times of jumps of ; how ever, if w e v anted to
draw all the values of the order h ooks, w e may use the crude simulation since the last jump of .
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For each i 2 Ng:

1. G enerate # 1 and . 1 fron their conditional distribution given the ( [s;.470 si)
W here s;j is the tin e of the last generation of avalue of (by P roposition 3 and 4)

2. 6enerate aw,, and bg,, from their conditional distributions given
(i+r1y #ie 1y (sl si) (by Proposition 5and its sym m etric counterpart)

3. If needed, generate By,,, and/or Ag,,, fron their conditional distributions given
( [s1:#:140417 =) (by Proposition 2 and its sym m etric counterp art).

5 Conclusion

Il e exam ined theoretically som e zero-intelligence m odels of lin it order n arkets and show ed som e app li-
cations of our results. In particular, we outlined away of a rigorous statistical in ference of such n odels
and weproposed away ofan e cient Il onte C arlo sin u lation of the n odels. Further generalizations of
the n odel are sub jects of our future research.
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Abstract. In the paper a technique for analyzing the results of discrete-event simulation is proposed. A finite
number of scenarios (decision alternatives) is analyzed. The simulation is used for generating distributional
evaluations of alternatives with respect to attributes. It is supposed that the decision maker (DM) uses
multiple attributes to evaluate alternatives under consideration and tries to find a solution preferred to all
other solutions (most preferred solution). To solve a multiattribute problem, one have to assess information
about DM s preferences. Three general approaches to solving multicriteria problems can be considered: prior
articulation of preferences, interactive articulation of preferences and posterior articulation of preferences. In
the paper we use the second approach and assume that the preference information is obtained in a stepwise
manner. The technique proposed in the paper uses the information about trade-offs among attributes. In each
iteration a candidate alternative is proposed to the DM. If he/she is satisfied with the proposal, the procedure
ends. Otherwise, the DM is asked to specify a criterion to be improved and a lexicographic order of criteria
that can be decreased starting from the one, that can be decreased first. Relations between distributions of
trade-offs is exploited to generate a new proposal. The procedure continues until the decision maker is
satisfied with the proposition. An application in the production process control problem is presented to
illustrate the technique.

Keywords. Discrete-event simulation, Multiattribute analysis, Decision-making under risk, Trade-off
information, Stochastic Dominance

1. Introduction

Computer simulation is an important tool in a wide variety of disciplines: economics, engineering, biology,
chemistry, the social science and others. Through computer simulation one can observe the behavior of real-life
systems that are too difficult to examine analytically. One of the main advantages of simulation consists in the
possibility to analyze problems that include uncertainties. A simulation model transforms distributions of input
variables into distributions of output variables, which are used to measure the efficiency of the system under
consideration. In many complex real-life decision problems, simulation modeling is the only way to evaluate
decision alternatives with respect to criteria.

This paper considers the problem of analyzing the results of simulation experiments. We focus on discrete-
event systems, i.e systems in which the state variables change instantaneously through jumps at discrete points in
time (Rubinstein, Kroese [1]). Sophisticated statistical methods are usually proposed for analyzing the data
obtained from the simulation model (Robinson [2], Nowak [3]). Such techniques, however, are usually useless
when a multiple criteria are used for evaluating decision alternatives or scenarios. In such case additional
information about the preferences of the decision-maker (DM) is required to solve the problem. Three main
approaches are usually used for acquiring such information: prior articulation of preferences, posterior
articulation of preferences, and interactive articulation of preferences. Prior articulation of preferences means
that the decision problem is solved in two steps. First, preference information is collected. Next, this information
is used for constructing complete or partial order of alternatives. Multiattribute utility theory (Keeney, Raiffa [4])
is a classical example of this approach. The posterior articulation of preferences is based on opposite
assumptions. This approach tries to find a good approximation of nondominated frontier in order to provide
information about the possible solutions to the DM. After that the DM is asked to evaluate solutions presented to
him/her and this information is used for generating the final solution. ADBASE technique proposed by Steuer
[5] is an example of such approach.

Interactive approach is probably the technique, that is used most often for solving multiattribute problems. It
assumes that the DM is able to provide preference information with respect to a given solution or a given set of
solutions (local preference information). The interaction takes place between the DM, an analyst and a computer
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model of the decision problem. The DM has to express his/her local preferences with respect to a series of
solutions, which are presented to him/her in a stepwise manner and are partly the result of his/her previous
answers. Various advantages of the interactive approach are mentioned. First, limited amount of preference
information is required from the DM as compared to other techniques. Second, The DM has to express his/her
preferences evaluating well-defined solutions which are known to exist and be feasible. It is also pointed out that
the DM is more closely involved in the solution process, and as a result the final solution has a better chance to
be practically implemented.

The main goal of this paper is to propose a new technique for analyzing results of discrete-event simulations.
We assume that a finite number of possible scenarios (decision alternatives) are taken into account. The
alternatives are evaluated with respect to a set of attributes. The simulation model is used for generating
distributional evaluations of alternatives with respect to attributes. We use interactive approach for aiding the
DM to choose the final solution of the problem. The paper is structured as follows. The problem is defined in
section 2. Section 3 provides basic information about trade-offs and the way in which they can be used in
multiattribute analysis. The procedure is presented in section 4. Next section provides a numerical example. The
last section gives conclusions.

2. Formulation of the problem

The problem considered in this paper can be defined as follows:

A finite set of decision alternatives A = {ay, ..., an} is considered.
Alternatives are evaluated with respect to n attributes.

The attributes are defined in such a way that a larger value is preferred to a smaller one. If the DM
wants to minimize values of attributes, the data have to be transformed to negative values.

The model describing the behavior of the system has at least one random input variable.

Stochastic simulation is used for generating distributional evaluations of alternatives with respect to
attributes.

The DM tries to find a solution preferred to all other solutions (the most preferred solution).

Simulation runs produce sequences of observations for each alternative and each attribute. This data can be
used for generating distributions describing the efficiency of each alternative. Let X, be the evaluation of
alternative & with respect to attribute p, and Fiy(x) a cumulative probability distribution function defined as
follows:

Fio(X) = Pr(Xiy  x)

The attributes are supposed to be probabilistically independent, and are also supposed to satisfy the
preference independence condition. Thus, the overall comparison of two alternatives can be decomposed into
one-attribute comparisons of probability distributions. In this paper we will use stochastic dominance rules for
modeling preferences of the DM in relation to each attribute. First stochastic dominance and second stochastic
dominance are defined as follows:

Definition 1. (FSD First Degree Stochastic Dominance)

Xip dominates X;, by FSD rule (Xi, rsp Xjp) if and only if
Fip(x) Fjp(x)and Fip(x) Fjp(x) Oforallx R.

Definition 2. (SSD  Second Degree Stochastic Dominance)
Xip dominates Xj, by SSD rule (Xi, ssp Xjp) if and only if
Fip(X) Fjp(x)and F,y -F,y dy O forallx R.

Hadar and Russel [6] show that the FSD rule is equivalent to the expected utility maximization rule for all
decision makers preferring larger outcomes, while the SSD rule is equivalent to the expected utility
maximization rule for risk-averse decision makers preferring larger outcomes. In our procedure we will use FSD

and SSD rules for comparing evaluations of alternatives with respect to attributes, as well as for comparing
distributions of point-to-point trade-offs among attributes.
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3. Trade-offs among attributes in decision-making problems under risk

A trade-off is usually defined for a particular solution and for a selected pair of the attributes. It specifies the
amount by which the value of one attribute increases while that of the other one decreases when a particular
solution is replaced by another given solution.

Let us start with a decision making problem under certainty. For a pair of alternatives a; and a; and a pair of
attributes p and g, a point-to-point trade-off is the ratio of a relative value increase in one attribute (p) per unit of
value decrease in the reference attribute (q) when the alternative a; is replaced by the alternative a;.

TPa X ip ip
]
Xiq Xiq

Let us assume that the DM analyzed alternative a; and decided that the evaluation with respect to attribute p

should be improved, while the evaluation with respect to attribute ¢ may be decreased. In this case we will look

for alternatives a; such that Xj, > Xj, and Xj;  Xiq, and choose the one for which the increase of attribute p gets

the maximal value. If such alternatives do not exist, then an alternative maximizing point-to-point trade-off can
be proposed.

The situation complicates when a decision problem under risk is considered. In such case a point-to-point
trade-off is a random variable. It s distribution is a mixture of distributions of four random variables: Xi,, Xig, Xjp,
and Xjg. Let N be the number of simulation runs performed for each alternative, while x;;  value of attribute p
obtained in I-th simulation run performed for alternative a. The procedure, that can be used for generating

distribution of T2 consists of following steps:

1. Perform simulation runs for alternative a;.
2. Perform simulation runs for alternative a;.
3. Assumek=1,1=1.
4. Letr=( 1) |
5. Calculate tf according to the following formula:
X; | Xi k .
X”’ xp if X o Xipx @Nd Xjq X
igk jql )
the M if X0 Xipe @nd Xig  Xjq
0 i X0 Xipk
M i X0 Xipk

where Misa big number .
6. Assumel=1+1.1fl N, goto4, otherwisegoto?7.
Assumek =k+1,1=1.Ifk N, goto 4, otherwise go to 8.

8. Generate the distribution of T} assuming equal probabilities for tP],r=1, ,N N.

~

The procedure takes into account various situations that can occur, when values of attributes are compared.
Formula for calculating tf;? is valid both for classical situation (Xjpi > X;p1 and Xiq1> Xjq1) and for other cases.

The procedure compares results obtained in I-th simulation run performed for alternative a; with the results
obtained in all simulation runs performed for alternative a;. Thus, finally we obtain N N observations for

variable T%. This observations are used for generating probability distribution of point-to-point trade off
among attributes p and q.

4. The procedure

The main ideas of the procedure are as follows:

a candidate for most preferred solution is presented to the DM at each iteration,

if the DM is satisfied with the proposal the procedure ends,

otherwise the DM is asked to select the attribute to be improved and the attributes that can be decreased,
ordered lexicographically starting with the one to be decreased first,

information about relations between distributions of trade-offs is used to generate a new candidate.
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The procedure starts with the identification of the first proposal. We propose to use SD rules and min-max
criterion. The first proposal is identified in the following steps:

1. ldentify SD relations between distributional evaluations for each pair of alternatives and for each
attribute.
2. For each alternative compute:

d, pﬂ?fn}{dip}’ where :d,, card(D,,).D;, {81 X, rp Xip Xip s Xip}

3. Choose the alternative for which d, is minimal

The main idea of the procedure is to use distributions of point-to-point trade-offs in order to identify a new
proposal. In the initial phase of the procedure the DM is asked to specify the data to be presented. For each
attribute he/she may choose one or more scalar measures. Both expected outcome measures (mean, median,
mode) and variability measures (standard deviation, semideviation, probability of getting outcomes not greater or
not less than a target value) can be chosen. Let a5 be the current proposal, while A" the set of alternatives
considered in iteration | (A® = A). Following steps are performed in iteration I:

1. Present the proposal a, to the DM and ask whether he/she is satisfied with the proposal. If the answer is
yes  end the procedure, otherwise go to step 2.

2. Ask the DM to specify the attribute that should be improved first and to set the order of the remaining
attributes, starting from the one that can be decreased first. Let p be the number of the attribute that the
DM would like to improve, while {g;, 02, , dn 1} is the order of the attributes that can be decreased.

3. Identify the set of alternatives satisfying the requirements formulated by the DM:

AP =ta:a AV a a, Xy rsoXip Xsp sso Xip}

4. Assume: B=A"*Y k=1,

5. Generate probability distributions of trade-offs T,2% for each i such thata; B.

6. Compare distributions of trade-offs with respect to FSD/SSD rules and identify the set of non-dominated
distributions. If the number of non-dominated distributions is equal to 1, assume the corresponding
alternative to be the new proposal and go to the next iteration.

7. ldentify the alternatives with dominated trade-offs and exclude them from the set B.

8. Ifk<n 1, assumek:=k+ 1and go to 5, otherwise go to 9.

9. The trade-offs for each pair of attributes have been compared, and the set of potential new proposals B
still consists of more than one alternative. As the analysis of trade-offs hasnt provided a clear
recommendation for the new proposal, analyze the relations between alternatives with respect to
attributes. Start from attribute X, and identify the set of alternatives with non-dominated evaluations
according to SD rules. If the number of such alternatives is equal to 1, assume the corresponding
alternative to be a new proposal, otherwise exclude dominated alternatives from B and analyze relations
with respect to other attributes using a reversed lexicographic order of attributes: ¢, 1, O 20, Q1.
Continue until B consists of one alternative. If all attributes have been considered and B still consists of
more than one alternative, assume any of them to be a new proposal.

5. Application

To illustrate the procedure let us consider a production process control problem assuming that Just-in-Time
(JIT) approach is used for scheduling production system. The work flow is controlled by Kanban cards.
Production may proceed differently according to a lot size, number of Kanban cards used, and the decision rule
for choosing the waiting job to process. The problem that arises consists in deciding which rule should be used,
how many Kanbans should be allocated for each operation, and what lot size should be applied. In general,
smaller lot-sizes reduce work-in-progress, but also increase the number of machine set-ups. Increasing the
number of allocated Kanbans improves machine utilisation, but may also increase average work-in-progress
level. Finally, the performance of a scheduling rule depends on the performance measure that is used. Thus, the
choice of the best triplet involving the Kanban lot size, the decision rule, and the number of Kanbans constitutes
a multicriteria problem. Nowak et al. [7] proposed a procedure for this problem that uses stochastic dominance
rules and multiattribute aggregation based on the methodology proposed in ELECTRE-I (Roy, Bouyssou [8]). In
this paper we will show, how trade-offs can be used for solving this problem.

Four scheduling rules are considered: the first come first served (FCFS) rule, the shortest processing time
(SPT) rule, the same job as previously (SJP) rule, the shortest next queue (SNQ) rule. The FCFS rules gives
priority to a job that has been queuing at the station for the longest time. The SPT rule chooses the job with
shortest planned processing time. The SJP rule assumes that the job which is the same as previously processed
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on the station should be chosen, and finally SNQ rule gives priority to the job for which the queue at the next
station is the shortest. Four values of lot size are considered: 5, 10, 15, and 20, while the number of kanbans is
assumed to be between 2 and 5. Thus, 64 triplets of parameters are considered. For example alternative a; is
defined by triple: lot-size = 5, decision rule = FCFS, number of kanbans = 2, while alternative ag, is defined by
triple: lot-size = 20, decision rule = SNQ, number of kanbans = 5. Three criteria are used for evaluating
alternatives performances:

1. Makespan measured in seconds to be minimized;

2. Average work-in-progress level ~measured by the average number of jobs queuing at stations to be
minimized;

3. Number of set-ups the whole number of set-up done on all stations to be minimized.

First, an exemplary production plan is analyzed. Series of simulation experiments are done for each alternate
parameter triplets. As smaller values are preferred to larger ones, the results of simulation runs are transformed
to negative values. Next, distributional evaluations with respect to three criteria are constructed and FSD and
SSD relations between distributional evaluations are identified. The first proposal is alternative as; (lot-size = 20,
decision rule = SPT, number of kanbans = 2). The DM decides that means should be presented for each attribute
in the dialog phase of the procedure.

Iteration 1.

1. The data are presented to the decision maker (table 1).

Table 1
Data presented to the DM at iteration 1
Mean
Makespan Work-in-progress Number of set-ups
as3 278813 1075 3397
min 261996 470 1513

2. The DM is not satisfied with the proposal.

3. According to the DM the evaluation of as; with respect to the third attribute (number of set-ups) should
be improved.

4. The DM specifies also that the value of work-in-progress may be decreased first, while the value of
makespan may be decreased in the second order.

5. The alternatives with evaluations that are not dominated by the evaluation of alternative as; with respect
to attribute number of set-ups are identified:
A® = { ay, &, ay, &, as, A, a7, A, Ao, A10, A1, A1z, 13, Asg, A1, e, A17, A1, Azz, Azs, Aps, Azer Azo,

ag7, Azg, Q41 }
6. The set of potential new proposals is:
B=A®

7. Point-to-point trade-offs for the pair of attributes number of setups and work-in progress are
analyzed. As distributions of trade-offs for the pairs (ai, asz), (a2, as3), (a4, as3), (213, as3), (A14, @s3), (Ao,
as3) , (as7, asg) are dominated, alternatives aj, a,, as, ais, &, az, and as; are excluded form the set of
potential new proposals:

B=B\{a, &, as, a3, a4, a0, 837 } = { a3, s, 3, a7, 8g, A9, A10, 11, 12, A15, Q16 17, 21, A2z,
@3, Azs, A6, A3g, 41 )

8. As the set B consists of more than one alternative, relations between trade-offs distributions for the next
pair of attributes: number of setups and makespan are analyzed. As distributions of trade-offs for the
pairs (as, ass), (a7, @s3), (As, As3), (Au1, As3), (A12, As3), (Ais, As3), (Ase, As3), (Au7, s3), (Az1, As3), (Azs, As3),
(azs, as3), (aze, as3), (ass, @s3), (as1, as3) are dominated, so alternatives as, as, ag, ai1, a1z, 15, a6, A17, 21,
s, s, Ao, Azg, aNd a4y are excluded form the set of potential new proposals:

B=B\{a; a;, ag, a11, a1z, s, &g, 7, 81, 23, Azs, 8zs, Az, A4y } = { 8s, &g, Ao, 10, A2z }

9. As relations between trade-offs for each pair of attributes have been analyzed and the set of potential new
proposals still consists of more than one alternative, relations between the potential proposals with respect
to the attribute number of setups are analyzed. The evaluation of as dominated according to FSD rule
evaluations of all other alternatives. Thus, as is chosen to be the new proposal.

The procedure is continued in the same way, until the DM is satisfied with the proposal.
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6. Conclusions

In many cases, the DM faced with a candidate solution is able to answer the simplest questions only: which
attribute should be improved and which attributes can be decreased. In such a situation trade-offs can be used for
generation of a new proposal. When the evaluations of alternatives with respect to attributes are characterized by
random variables, a point-to-point trade-off is characterized by a random variable as well.

In this paper a new interactive procedure based on the treatment of trade-offs has been proposed. The
procedure requires a limited amount of preference information from the DM. The procedure presented in this
work can also be applied for mixed problems, i.e. problems in which evaluations with respect to some attributes
take the form of probability distributions, while the remaining ones are deterministic. The proposed technique
may be useful for various types of problems in which simulation modeling is used for analyzing the efficiency of
the system under different circumstances. It has been designed for problems with up to moderate number of
alternatives (not more than hundreds) and can be applied in such areas as, for example, inventory models,
evaluation of investment projects, labor planning, and many others.
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Abstract. Generdlized model of a fuzzy matrix game is introduced. A dua of linear programming problems
with fuzzy parameters is presented and it is shown that a two person zero sum matrix game with fuzzy pay-
offs is equivalent to a prima duad pair of such fuzzy linear programming problems. Further, certain
difficulties with similar approaches reported in the literature are discussed. Illustrative example is presented
and discussed.

Keywords. Fuzzy numbers, Fuzzy matrix games, Fuzzy linear programming, duality

1. Introduction

In matrix game theory the well-known result asserts that every two person zero sum matrix game is
equivalent to a pair of linear programming problems that are dua to each other. Thus, solving such a game
amounts to solving any one of these two mutually dual linear programming problems and obtaining the solution

the optimal strategy of the other by using linear programming duality theory.

In recent years some attempts have been made to extend the results of crisp game theory to the fuzzy games,
see [5] and the references therein. The motivation for this extension isthe fact that in somereal Stuation the pay-
offs of the players in a two-person game are not exact values (e.g. amount of money to be won), however, the
pay-offs could be uncertain, more or less possible (e.g. a possible amount of viewers of a TV-station, see the
example in Section 3). Also, the motivating force behind these extensions is the advancement in the duality
theory for fuzzy linear programming problems. Recently, new approaches have emerged for studying duality in
fuzzy linear programming, see[3], [4]. The new generalized model for a matrix game with fuzzy goals and fuzzy
payoffs by using fuzzy relation approach based on [3], proposed by Vijay et a. [5] is very general. The aim of
this paper is to present a simplified and more practical case of this general approach and demondtrate the main
results on asimple numerical example.

2. Generalized model of a fuzzy matrix game
In this section we present a generalized model of game theory. We begin by describing two person zero sum
matrix game, see[2].

Let m and n be two positive integers, greater than one. Let A R™ " be an mxn, red matrix, e’ (1,....1) be
avector of ones whose dimension ism or n which depends on the context. By a crisp two person zero sum matrix
game G we mean thetriplet G {S™,S",A} where S™ {x R™e'x L andS" {y R"e'y 1}.In

terminology of the matrix game theory, S™ (respectively S") is called the (mixed) strategy space for Player 1
(respectively Player 2) and A is called the pay-off matrix. It s a convention to assume that Player 1 is a

maximizing player and Player 2 is aminimizing player. Further, for x S™,y S",thescalar x" Ay isthe
pay-off to Player 1, and as the game G is zero sum, the payoff to Player 2is x'Ay.

Definition 1: A triplet (x,y,v) S™ S" R iscaled asolution of the game G if
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XTAy v, y S

x"Ay Vv, x S™

Where X is called the optimal strategy for Player 1, y iscalled the optimal strategy for Player 2 and v is
called the value of the game G.

Given a game G by Definition 1, it is customary to associate the following pair of primal-dual linear
programming problems (P) and (D) with Player 1 and Player 2.

(P) maxv
subject to
m

X Vv,j=12..n,

X 1,
i1
x 0,i=12,..m.

(D) minw
subject to
n
ajy; w, i=12..m,
j1
n
y; 1,
j1
Yi 0,] =12,..,n.

In this context the following theorems are well-known, see [2].

Theorem 1: Every two person zero-sum matrix game G hasa solution.

Theorem 2: (X,y,v) S™ S" R isasolution of thegameG if and onlyif (X,v) isan optimal solution
to (P), (y,v) isan optima solution to (D) and v isthe common optimal value of (P) and (D).

A modd with deterministic values of payoff matrix A may be too crude, since in real situations these values
are often chosen in an arbitrary way, e.g. estimation of numbers of TV viewers, see the illustrative example in
Section 3. An alternative approach is based on introducing into the model a more adequate representation of
expert understanding of the nature of the parameters in an adequate form of fuzzy numbers. Then we obtain a
modd of afuzzy matrix game with fuzzy pay-offs and relateit to two fuzzy linear programming problems.

A fuzzy number is a fuzzy set of the real numbers R given by the membership function :R  [0,1]
satisfying the following conditions:

- thereexigsx, R suchtha (xg) =1,

- the membership function is quasi-concave, i.e. for every ,0< 1 {x R|] (x) } is aconvex

ga

- {x R] (X)>0}is abounded set.
The set of all fuzzy numbers is denoted as Fy(R). Notice that usual real numbers, here we call them crisp
numbers, can be understood as particular cases of fuzzy numbers, i.e. R Fy(R).

Let A {a;;} bean mxn payoff matrix with entries as fuzzy numbers. Then a generalized model for a zero

sum matrix game with fuzzy payoffs, denoted by FG, is defined as.
FG {S™,S"AP.QV.w}.

Here P and Q arefuzzy relations defined by their membership functions as follows:
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5(S) sup{min( +(x), s(Y)Ix yh )

X,y X
5(S) inf {max@  #(x),1  s(y)Ix vy} @)
Q Xy X
where 1 and S are fuzzy numbers. Moreover, v is called the value of the game G for Player 1, and w is called

the value of the game G for Player 2. Fuzzy relation (1) is called the optimistic fuzzy relation, fuzzy relation
(2) iscalled the pessimistic fuzzy relation, see[4].

Suppose 1 ,S  Fy(R) and (0,1]. Then the ordering relation between r and S onthelevel is
given as
rP) § it T8 ©)
rQ) s if 5FS) . 4
Now, using these fuzzy relations we can define a solution of FG.
Definition 2: Let (0,1]. The 4-tuple (x*,y* ,v*,w*) iscdled an  solution of the game FG, if
v*(P) (x* Ay), y S", )
"AYHQ), w* x S™ (6)
Here, v* (respectively w*) istermed asthe -value of the game FG for Player 1 (respectively Player 2) and x*
(respectively y*) iscalled an  -optimal (mixed) strategy for Player 1 (respectively Player 2).

From (5) and (6) it is clear that the problems of Player 1 and Player 2 can be formulated as the following pair
of optimization problems:

(FSP) max v

subject to
v(P) (x"Ay), y S",
e'x 1,
x 0.

(FSD) minw

subject to
x"AY)Q), w, x S™,
ey 1,
y O

Since S"™ and S" are convex polytopes, it is sufficient to consider only the extreme points of S™ and S".
Therefore, solving the above two optimization problems is equivalent to solving the following two linear

programs, where by ,3\ ; We denote the j-th column of A, and by ,KI thei-th row of A .

(FP) max v
subject to

V() (x"A}),j=12..n,
e'x 1,
x 0.

(FD) minw

subject to
(AY)Q), w,i=12..m,
ely 1,
y O

It was shown, see [3], that (FP) and (FD) can be transformed to two linear programming problems, as
follows:
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(FLP) max v
subject to

m
ai?( Xio v, L ,n,

i1

e'x 1

x 0.

(FLD) minw
subject to

n
al( )y, w,i 1 ,m,
i1
ely 1
y O.

Here wedefine: aj'( ) sup{t R| z(t) }andaj() infit R| z(® }.

Conseguently, for solving fuzzy matrix game FG, we have to solve two LP problems (FLP) and (FLD).
Moreover, if, for given aspiration level , (X'( ), v'( )) is an optimal solution of (FLP), then x'( ) isan -
optimal strategy of Player 1 withv'( ) asan -value of Player 1. A similar interpretation can also be given to the
optimal solution (y'( ), w'( )) of the problem (FLD, i.e y'( )isan -optimal strategy of Player 2 withw*( ) as
an -value of Player 2. It is clear that that (FLP) and (FLD) are dual to each other in the usua sense of LP
duality. Consequently, we obtain v'( ) =w*( ).

In Definition 2, the fuzzy relations P and 6 are dual to each other, according to the definition of duality
introduced in [3]. Hence, we can exchange their positions in (5), (6), then we can investigate the following
couple of dual LP problems:

(FLP*) max v
subject to

m
a( ) v.i 1 .n,
il
e'x 1
x 0.
(FLD*) minw
subject to

n
ai( )y, wi 1 ,m,
i1
ey 1
y O.

In (FLP) problem Player 1 is optimistic whereas Player 2 in (FLD) is pessimigtic. Here, in (FLP*) and
(FLD*), itisvice-versa.

3. MHlustrating example

Consider two television stations A and B. TV-station A (i.e. Player 1) is new on the market, whereas TV-
station B is old. The managers of TV-station A make decision which kind of movie to broadcast in given day of
week at main watching time. They choose from thriller (Strategy 1) crime (Strategy 2) and comedy (Strategy 3).

From the market research department the matrix A of ratings with fuzzy entries is obtained. Entries of this
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matrix are fuzzy numbers of viewers (in millions), who would watch TV-station A at the specified time. This
matrix is given asfollows

13 8 30
A 22 28 20,
19 7 35

The entries of this payoff matrix are considered as the (linear) triangular fuzzy numbers given by

13 (10,13,15),8 (5,8,12),30 (20, 30, 35),
22 (20,22, 25),28 (24,28,31),20 (18,20, 25),
19 (14,19,21),7 (2,7,10),35 (30, 35, 40).

For example, suppose that both TV stations choose strategy 3 characterized by fuzzy number 35 and by the
agpiration level = 0.6. It meansthat station A will be watched possibly between 33 and 37 millions of viewers
and thetraditiona TV gation B will loose the same amount of viewers, i.e. between 33 and 37 millions, with the
possibility measure at least 0.6, see also Figure 1.

Figure 1: Pay-off a;; with =0,6.

Let (O, 1]. In order to calculate the solution of the game (for agiven ) we have to solve following linear
programming problem (FLP) for Player 1 and (FLD) for Player 2.

(FLP) max v
subject to
(15 2 ) (25 3 )x, (21 2 )xg
(12 4 )x; (31 3 )X, (10 3 )xg
(35 5 )x; (25 5 )x, (40 5 )xq
X1, X2, X3

o < < <

(FLD) minw

subject to
(15 2 )y, (12 4 )y, (35 5 )ys
(25 3 )y; (B1 3 )y, (25 5 )y
(21 3 )y; (10 3 )y, (40 5 )y,

Y1¥2:Y3

o s s =
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