




























Decision support system for plant variety testing
in the Czech Republic

V�aclav Adamec1, David Hampel2, Jitka Janov�a 3

Abstract. Plant variety testing through �eld experiments and subsequent
statistical evaluations provide necessary information for variety entry in na-
tional and international registers. A newly registered variety must possess
unique properties making it distinct from other already registered varieties. It
must be uniform, stable and provide original characteristics, which set it above
the current level of production potential. Quali�ed decision-making about va-
riety registration is conditioned upon availability of relevant information. The
current paper describes the process of creating a support system for decision-
making (DSS) to assist planning and evaluations of �eld experiments according
to guidelines set by the National Plant Variety O�ce of Central Institute for
Supervising and Testing in Agriculture. The decision support system shall rep-
resent a powerful instrument to provide assistance in the area of quantitative
analysis, a part of the variety testing and evaluations. DSS generates optimum
design of �eld experiments through suitable placement of varieties in �eld trial
plans and secures the follow-up statistical analysis of the experimental results.
The paper describes statistical and mathematical methods implemented in orig-
inal or modi�ed form and focuses on modules of the decision support system
as a whole. Issues of validating the implemented algorithms are discussed. The
DSS system was implemented in the MATLAB language and supplied with
suitable user interface.
Keywords: decision support system, �eld experiments, NNA, plant variety
testing, REML.
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1 Introduction

During the next 50 years, new challenges are expected to appear in the sector of agriculture: increase
food production, reduce soil and ecosystem degradation, e�ciently use and protect water resources and
cut emissions of greenhouse gases. Developing new plant varieties can help tackle these tasks. It can be
accomplished by intensive breeding with the objective to bring new plant varieties with better resistance,
higher yield and lower need of fertilizers, water and energy.

Listing in National Register is a legal requirement for new varieties of main plant species, which seeks
to ensure that no variety can be marketed unless it is genuinely new, and it constitutes an improvement to
the varieties already being marketed. For farmers, the National Listing guarantees value for cultivation,
quality of the planting material, and also safety to human health, animals, plants and the environment.
Legal framework for variety listing in National Register is provided by the International Treaty on Legal
Protection of New Plant Varieties of 1991. In the EU it is determined by EC directive No. 2100/94 and
in the Czech Republic by Act No. 408/2000 Coll., Act No. 147/2002 Coll. and Act No. 219/2003 Coll.

Authorities responsible for protecting plant variety rights are the Central Institute for Supervising
and Testing in Agriculture ( �UKZ �UZ) and the Ministry of Agriculture (MA). Testing and certi�cation of
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newly developed or imported plant varieties in the Czech Republic is carried out by the National Plant
Variety O�ce of the Central Institute for Supervising and Testing in Agriculture (NO �U �UKZ �UZ), an
organization of the MA. Objective of testing and certi�cation is to verify that a new variety is distinct
from others, uniform in its characteristics and stable in the long run. Impartial variety testing provides
qualitative and quantitative information essential for entry in the National Register.

Administration of modern certi�cation system, independent testing, advice on the varieties and iden-
ti�cation of the most pro�table planting material for farmers creates on the side of the �UKZ �UZ the need
for e�cient system capable of handling experimental design, processing primary data coming from the
testing stations and performing statistical analyses and evaluations of test data. The objective of this
project is development of computerized decision support system (DSS) generating design of variety trials,
speedy statistical analyses of experimental data and presentation of the results in user-friendly format
(Excel). DSS must be able to provide quality analyses of large datasets via graphical user interface and
o�er reliable transport of results to the end user. Open code must permit updates of the statistical pro-
cedures, if required. The DSS modules are programmed in modern MATLAB language and computing
environment, thus allowing full utilization of computing power in current computer hardware.

The DSS system is expected to assist the�UKZ �UZ in the process of awarding registrations and breeder’s
rights of the varieties, provide valuable information about speci�c varieties to the farmers, the public and
the companies processing and marketing agricultural commodities and recommend novel domestic and
foreign crop varieties to be cultivated and marketed. Inevitably, DSS will promote economic viability of
Czech farmers in the EU agricultural market and increase reputation of the Czech testing and certi�cation
system. DSS may also assist the MA in implementation of the country’s and EU policies in agriculture.

DSS can be accessed via graphical user interface. The modules provide planning of �eld experiments,
evaluation of a single trial or entire experimental series. As a result, the DSS modules can be used on
data from several years or applied to isolated experiments. Main parts of the DSS are shown in Fig. 1.
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Figure 1 Modules of the DSS system

A typical application of DSS begins with construction of appropriate experimental design for several
testing stations and a calendar year by a cultivar analyst. The experimental design is either the Com-
pletely Randomized Block Design (CRBD) or the Alpha Design [3], depending on the number of varieties
in test. Following the �eld trial completion, the analyst enters the data and analyzes individual experi-
ments. Approximate impact of soil heterogeneity on the crop yields is revealed by the Nearest Neighbor
Analysis (NNA) of spatial trend [12]; �nal estimates of variety e�ects are obtained by AI-REML [2]. The
analyst then combines estimates from the current year with historical results and evaluates the whole
experimental series by the method of LS means. The output of the Fisher’s Least Signi�cant Di�erence
(LSD) then allows to make inferences about means of speci�c varieties, testing stations, calendar years
and testing systems. The following text focuses on estimation of spatial trend by the NNA and mixed
model analysis of trial data by AI-REML with subsequent pair-wise comparisons.

2 Nearest Neighbor Adjustment for spatial trend

The NNA method of adjusting the crop variety yields for spatial heterogeneity of soil and water environ-
ment, i.e. spatial trend, was implemented in the second module. Computing algorithm of the Wilkinson’s
NNA method was described by Stroupet al. [11], who also provided own implementation in SAS code.

�����V�W���,�Q�W�H�U�Q�D�W�L�R�Q�D�O���&�R�Q�I�H�U�H�Q�F�H���R�Q���0�D�W�K�H�P�D�W�L�F�D�O���0�H�W�K�R�G�V���L�Q���(�F�R�Q�R�P�L�F�V����������

�a�������a��



The Stroup’s realization of NNA mimics functionality of the ANOFT software programmed in Visual
Basic 3.0 by Erik Schwarzbach [8] in early 1980s.

In theory, identical performance of the named NNA variants is anticipated in crop yield adjustment
for environmental heterogeneity and estimation of local environmental trend used for construction of the
trend map. The trend map of the �eld experiment displays the estimated e�ects of the local soil and
environmental trends on the observed crop yield. It is prepared in tabular and graphical form.

In the �eld experiment, the plots of rectangular shape are arranged linearly in block design. The
varieties are assigned to the plots according to prepared design [3], a single variety per row. A variety
must not be placed in adjacent plots nor in marginal plots only, since this arrangement would prevent
separation of the variety e�ects on the observed yield from the environmental trend by statistical methods
and void the whole experiment. The scheme in Fig. 2 illustrates the customary arrangement of the testing
plots in the �eld experiment with three rows; yijk denotes observed yield of thek-th variety in i-th row
and j -th column; eijk denotes deviation of the observedk-th variety yield in i -th row and j -th column
from the mean yield of the k-th variety.

ei�1 ;j

ei;j �1 yijk ei;j +1

ei+1;j

Figure 2 Arrangement of plots in the testing experiment

The NNA analysis by Wilkinson can be described in the following steps:

1. Firstly, arithmetic means of crop yield �y��k are calculated for every variety included in the testing
experiment. Then, deviations of observed yieldyijk from the mean yield of the correspondingk-th
variety are received for all plots in the testing trial by the formula eijk = yijk � �y��k .

2. Two auxiliary spatial trend variables are formed from the deviated observations. Within the i -th
row, averaging two neighboring deviations produces variable� for the observed yield yijk . For
the marginal observations, means are obtained from two closest deviations within the same row.
Variable � is a re
ection of the spatial trend within a row. It is expected to exert signi�cant
in
uence on the observed yield. The second variable! is derived for observations of the middle rows
by averaging two neighboring deviations from the rows on the right and left side of the observation
yijk . This ! variable re
ects the spatial trend of observations in the same column. Column trend
is assumed to have marginal e�ect on the results of crop testing.

3. An auxiliary model of ANCOVA with no intercept yijk = � k + � 1� ij + � 2! ij + " ijk is constructed
in the next step. It describes variability of observed yield yijk as a function of variety � k , spatial
trend � ij within a row, local trend ! ij pertaining to column and random disturbance " ijk .

4. Estimated variety yields �̂ k partially corrected for local trends and estimated errors ^" ijk are ex-
tracted there from. Error sum of squares (ESS) is calculated.

5. In the iterative variant of NNA, deviations of observed yield yijk from estimated expected yield
of the varieties from the preceding round of iteration are calculated. Points 2 through 4 are then
repeated until change in ESS from two subsequent iterations becomes negligible.

After convergence, estimated coe�cients of variety yields from the Wilkinson method corrected for
local trend can be compared to variety estimates from ANOFT software by pairedt -test. In addition,
F -test of concurrent restrictions for parameters of linear calibration modelYNNA = � 0 + � 1YANOF T + "
with H0 : � 0 = 0 and simultaneously � 1 = 1, described in [1], can verify similarity of variety yield
estimates received from the two methods.

Upon convergence, estimated deviations of spatial trend for rows and columns associated with the
experimental plots are expressed on the relative scale. The diagram of the trend map then depicts the
local trend deviations exceeding 5 % of the overall mean in absolute value. The authors’ implementation of
NNA in MATLAB was validated on datasets provided by the recipient institution. Testing data available
from �UKZ �UZ were a�ected by severe, medium-size and near absent environmental trends. Estimates of
trend-adjusted yield and trend map from the authors’ NNA software and the ANOFT program by Erik
Schwarzbach were available to evaluate performance of NNA applied in the current software.
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3 Mixed model estimation by Average Information REML

The estimation procedure in linear models with �xed and random e�ects includes interconnected processes
of estimating the �xed e�ects, predicting the random e�ects and estimation of variance components.
Estimation of the �xed e�ects is often realized by OLS or GLS; prediction of random e�ects is based on
theory developed early by C. R. Henderson and it is referred to as the Best Linear Unbiased Prediction
(BLUP). Estimation of variance components can be realized by the method of Maximum Likelihood
(ML), see [4], which in 1960s replaced Henderson’s methods I, II and III. A few years later, the Residual
Maximum Likelihood (REML) substituted ML, and currently, it is the superior method.

Theoretical foundations of REML can be traced back to Patterson and Thompson’s paper [6]. REML
maximizes the residual (restricted) likelihood derived from the error contrasts after �ltering out the �xed
e�ects by OLS or GLS. REML method corrects for the bias in ML estimates of variance components
by accounting for the degrees of freedom attributed to the �xed e�ects. Residual Maximum Likelihood
is a nonlinear function of the variance components; therefore, iterative algorithms must be applied to
estimate the variances.

Computational algorithms of REML can be either derivative (based on �rst or second order derivatives
of the natural logarithm of likelihood) or derivative-free (DF-REML), which use other principles. Average
Information REML (AI-REML) belongs to the second-order derivative methods along with method of
Newton-Raphson (NR) and Fisher-Scoring (FS). In estimation of variance components, however, AI-
REML uses the average information matrix. Among the second-order derivative methods, AI-REML
is the most computationally e�ective, especially when applied to large datasets. Obtaining estimated
variance components in AI-REML requires less iteration in comparison with other derivative methods.
For its favorable properties, AI-REML algorithm has been implemented in many software products, e.g.
AS-REML or GenStat [2], [10].

Symbol n designates sample size;p indicates number of unique levels of varieties;k denotes number
of random e�ects excluding error, and qm denotes number of levels of them-th random e�ect. We start
with model equation with �xed e�ects of varieties and random e�ects of blocks and replications

y = X� + Zu + ";

where y is column vector storing observations of the crop yield in experimental plotsn � 1, X is full
column rank design matrix for the �xed e�ects of varieties without intercept n � p, � is vector of �xed
e�ects parameters for varieties p � 1, Z is design matrix for random e�ects of blocks and replications
without constant n � (q1 + q2), u is vector of random parameters of blocks and replications (q1 + q2) � 1,
" is column vector of random disturbancesn � 1.

Expectation of the dependent variable isE (y ) = X� . Covariance matrix of the dependent variable is
D (y ) = H = ZGZ T + R , whereG =

L k
m=1 � 2

m I qm is a block-diagonal covariance matrix1 of other than
error random e�ects and R is covariance matrix of the error terms. The design matrix Z for non-error
random e�ects can be partitioned to matrices of the random e�ects, i.e. Z = [ Z 1Z 2]. Multivariate
distribution of the random e�ects is assumed

"
u
"

#

� N

 

0;

"
G 0
0 R

#!

:

Absorption matrix P is de�ned in the form

P = H �1 � H �1 X
�

X T H �1 X
� �1

X T H �1 :

Natural logarithm of the restricted likelihood for linear model with �xed and random e�ects (mixed
model) can be written

‘ = �
1
2

�
ln jX T H �1 X j + ln jH j + (n � p) ln � 2

0 + y T P y =� 2
0

�
+ c:

Assuming vector of variances of random e�ects to be estimated is� = ( � 2
0 ; � 2

1 ; � 2
2). Symbol � 2

0 indicates
error variance, � 2

1 and � 2
2 denote variances of blocks and replications, respectively andc is a constant.

1Note, that A � B =

"
A 0
0 B

#

is the direct sum of A and B .
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For mixed model with three random e�ects of error, block and replication, the �rst partial derivatives of
log-likelihood with respect to variance components can be written [2]

@‘
@�20

= �
1
2

�
(n � p)=� 2

0 � y T P y =� 4
0
�

;

@‘
@�21

= �
1
2

�
tr (P Z 1Z T

1 ) � y T P Z 1Z T
1 P y =� 2

0

�
;

@‘
@�22

= �
1
2

�
tr (P Z 2Z T

2 ) � y T P Z 2Z T
2 P y =� 2

0

�
:

Z 1 and Z 2 are the partial design matrices for random blocks and replications, respectively. In the
next step, elements of the observed information matrix � @2 ‘

@�i @�j in Newton-Raphson or the expected

information matrix �E
�

@2 ‘
@�i @�j

�
in Fisher-Scoring must be initiated. For estimating the mixed model

by AI-REML, \average" information matrix A is assembled from elements

A(� 2
0 ; � 2

0) =
1
2

y T P y =� 6
0 ; A(� 2

0 ; � 2
1) =

1
2

y T P Z 1Z T
1 P y =� 4

0 ;

A(� 2
0 ; � 2

2) =
1
2

y T P Z 2Z T
2 P y =� 4

0 ; A(� 2
1 ; � 2

1) =
1
2

y T P Z 1Z T
1 P Z 1Z T

1 P y =� 2
0 ;

A(� 2
1 ; � 2

2) =
1
2

y T P Z 1Z T
1 P Z 2Z T

2 P y =� 2
0 ; A(� 2

2 ; � 2
2) =

1
2

y T P Z 2Z T
2 P Z 2Z T

2 P y =� 2
0 :

Estimated components of variance are obtained by iteration using the scoring method [9]

� (j +1) = � (j ) +
�

A (j )
� �1 @‘

@�
(� = � (j ) )

until convergence is reached. Symbol (A (j ) ) �1 indicates inverted average information matrix and @‘
@� (� =

� (j ) ) a vector of �rst derivatives of the log-likelihood ‘ with respect to variance components�, evaluated
at estimates received inj -th round. Suitable non-negative starting values of variance components� (0)

are found by applying several iterations of �rst-order derivative EM-REML [5], known to be less sensitive
to poor starting values, before switching to AI-REML. It is recommended, that AI-REML iteration to
convergence be traced.

Upon convergence, estimates from two successive rounds satisfy the criterionj� (j )
m � � (j �1)

m j < 10�6 .
Fixed e�ects for varieties are then estimated by OLS or GLS using

�̂ =
�

X T H �1 X
� �1

X T H �1 y :

In the calculation, covariance matrix H originates from the most recent round of iteration. Covariance
matrix of the �xed e�ects of varieties D ( �̂ ) is estimated by

D ( �̂ ) = (X T H �1 X ) �1 �̂ 2
0 ;

where ^� 2
0 denotes REML estimate of error variance from the last iteration. Levels of random e�ects

associated with blocks and replications are predicted from

û = GZ T H �1
�

y � X �̂
�

:

Fisher’s Least Signi�cant Di�erence LSD � (r; s) for pairwise di�erences between mean yields of varieties
r and s can be calculated

LSD � (r; s) = t1� �
2

(� " ) � SE
�

�̂ r � �̂ s

�
:

Standard errors of the di�erences between variety means are obtained from

SE
�

�̂ r � �̂ s

�
=

q
D ( �̂ r ) + D ( �̂ s) � 2Cov( �̂ r ; �̂ s)

using matching elements ofD ( �̂ ) matrix. Symbol � " denotes residual degrees of freedom.

Value of log restricted likelihood, estimated e�ects of varieties,LSD � (r; s) for pair-wise comparisons,
variance components, predicted random e�ects and residuals from GenStat and R-software [7] were
available to us to verify implementation of the AI-REML algorithm in MATLAB. Statistical methods
and models, required output, testing data and results of the original procedures were provided by the
recipient institution.
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4 Conclusions

At present, plant variety yield data from testing experiments is statistically analyzed by existing soft-
ware and purchased third-party software working mostly under MS-DOS operating system. It o�ers
limited user comfort and prevents necessary updates to meet current demands for quality and fast data
processing, since only precompiled code is now available. Decision support system (DSS) developed by
the authors provides transfer of statistical procedures to modern programming platform represented by
MATLAB, supports critical updates of the statistical methods, secures speedy analysis of large datasets
and provides user-friendly environment and prompt transfer of results to the authorities and the farmers.
After completion, DSS system will assist with generating quality decisions about variety registrations,
protect breeder’s rights, increase amount of information about variety production potential available to
the government and the public and thus increase economic endurance of the Czech agriculture.
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a) Ex post wealth with biggest liquidity               b) Ex post wealth with medium liquidity 

  
c) Ex post wealth with smallest liquidity               d) International portfolio diversification with OA-SetliqEV 

 
e) International portfolio diversification with           f) International portfolio diversification with  

   OA-SetmidEV                                                               OA-SetsmallEV 

 
Figure 1 Ex-post wealth and portfolio diversification with different liquidity constraints 

4 Conclusion 
In the paper, we focused in more details on the problem of portfolio selection assuming internationally diversi-
fied portfolio and considering Markovian processes and liquidity constraints. 





Inverse fuzzy eigenproblem in databases

Martin Bacovsk�y 1, Martin Gavalec2, Hana Tom�a�skov�a 3

Abstract. Fuzzy algebra is de�ned as the real unit interval equipped by
two binary operations: maximum and minimum, which are used analogously
as addition and multiplication in the classical linear algebra. Fuzzy algebra is
used in applications such as fuzzy control systems, or stability of discrete event
systems. Eigenvectors of a fuzzy matrix correspond to steady states of a given
discrete-events system.

The inverse eigenproblem is motivated by the task of �nding all possible systems
possessing a given steady state. In the contribution, the inverse problem is
studied as a system of fuzzy equations, possibly with upper end lower bounds.
Application of the inverse approach to e�cient search in databases is presented.
Keywords: fuzzy algebra, max-min algebra, eigenproblem, database search

JEL classi�cation: C44
AMS classi�cation: 90C15

1 Introduction

By max-min algebra (sometimes called: fuzzy algebra) we understand a linear structure on a linearly
ordered set with two binary operations maximum and minimum, used similarly as addition and multi-
plication in the classical linear algebra. Fuzzy algebra is used in many applications such as fuzzy control
systems or stability of discrete event systems. Eigenvectors of a fuzzy matrix correspond to steady states
of a given discrete-events system. Investigation of the max-min eigenvectors of a given matrix is therefore
of great practical importance. The eigenproblem in max-min algebra has been studied by many authors.
Interesting results were found in describing the structure of the eigenspace, and algorithms for computing
the maximal eigenvector of a given matrix were suggested, see e.g. [3], [4], [5], [6], [7].

While the standard eigenproblem looks for the steady states of a system characterized by given
transition matrix, the inverse eigenproblem is motivated by the task of �nding all possible systems
with given steady state vector. In this paper the inverse problem is studied for fuzzy linear systems.
The problem is a special case of solving a system of max-min fuzzy equations, however, the direct way
to inverse solution allows description of solutions with more details and with smaller computational
complexity.

Application of the inverse fuzzy eigenproblem to databases helps to �nd suitable intervals for database
search systems ful�lling some given conditions. This will narrow down the scanned �eld, and the problem
may be solved for greater data sets. The model represents the database searching by the preferences of
the user.

2 Notions and notation

Many applications can naturally be solved by using operations maximum and minimum on a linearly
ordered set. The so-called max-min algebras were frequently studied by number of authors and various
algorithms have been developed for solving problems analogous to those in classical linear algebra.
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Republic, e-mail: martin.bacovsky@uhk.cz
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Max-min algebra is de�ned as a triplet (B ; �; 
), where B is a linearly ordered set, and� = max; 
 =
min are binary operations on B. The notation B(n; n) (B (n)) denotes the set of all square matrices (all
vectors) of given dimensionn over B. Operations �; 
 are extended to matrices and vectors in a formal
way.

The eigenproblem for a given matrix A 2 B (n; n) in max-min algebra consists of �nding a vector
x 2 B (n) (eigenvector) such that the equation

A 
 x = x (1)

holds true. By the eigenspace of a given matrix we mean the set of all its eigenvectors.

In the inverse eigenproblem the eigenvectorx is considered as �xed, and the matrixA is unknown. It
is clear that the equation (1) with �xed x and variable A is a special case of the equation (2) below, with
�xed coe�cients x; b. In the next two sections, the equation (2) with upper and lower bounds for the
solution matrix A will be studied. The maximal (greatest) solution and the set of all minimal solutions
will be described. The applications of the results are brie
y presented in the last section.

3 The greatest solution

De�nition 1. Let x; b 2 B (n) and A = [A ; A] � B (n; n) be given. Then by inverse interval problem we
understand linear equation

A 
 x = b (2)

w.r.t. the unknown matrix A 2 A.

Following matrix will play a crucial role in solving problem (2). For given A = [A ; A] � B (n; n), x
and b 2 B (n), the matrix Â(x; b) is de�ned by its entries:

âij (x; b) =

(
bi when aij 
 x j > b i ;
aij otherwise.

Proposition 1. Â(x; b) � A.

Proof. By contradiction: let exist i; j 2 N such that âij (x; b) > aij , then âij (x; b) = bi < aij , contradic-
tion.

Proposition 2. Â(x; b) 
 x � b.

Proof. By contradiction: let exist i; j 2 N such that âij (x; b) 
 x j > b i , but then âij (x; b) = bi , contra-
diction.

Proposition 3. If A 
 x = b; A � A, then A � Â(x; b).

Proof. By contradiction: let exist i; j 2 N such that aij > âij (x; b), then âij (x; b) = bi and x j > b i , which
yields aij 
 x j > b i , contradiction.

Proposition 4. If b � A 
 x, then Â(x; b) 
 x = b:

Proof. By contradiction: let i � 2 N be such that
nM

j =1

âi � j (x; b) 
 x j < b i � , then it follows that âi � j (x; b) =

ai � j for all j 2 N , thence
nM

j =1

ai � j 
 x j < b i � , which is in contradiction with b � A 
 x.

Proposition 5. If A 
 x � b, then A � Â(x; b):
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Proof. By contradiction: let element âi � j � (x; b) be such that âi � j � (x; b) < a i � j �
, then âi � j � (x; b) = bi �

and x j � > b i � , from ai � j �

 x j � > b i � it follows that

nM

j =1

ai � j 
 x j > b i � , which is in contradiction with

A 
 x � b.

Remark 1. Preceding propositions 3 till 5 show that if there exists some solution of (2) inA, then
Â(x; b) is also a solution and moreover it is the greatest one inA. This �nding justi�es next de�nition.

De�nition 2. For a given problem (2), a matrix Â(x; b) introduced before will be called the greatest
solution.

Remark 2. For A = [ A; A] � B (n; n) and x 2 B (n) we will denote A 
 x := [ A 
 x; A 
 x].

Theorem 6. There is at least one solution of (2) in A = [ A; A] i� b 2 A 
 x.

Proof. Implication ) is clear, converse implication follows from preceding propositions.

Theorem 7. Let x; y 2 B (n) and A = [A ; A] � B (n; n) be given. Then the following statements are
equivalent:

(i) There exists A in A such that A 
 x = A 
 y,

(ii) A 
 x \ A 
 y 6=;,

(iii) (A 
 x) � (A 
 y) � (A 
 x) � 0 (A 
 y).

Proof. (i ) ) (ii): for such A clearly A 
 x 2 A 
 x \ A 
 y, hence the intersection is nonempty.
(ii) ) (i ): let us choose arbitrary but �xed b 2 A 
 x \ A 
 y and construct matrix A with entries:

aij =

(
bi when aij 
 max(x j ; yj ) > b i ;
aij otherwise.

We will show that A is a solution. Sinceb 2 A 
 x, there exists for every i 2 N such index j � 2 N that
âij � (x; b) 
 x j � = bi holds. Therefore eitherx j � = bi ^ âij � (x; b) � bi or x j � > b i ^ âij � (x; b) = bi . In
both casesaij � 
 x j � = bi . From the latter and the fact that A � Â(x; b) it follows that

M

j 2N

aij 
 x j = bi ;

which holds for every i 2 N , i.e. A 
 x = b. By the same considerations we deriveA 
 y = b.
(ii) , (iii) : clearly A 
 x \ A 
 y = [( A 
 x) � (A 
 y); (A 
 x) � 0 (A 
 y)].

4 Minimal solutions

Let us introduce some notation: Let A = [A ; A], where A and A 2 B (n; n), and x; b 2 B (n) for some
n 2 N. Then for every i 2 N we de�ne:

� e(i) = fj 2 N j aij 
 x j = bi g;

� k(i) =

(
; when e(i) 6=;;

fj 2 N jx j � bi ^ aij < b i � aij g otherwise,

� l i =

(
1 when e(i) 6=;;
jk (i)j otherwise.

� l =
Q

j 2N l j ; L = f1; 2; : : : ; lg:
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In addition, let � be n-tuple with elements satisfying

�(i ) =

(
0 for k(i ) = ;;

j 2 k(i) for k(i ) 6=;:

Then we de�ne matrix �A(x; b; �) with entries � aij (x; b; �) =

(
bi when j = �(i ); k (i ) 6=;;
aij otherwise.

Theorem 8. Let A, x; b a l be from the latter notation and moreoverA 
 x � b. Then the following
holds: equation (2) has in the interval A exactly l mutually incomparable minimal solutions. These
solutions are in the form �A(x; b; �) for any � from the latter notation.

Proof. First, we will prove that �A(x; b; �) 
 x = b for some �. For ith entry of this product two cases
may arise: Either e(i) = ; and k(i ) 6=;, then for index j 0 = �(i) must hold

�aij 0 (x; b; �) 
 x j 0 = bi 
 x j 0 = bi

thence M

j 2N

�aij (x; b; �) 
 x j � bi :

If the last inequality was strictly greater, there would exist index j 1 such that x j 1 > b i and also
�aij 1 (x; b; �) = aij 1

> b i , which is in contradiction with the assumption A 
 x � b.

When k(i) = ;, e(i) is either nonempty, from which it follows that the product will give bi from the
similar considerations as in the last case, or it is empty too, i.e.l = 0. In this case we have

x j > b i ) bi < a ij _ bi > aij ; x j = bi ) bi > aij � aij :

SinceA 
 x � b could not hold for x j > b i ^ bi < a ij , bi has to bebi > aij for x j > b i . In sum, from
x j � bi it follows that bi > aij . But then

(A 
 x) i =
M

j 2N

aij 
 x j < b i

and there exists no solution in the interval A. This result corresponds with l = 0. That proves the
equality �A(x; b; �) 
 x = b.

Now we prove �A(x; b; �) 2 A:

A � �A(x; b; �) , aij � �aij (x; b; �) =

(
aij inequality holds,
bi from k(i) de�nition also holds,

A � �A(x; b; �) , aij � �aij (x; b; �) =

(
aij inequality holds,
bi from k(i) de�nition also holds:

Therefore we havel matrices �A(x; b; �) from the interval A that satisfy �A(x; b; �) 
 x = b. We will
now show their incomparability: let us have A(x; b; � 1) and A(x; b; � 2), where � 1 6=� 2. Then must exist
such i 2 N that � 1(i) 6=� 2(i). By mutual matrices’s entries comparison

�ai;� 1 (i) (x; b; � 1) = bi > a i;� 1 ( i) = �ai;� 1 ( i) (x; b; � 2);
�ai;� 2 (i) (x; b; � 1) = ai;� 2 ( i) < b i = �ai;� 2 (i) (x; b; � 2);

which yields their incomparability.
Finally, we will prove their minimality: Let A 2 A, A 
 x = b and A be at least at one elementaij

lesser than �A(x; b; �) for some �. Then exists ( i 0; j 0) 2 N � N such that ai 0 ;j 0 < �ai 0 ;j 0 (x; b; �) = bi 0

(second caseai 0 ;j 0
can not arise, becauseA 2 A), thus x j 0 � bi 0 together with ai 0 ;j 0 
 x j 0 < b i 0 and

j 0 = �(i 0). From �ai 0 ;j 0 (x; b; �) 6=ai 0 ;j 0
follows that e(i0) = ; and k(i 0) 6=;. Then there exists u 2 k(i 0),

i.e. xu � bi 0 and bi 0 > a i 0 ;u such that ai 0 ;u = bi 0 > a i 0 ;u = �ai 0 ;u (x; b; �). Other i 0th row entries can not
be less thanai 0 ;j , otherwise A would not be from A, and even not greater, since thenA could not be
minimal.

�����V�W���,�Q�W�H�U�Q�D�W�L�R�Q�D�O���&�R�Q�I�H�U�H�Q�F�H���R�Q���0�D�W�K�H�P�D�W�L�F�D�O���0�H�W�K�R�G�V���L�Q���(�F�R�Q�R�P�L�F�V����������

�a���������a



Let us de�ne � 0(i 0) = u. This is possible, because from preceding considerationsu is from k(i 0). Since
the same deduction can be applied to all rows of matrixA that contain elements less than corresponding
elements of �A(x; b; �) and that otherwise we can de�ne � 0 in the same way as�, for such � 0 it holds that
A = �A(x; b; � 0) and moreover � 0 = � � for some � 2 L.

Any minimal matrix A is thus the same as some�A(x; b; � � ) for appropriate � 2 L. These matrices
are therefore minimal and the only minimal in the interval A.

De�nition 3. For a given problem (2), a matrix �A(x; b; �) for some � as introduced before will be called
a minimal solution.

Remark 3. Number of minimal solutions is at most nn .

Example 1. Let us de�ne for all i; j 2 N : (A) ij = 1; (A) ij = 3; x i = bi = 2. Then for each i 2 N is
e(i) = ;; k (i ) = N and � : N ! N . There exist nn such mappings�.

Remark 4. A solution set of (2) can be described as the union of intervals with a lower bound equal
to �A(x; b; �) and an upper bound to Â(x; b). These intervals are not disjoint, e.g. Â(x; b) lies always in
their intersection. Special cases of exactly one solution (i.e.�A(x; b; �) = Â(x; b)) or of no solution are
also possible.

By inverse eigenproblemwe understand problem (2) with the right-hand side b equal to x. As it is
easily seen, this constraint does not a�ect introduced algorithms for computing the greatest and minimal
elements, therefore they can be used for inverse eigenproblems without modi�cations.

5 Applications in databases

Motivation of the inverse eigenproblem is to �nd the set of all possible systems corresponding to given
conditions such as user preferences. The user preferences are written into vector, whereas the set of
possible systems is represented by an interval matrix. In this case we have given the vector of preferences
and we are looking for the matrix, which ful�l the conditions given by vector. The �rst step is to �nd the
maximal matrix which accomplishes the conditions. The maximal matrix is uniquely determined. Next
we decide the form of the lower bound - minimal matrix. Unlike the maximal matrix, the minimal matrix
is not unique and the set of all minimal matrices (solutions of the inverse eigenproblem) may be very
large. In spite of this fact, the solution set of the inverse eigenproblem consists of all matrices between
the maximal and one of the minimal solutions.

Applications of the inverse eigenvector problem below is derived from the next two articles. In
paper [1] a solution of recommendation system based on the user pro�le and heterogeneous components
connected via web services was presented. The prototype developed under the code name Personal
Recommendation (PRECO) is located on the following website http://preco.uhk.cz . The architecture of
the system is guided by the need for centralized store of user preferences on one hand and on the other
hand by the necessity to track the users’ behaviour.

In response to this article the max-min inverse approach can be used as follows. Each database user
is able to set the degree of importance of any discipline that is listed in the database. This importance
depends on the focus orientation of the user. Inputs of interval matrix is given as the preference matrix
of relevant disciplines. For any value of input aij the next notation is used: aij = rate of priorization of
discipline i in comparison with discipline j . By using the inverse approach we are able to �nd any set
of systems according to the requirements speci�ed by the user. This will help us to narrow down the
scanned �eld in database.

The next paper [2], talks about the idea to adapt principles and technologies from the BI concept to
public health management. In this article the authors explore the decision support systems of support
for Public Health in the Management of Biological Incidents using simulations, judgemental, and other
methods.

In this application the input vector x can be represented by degree of intensity of manifested symptoms
(conditions). A survey conducted by the authors, was arranged the necessary data, from which we can
build two types of approaches. The �rst type is the largest accumulation, i.e. it assembles the largest
possible array of possible measures of overlapping symptoms, conditions or circumstances. Second type
is the smallest overlapping, i.e. it prepares a matrix of the lowest possible rates possible concurrence
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of symptoms, conditions or circumstances. By using these types of the inverse approach a narrower
interval overlapping symptoms can be found. The motivation is an acceleration of the search for potential
biological incidents.
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Generalization of geometric median

P�remysl Bejda1

Abstract. In the paper are suggested new robust estimators of location and
variance. It is proved that these estimators have a breakdown point one half.
The used method comes from a geometric median. In the �rst step it is shown
that we can employ one half of observations and the estimate stays robust in
the sense of the breakdown point. In the second step we show that we can
add even more observations which are in some sense close to the geometric
median and still get robust results. The robustness is proved in both steps
for a multidimensional case. Since we can employ more observations and stay
robust in the sense of the breakdown point, we enlarge the used information
in comparison to other robust estimators like median and therefore get better
results. We combine the advantage of the robust estimator and the classical
mean. Our estimators are compared by simulation study with classical estima-
tors like mean, median or alpha windsorised estimator. The comparison is done
for di�erent distributions like normal, Cauchy or exponential. We also consider
the case, when the normal distribution is with some probability contaminated
by another distribution. In the last section are shown some illustrations of the
approach.
Keywords: breakdown point, contamination, geometric median, robustness

JEL classi�cation: C14
AMS classi�cation: 91G70

1 Generalized geometric median

We will consider any normed vector space.

Further we consider the concept of a breakdown point which was introduced in [1]. We employ
the de�nition which can be found in [3].

Consider Sx i =
P n

j =1 kx i � x j k:

De�nition 1. Let x 1; : : : ; x n are any observations from some normed vector space. By a geometric
median we mean the number

x̂ = argmin
i=1;:::;n

nX

j =1

kx i � x j k: (1)

If there are more observations which satis�es (1), we take an average of only two of them, which
are di�erent i.e. x i 6=x j .

Remark 1. It is not necessary to take the average of only two observations to gain geometric
median. It is done only for purpose of the following proposition.

The standard de�nition of geometric median is slightly di�erent from the ours.

Remark 2. By k � kq; q 2 N we understand a norm inRp such that any x 2 Rp satis�es

kxk q = q
q

jx 1jq + � � � + jx p jq:
1Mathematical-Physical faculty, Charles University, Dept. of statistics, Sokolovsk�a 83, Prague 8, Czech Republic,

premyslbejda@gmail.com
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And we denotekxk 1 = max i=1 ;:::;p jx i j:

In special one dimensional case are all normsk � kq equal. The distance betweenx and y is for
us kx � yk:

Proposition 1. For any norm k � kq and one dimensional case is the geometric median̂x equal
to a median xm .

Proof. We know that the median can be �nd by argmina2R
P n

i=1 jx i � aj: We order the observations.
In case ofn odd we get the observation in the middle. So this observation has to be as well the
geometric median.

If n is even then the median is the average of two observations in the middle of our ordered
observations (for simplicity we neglect some degenerated cases). Denote these two observations
x 1 and x 2 and let x 1 � x 2. Now we will compute Sx 1 and Sx 2 : Denote D 1 the sum of distances
betweenx 1 and all observations less thanx 1. Similarly D 2 the sum of distances betweenx 2 and all
observations greater thanx 2. D 3 = kx 2 � x 1k = jx 2 � x 1j: Then Sx 1 = D1 + D3 + n�2

2 D3 + D2 =
Sx 2 : So the distances are same.

We know that if we remove x (n) then Sx 1 is the smallest. If we return x (n) back then for all
x i � x 1 is Sx 1 � Sx i ; because the distance betweenx 1 and x (n) is smaller than between other
these observations andx (n) . The same is true forx 2 and observations greater than this one. So
we get that the value Sx 1 = Sx 2 is the smallest.

We should note that in this proof is necessary to use the last sentence from the de�nition of
our case of the geometric median.

Now we will deal with the breakdown point of x̂. According to the de�nition of the breakdown
point we try to �nd when kx̂k = 1 if enough observations satisfykxk = 1:

Proposition 2. The break down point of geometric median̂x is one half.

Proof. Let k < dn=2edenote the number of observations, which can be contaminated (i.e.kxk =
1). We propose that k points can be arbitrary far from the rest of points and our estimator
stay among the original set. Denote byK 1 the set of points which were changed and byK 0 the
set of points which stayed unviolated. We will proceed by a contradiction. Let us assume that
x̂ 2 K 1: We denotex l = argmin i2K 0

kx̂ � x i k; A = min i2K 0 kx̂ � x i k; B =
P

x i 2K 1
kx̂ � x i k and

a = max i;j 2K 0 kx i � x j k: Observations in K 1 are arbitrary far from the original observations. Let
then A � minx i 2K 0 ;x j 2K 1 kx i � x j k > (n � 1)a: Now compute

Sx̂ =
X

x i 2K 0

kx̂ � x i k +
X

x i 2K 1

kx̂ � x i k � (n � k)A + B:

For any x 2 K 0

Sx =
X

x i 2K 0

kx � x i k +
X

x i 2K 1

kx � x i k �

(n � k � 1)a +
X

x i 2K 1

kx � x̂ + x̂ � x i k �

(n � k � 1)a + kkx � x̂k + B �
(n � k � 1)a + kkx � x l k + kkx l � x̂k + B �

(n � k � 1)a + ka + kA + B = ( n � 1)a + kA + B:

We get the contradiction if Sx < S x̂ : This holds when (n � 1)a < (n � 2k)A: But n � 2k is
according to the de�nition of k at least 1. So it is enough when (n� 1)a < A: But this is the
contradiction.
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Let us now derive another kind of estimators from the geometric median.

De�nition 2. Let x 1; : : : ; x n are any observations from some normed vector space. Let in a set
L is one half of observations which distances from geometric median are less than a distance of
any other observation which does not lie in theL: By a G2 estimator we mean the number which
is computed as an average ofbn=2cobservations lying in L: Denote this by ~x:

Proposition 3. The break down point of~x is one half.

Proof. Once more it can be contaminated at mostk < dn
2 e: L is the same set as in the de�nition.

For such k we know that x̂ 2 L and it is not an outlier. For a contradiction we suppose that
exist x u 2 L; which is an outlier. Let K 0 is a set of not outlying observations andK 1 is a set of
outlying observations and A = max x i 2K 0 kx i � x̂k: Let x be the estimate which was gained from
the sample, where were not any outlying observations. PutB = min x i 2K 1 kx i � xk; b = kx � x̂k:
Now kx u � xk � kx u � x̂k + kx̂ � xk from that follows kx u � x̂k � B � b: Since the outlier can be
arbitrarily far from x, we can chooseB large enough i. e.B � b > A to get the contradiction.

The set L can be employed for constructing di�erent kinds of estimators. We can take for
instance once more the median from the set orr = max x i ;x j 2L kx i � x j k can serve as an estimator
of inter quartile range (from the similar estimator we can, under assumption of normality, easily
derive an estimator of variance) etc.

De�nition 3. Let r = max x i ;x j 2L kx i � x j k. b > 0: Let the set E contains all observationsx
such that minx i 2L kx i � xk � br = a:

Proposition 4. If we make any estimator ~x from observations in E then the estimator has the
break down point one half. It means that the estimator~x is a function of the observations from
E . The function has to be bounded on any �nite interval.

Proof. Because of the property of the function, from which is the estimator constructed, we have
to investigate only the situation when observation from E tends to in�nity. The rest of the proof
is based on the same idea as the previous proof, so we skip it.

Remark 3. The last proposition instruct us, how to include more observations and so increase
e�ciency. But a should not be too large. We can for instance employ theoretical quantiles of a
normal distribution to �nd an appropriate constant a. Let us denote the constanta as a constant
of widening.

Remark 4. Thanks to the properties of a norm we can easily show that our estimators (we employ
an average on the setL and E respectively) are scale and location equivariant.

2 One dimensional case and simulation study

Let us now consider only one dimensional case. We want to compute a mean from observations
in E , but we have to gain the set.

Let X is a random variable with a mean �, a standard deviation � and let q�;� (� ) denotes
its quantile function. Then for any continuous distribution G (in case that the second moment is
�nite) the following ratio is constant for every � and �

K G;� =
q�;� (1 � �=2) � q�;� (�=2)

q�;� (0:75) � q�;� (0:25)

This comes from the fact �q 0;1 (� ) + � = q�;� (� ).

Let us further suppose that X � N(�; � ). We construct estimate of q�;� (0:75)� q�;� (0:25) such
that we put RIQR = argmax L (x) � argminL (x). In this manner we construct a robust estimator
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of inter quartile range RIQR and it has according to the proposition 3 the breakdown point one
half. We put the constant of widening as a = K N(0;1) ;� RIQR:

Otherwise than in the de�nition 3 we take all observations which distance from their median
is less than a. Let us denote the set GM3S. The only di�erence is that we do not take into
account all observations from the setL, but only one from these observations. So the proposition
4 stays valid. This approach gives also better results in practise. We can employ other symmetric
distributions than normal.

All employed methods and a generation of random samples were implemented in R. For each
situation we have 1000 samples and in each sample 100 observations. The estimators used in
simulation study are: mean, median,� �winsorised mean, truncated mean, GM2 and GM3, where
GM2 and GM3 are means from the setsL and GM3S respectively.

During the simulation study we truncate 20 percent of observations from each side for the
� �winsorised mean. We do the same for the the � �truncated mean. And we employ � = 0:01
for the GM3.

In the following tables is employed a function
P N

i=1 j bx i � �j; where N is a number of samples
(1000), bx i is some estimate (mean, median, etc.) from samplei, and � is a parameter of location,
which is known (it is usually a median of the not contaminated distribution).

In the �rst table is a normal distribution N(0; 1) contaminated by some other distribution with
probability p.

An expression U(a; b) denotes a uniform distribution on the interval (a; b):

Distribution Mean Med Trim Winsor GM2 GM3
p = 5%

N(0; 100) 187 106 90 89 123 85
Cauchy 247 99 86 86 115 86

U(�10; 10) 131 108 92 90 123 89
p = 10%
N(0; 100) 270 104 93 94 122 87
Cauchy 481 101 89 88 116 88

U(�10; 10) 170 115 102 103 130 95
p = 40%

U(�20; 10) 1960 277 546 1062 184 155

Table 1: A normal distribution contaminated by a distribution from the �rst column with a
probability p.

Distribution Mean Med Trim Winsor GM2 GM3
N(0; 1) 78 100 85 83 117 84

N(0; 100) 774 974 830 811 1132 824
Cauchy 5101 121 138 168 121 135

U(�10; 10) 476 803 638 561 1034 476
t5 104 105 94 95 119 98
t10 91 104 91 91 119 92

Laplace 118 87 95 105 94 99

Table 2: Di�erent symmetric distributions.
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In the table 2 are employed some symmetric distributions always with parameter of location
equal to 0 (for Laplace distribution is scale equal to 1).

2.1 Conclusion

From the simulation study is visible that GM3 is robust and employ enough observations. Under
assumption of normality gives GM3, � �trimmed and � �winsorised means almost the same results,
but for more contaminated cases is our estimator much better.

A disadvantage of GM3 can appear when we set wrongly the widening constant (for di�erent
distribution), but the table 2 shows that this does not violate the results too much (especially when
our choice was rather conservative for normal distribution). In case of asymmetric distribution we
could spread the setL asymmetrically.

GM2 is good only in cases of really bad contamination or for some heavy tailed distributions.
But it serves as the �rst step for GM3.

Computational complexity for both GM2 and GM3 is n ln n as for other robust estimators.
But in practise it is more time consuming than computation of median.

The theoretical equivalent of GM2 and GM3 is not easy to grasp.

3 Illustrations

3.1 Boxplot

In boxplots we can employ instead of IQR the RIQR estimator. As whiskers can be taken borders,
which are given by constant of widening and are used for construction of GM3 (the last and the
�rst observation from GM3S). To get proper results it is necessary to have symmetric density of
a not contaminated distribution. In a case of really bad contamination we are able to classify
outliers better.
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Figure 1: On the left side is the classical boxplot and on the right side is our modi�cation. In both
cases we contaminate N(0;1) with a probability p by the observations with a distribution which
is stated under the �gures.

In the �gure 1 is visible that the standard boxplot and our method give very similar results in
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case of mild contamination. When the contamination is higher than 25 % then our boxplot is still
able to �nd outliers in comparison to the standard boxplot.

3.2 Outlying shortfall

We can construct a similar statistic to an expected shortfall. Very brief overview about a topic of
VaR and expected shortfall can be found e.g. in [2].

Let r t is a logarithmic return in time t. We suppose that r t are independent and has a normal
distribution contaminated by some other distribution r t � p � G + (1 � p) � N(�; � 2). We are
interested in how much we can loss because of the contamination. We take a negative value of a
mean from all observations which are less than argmin(GM3S).

As a small illustration of this approach we employ EUR/USD hourly rates from 1. 8. 2012 to
3. 11. 2012.

Results:

� A 95 % VaR is 0.00140406. As the VaR we take a negative value of a 5 % quantile from
observed returns.

� A 95 % expected shortfall is 0.00219346. As the expected shortfall we take a negative value
of an average of all returns lower than the 5 % quantile.

� An outlying shortfall (with a constant of widening with � = 0:01) is 0.002376221.

� A 99 % VaR is 0.002517572.

� A 99 % expected shortfall is 0.003608807.

A disadvantage of this approach is its worse interpretation. We can also determine how often
we su�er a loss because of outlying observations. In our case it is 3.91 %.

Acknowledgement: The work was supported by the grant SVV-2013 - 267 315.
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The Use of Belief Functions for the Detection of
Internet Auction Fraud

Ladislav Beránek1, Václav Nýdl2

Abstract. Currently, Internet auction portals are a standard part of business
activities on the Internet. Anyone can easily participate in online auctions, ei-
ther as a seller or a buyer (bidder), and total turnover on Internet auction
portals attains billions of dollars. However, the amount of fraud in these Inter-
net auctions is also related to their popularity. To prevent discovery, fraudsters
perform normal trading behaviors and disguise themselves as honest members.
It is therefore not easy to detect fraud in online auctions. Users must rely on
information that is on the web auction systems available, for example user�s
ratings (reputation), descriptions of the o�ered items, time frames of di�erent
activities and records of transactions. This paper presents a set of characteris-
tics that characterize fraudulent behavior on the internet auction � the sale of
counterfeit or stolen goods. To evaluation, whether or not this fraudulent be-
havior occurs, an approach based on belief functions is applied. Experimental
results show that this approach gives good results in detection of this type of
fraud on online auctions.
Keywords: e-commerce, fraud, belief function, online auction

JEL classification: L81
AMS classification: 68T37

1 Introduction

Currently, many users participate in online auctions organized by many di�erent Internet online auction
systems operating on Internet infrastructure. Aukro [1] (Czech auction company with a turnover of USD
250 million and 2.5 million users in January 2012) is an example of such Internet auction system. Internet
auctions allow their users to buy or sell a great amount of products and services. A large number of users
use Internet auctions even as their main means of trading. For example Aukro states [1] that from 2.5
million users 9,300 users are professional dealers.

On the other hand, the amount of frauds on online auction is also increasing. The most common
frauds are incorrect (purposely) description of goods, undelivered goods, irredeemable payments, sale of
stolen goods, and more. Fraudsters are attracted by low admission costs and high pro�t potential.

This paper examines the characteristics of Internet auction fraud on Czech Aukro online auction
systm [1] with a focus on speci�c fraudulent behaviour - the sale of stolen goods. The rest of this paper
is organized as follows: section 2 presents the basic principles of the theory of belief functions. Section 3
summarizes some related work concerning the use of this theory in the �eld of Internet auctions. Section
4 presents our approach and describes key de�nitions of belief functions to represent fraudulent behavior.
Section 5 presents our experimental results and model veri�cation. Section 6 describes some interesting
conclusions and directions for further research.
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2 Background and Related Work

The online auction sellers and bidders are not in physical contact and bidders can not even physically
see the auctioned items. This situation provides opportunities for cheating [6, 7].

From the perspective of the seller, online auctions bring along following risks [9, 11], particularly:

� Bidder will not to pay for the goods supplied.

� Bidder wrongly claims that the goods were not delivered.

From the perspective of the bidder:

� The seller refuses to send the goods.

� The description of the auctioned object is false.

� Seller sends a di�erent goods or goods that does not match by its quality [8].

� Goods intended for auction is a fake or stolen.

Fraudulent behavior is on online auctions relatively widespread. The main reasons is that it is relatively
easy to be carried out:

� Online auction participants are largely anonymous � they act under a pseudonyms. Internet auction
systems use di�erent methods for verifying the identity of users. These methods, however, may not
be su�ciently reliable.

� Operators of online auctions insu�ciently monitor course of auctions.

� The laws are often unclear with regard to speci�c situations or to the diversities of legal systems in
di�erent countries.

3 The Suggestion of Our Model

We used the approach similar to [4, 5, 12] and we performed statistical analysis of 28 real cases of
online auctions on Aukro.cz auction system [1] in order to �nd out the characteristics of online auction
fraud related to the sale of counterfeit or stolen goods. These cases were chosen on the basis of the
complaints referred to in various internet forums, for example, [2, 3]. Users on these forums complained
that somebody had stolen some their thing (radio from their car) and this thing appeared shortly after
the theft on some Internet auction. We evaluated 8 auctions as auctions in which the stolen goods are
sold. Following characteristics of online auction o�ering stolen goods observed:

1. Stolen goods are sold at inadequate low prices (at least about 20% less than the price of legitimate
goods).

2. Fraudsters prefer to sold for �xed price.

3. A variety of goods are sold via fraudulent account (such as car accessories, footwear, sporting goods
etc.).

4. Activities of respective fraudulent account is very short (often less than ten days).

5. In most of the cases, the goods are sold within several days of creating the account.

6. Fraudsters have accounts on multiple auction systems, the value of their reputational score is not
high.
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We will discuss these characteristics in the following paragraphs. We will de�ne the corresponding belief
functions. We will perform combination of respective belief functions and we will formulize conclusion
whether the respective seller sells stolen goods on respective Internet auction account or not.

We have chosen the following attributes of sale of stolen goods on the basis of our analysis. (the other
ones are too di�cult to verify or to express them mathematically):

1. Inadequate low price;

2. Goods are sold mostly at �xed price;

3. A variety of goods being sold.

In the following text, we will denote �i = {stoleni,‹stoleni} as a frame of discernment [10] concerning
the our belief that the seler i sells stolen goods.

Inadequate low price

This attribute shows that the seller i sells stolen good for lower price than it is the average price of
legitimate good. The belief functions have the following form:

mL({stoleni}) =

�
vLA

P �Pi
P

for Pi � P
0 for Pi > P

mL({‹stoleni}) = 0

mL(�i) =

�
1� vLA

P �Pi
P

for Pi � P
1 for Pi > P

(1)

where vL is the weight of this evidence. We can intuitively read this weight as a reliability of this evidence,
Pi � is the average price at which the seller sells certain goods. P is the average price of this goods o�ered
through online auction system.

With this equation, we have expressed the inadequate low price of goods o�ered by the seller i. Usually,
the lower the price of goods o�ered by a seller i, compared to the average price of respective goods j, the
higher the suspicion that the seller o�ers stolen goods. Therefore, we assume that the equation re�ecting
the o�ering of legitimate goods, does not show that the seller does not o�er �stolen�, i.e. mL({stoleni})
= 0.

Goods are sold mostly at fixed price

The sellers (fraudsters) want to sell his goods as quickly as possible. They want to get rid of it as quickly
as possible. Therefore they prefer to sell goods at a �xed price (on Internet auction systems it is the
option �buy now�). When a seller sells goods at �xed price, the auction ends and the seller does not have
to wait to the end of the auction. Belief functions will have the following forms:

mF ({stoleni}) = vF
NF i
Ni

mF ({‹stoleni}) = 0
mF (�i) = 1� vF

NF i
Ni

(2)

where NF i is the number of goods of the seller i for the �xed price, Ni is the total number of goods sold
by this seller.

It is valid that the higher the number of goods sold at �xed price, compared to the total number
of goods sold by this seller, the higher the suspicion that this seller sells �stolen� goods. Therefore, we
also assume that the given equation does not indicate that the seller does not sells �stolen� goods, i.e.
mF ({stoleni}) = 0. The parameter vF is in these equations the weight of evidence. We can intuitively
interpret this weight as the reliability of the given evidence.

A variety of goods being sold
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Let�s suppose that the seller sells �stolen� goods. This fact has an e�ect that he sells the goods that
he �gets�. The variety of goods being sold is then higher than at the average proper seller. The belief
functions of this attribute have the following form:

mV ({stoleni}) =

�
vV

Vi�V
Vi

for Vi � V
0 for Vi < V

mV ({‹stoleni}) = 0

mV ({�i}) =

�
1� vV

Vi�V
Vi

for Vi � V
1 for Vi < V

(3)

where Vi is the amount of di�erent types of goods sold by seller i, V is the amount of di�erent types of
goods sold by proper sellers in a respective category. The vV parameter is the weight of evidence. We
can intuitively interpret this weight as the reliability of the given evidence.

It is valid that the more amount of di�erent goods the seller sells, compared to the average types of
goods sold by proper seller, the higher the suspicion that the seller sells a �fake� goods. Therefore,
we also assume that the given equation does not indicate that the seller does sell �stolen� goods, i.e.
mV ({stoleni}) = 0.

Combination of characteristic signs (proofs) of shill behavior

One characteristic alone is not enough to identify fraudulent behavior. This, once we have obtained
the belief functions expressing our belief regarding fraudulent behavior, we combine them in a consistent
manner to get a more complete assessment of what the whole group of signs indicates. The combination of
belief functions is done with the help of the Dempster�s combination rule [10]. We express the assumption
that a given seller i sells �stolen� goods with the help of belief function m({stoleni}). We calculate the
value m({stoleni}) using the combination of single belief functions expressing appropriate evidence:

m({stoleni}) = (mL �mF �mV )({stoleni}) (4)

The operator � is the Dempster�s rule of belief function combination [10].

We perform the combination of multiple proofs according to the Dempster�s rule � �rst we combine two
belief functions, then we combine the result with the third belief function, fourth belief function and so
forth.

Categorization of users according to the resulting belief functions representing the behavior
- selling of stolen goods.

When constructing belief functions, we assume that they do not re�ect that a given seller does not sell
stolen goods. It is valid that m({stoleni}) = 0. After calculating the belief value that the seller i shows
the character of illegal behavior (selling stolen goods), the value m({stoleni}) is assigned to the seller i
as a measure which indicates the strength of the conviction that the user i sells stolen goods [4]. Now,
we will categorize users into categories according to the view that a certain user i sells stolen goods. We
will classify them into two categories: �Seller sells stolen goods� and �Proper user�.

We have to de�ne threshold �. We will categorize according to these threshold as follows: if m({stoleni})
� � then the user i sells stolen goods. If m({stoleni}) < � then the user i is a proper user. The threshold
� will be quali�ed on the basis of statistical evaluations of analyzed auctions.

4 Case Study and Analysis of Results

To demonstrate the feasibility of the suggested reputation mechanism, we tested our methodology using
real auction data from Aukro.cz [1]. We explored the bidding history of 28 auctions and various Internet
discussions dedicated to selling stolen goods on online auctions. We investigated past auctions hosted by
a particular seller. We evaluated 8 auctions as auctions in which the stolen goods are sold.

We explored mainly prices, number of auction carried out for �xed prices, number of various goods
sold by sellers. We had to investigate all information manually because Aukro does not have (in contrast
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to eBay any API interface enabling automatic gathering of information. We calculated the degree of
belief that the seller sells �stolen� goods. We expressed belief functions de�ned on the section 4 on the
basis of observed values. Then, we calculated the total degree that the seller sells �stolen� goods.

Some typical results of our exploration of auctions on Aukro are presented in Tables I and II. The basic
masses assigned for evidence speci�ed in our model and the resulting values are shown in Table II.

Table I. Chosen auction data collected from Czech online auction Aukro [1]

Seller i Average
price at
which the
seller i sells
certain goods
[in CZK]

Average
price of
this goods
through on-
line auction
system
[in CZK]

Number of
goods which
the seller i
sells at �xed
price

Total
number
of goods
sold by
seller i

Amount
of di�er-
ent type
of goods
o�ered by
seller i

Average
amount of
di�erent type
sold goods
sold by sellers
in respective
category

D***r 1500 2525 2 2 2 2
O***2 700 1850 1 1 1 2
m***k 1250 1600 1 2 2 2
d***l 650 750 2 6 6 2
2***j 1420 1540 1 7 5 2
b***s 1200 1450 0 8 5 2

The values of belief of selling stolen goods are calculated using equations (1), (2), (3) and (4). Calculations
are presented in Table II. The weights of evidence vL, vF and vV were set in agreement with our
experiments at the level 0.9, 0.7 and 0.8. We consider the characters �Inadequate low price�, as the most
predicative. The character �Goods sold at �xed prices� is the less reliable in determining a selling of
fake goods. These values correspond to our survey of the relevance of single described characteristics
from examined auctions. The value of threshold � was set on the basis of our experiments at the levels
0.80. This value correspond to results of our exploration of the relevance of single characteristics from
examined auctions.

Table II. The basic masses assigned to single �selling stolen goods� characteristics ((1), (2), (3) and (4).

Seller i mL({stolen}) mF ({stolen}) mV ({stolen}) m({stolen}) m(�) Result
D***r 0.405941 0.7 0 0.821782 0.178218 Seller sells

stolen goods
O***2 0.621622 0.7 0 0.886486 0.113514 Seller sells

stolen goods
m***k 0.21875 0.35 0 0.492188 0.507813 Proper seller
d***l 0.133333 0.233333 0.533333 0.689926 0.310074 Proper seller
2***j 0.077922 0.1 0.48 0.568468 0.431532 Proper seller
b***s 0.172414 0 0.48 0.569655 0.430345 Proper seller

Values of m({stolen}) express our belief that the seller sells stolen goods. On the other side, values m(�)
represent our uncertainty or rather ignorance concerning the classi�cation if the seller sells legal goods or
if the seller sells stolen goods. The values of m({stolen}) are high at the sellers D***r and O***2. They
are greater than the threshold �.
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5 Conclusion and Future Work

In our work, we presented a computational model of trust to seller on online auctions. It is based on the
seller�s rating obtained after performed transactions and his possible fraudulent behavior. We veri�ed our
model on Czech online auction Aukro. We performed a number of experiments on this auction. We make
certain that we can increase the prediction of trust to seller by using reputation (rating information)
as a basis which is completed with evaluation of possible fraudulent behavior (shilling) as additional
information. Nevertheless we are also aware that the mathematical formalization of parameters used in
our model (especially the parameters vL, vF , vV ) is necessary to increase the practical usefulness of our
model.

In our future work, we want to de�ne these parameters by the help of mathematical formulas. We
will perform further statistical analyses of online auctions to verify these formulas and values of the
parameters of our model.
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Measuring European railway e�ciency using DEA
approach.

Jaroslav Bil1

Abstract. There has been a great deal of interest in analysing deregulating
and restructuring policies in the European railway sector. A large amount
of studies is based on data envelopment analysis (DEA) for evaluating such
policies. One of the main reasons why DEA gain so much popularity is, that
it allows to measure e�ciency, when production process presents the structure
of multiple inputs and outputs, without knowing information about prices. On
the other hand the complete freedom in choosing weights for inputs and outputs
can cause overestimation of e�ciency levels for some DMUs. The objective of
this paper is to evaluate relevance of this fact in railway sector. For this purpose
it’s performed common CCR, BCC and SBM model and after a deeper insight
into the results assurance region method is drawn up. Finally e�ciency levels
of selected models and resulting rankings of European countries are compared.
Analysis is performed on the national rail system data for the year 2008 for 23
European countries using passenger and freight services as outputs and length
of lines,sta�, freight and passenger transport stock as inputs.
Keywords: DEA, railway, e�ciency, CCR, BCC, SBM, assurance region
method

JEL classi�cation: C670,L920
AMS classi�cation: 90B06,90B10,90B90

1 Introduction

During the 90’s the European rail industry began to be reformed and deregulated in the hope of boast
e�ciency by promoting competition. Generally we can say that reforms go through two levels: by vertical
dimension, when infrastructure separated from operation and horizontal dimension when service on rails
has been enable to more operators. But di�erent counties gradually introduced reforms di�erently with
respect to the extent and time frame. These structural changes in the big industry as the railway sector is,
created room for empirical investigation of the impact of reforms. Each such analysis starts by measuring
e�ciency of countries. Then in the analysis of the second stage obtained e�ciency levels are regressed on
dummy variables identifying reforms and other control variables. There are two common methodology
for measuring e�ciency levels. The �rst one is deterministic non parametric approach known under the
name DEA (Data Envelopment Analysis) and the second one is based on the estimation of stochastic
parametric distance function, called SFA (Stochastic Frontier Analysis). In this paper I will pay attention
to the former.

The main reasons for which DEA has gained so much popularity is that it allows to handle multiple
outputs and inputs without knowing information about prices and about functional form for the produc-
tion function. On the other hand, these undemanding model assumptions bear its drawbacks. One of
the most known disadvantage is connected with the fact, that DEA method is deterministic and so very
sensitive to outliers. Another problem, which however empirical papers doesn’t address, is related to the
selection of the weights for evaluation of the e�ciency level. DEA allows each item to select weights
that maximise its own e�ciency score. But sometimes we can �nd large di�erences in weights from item
to item and even DEA can admit to set up values of certain inputs or outputs to zeros. Then such a
selection doesn’t have to appropriately re
ect reality and by freedom in choosing weights e�ciency levels
of some countries may be overestimated. The aim of the paper is to assess the relevance of consequences
of this fact.

1Masaryk University, Faculty of Economics and Administration, Department of Economics, Brno, jbil@mail.muni.cz
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For this purpose, at �rst common DEA CCR, BCC and not so known SBM model are performed.
Then assurance-region model is drawn up and obtained e�ciency scores are compared.

2 Data

The production process in railway sector is very complex making measurement of performance compli-
cated. Since railways transport both passengers and freight, two standard outputs are used: passenger-km
transported (pkm) for passenger transport and tonnes-km transported (tkm) for freight transport 1. In
terms of input variables, the following are considered: mean annual sta� strength (l) recalculated to full
time equivalents, length of lines (d) measured as number of km of railway infrastructure and �nally a
proxy for capital stock (kf) indicating the number of wagons in freight transport and (kp) embodying
the number of railcars and coaches in passenger transport. The analysis is performed for 23 European
countries on the sample for the year 2008. Data information was taken from the reports published by
International Union of Railways. Since in some countries there are more than one operator in freight or
passenger transport, data of all companies were summed up for each country.

Mean St, dev. Min Max
pkm 14788 23754 78 86664
tkm 17335 21575 743 91178
d 8605 9039 699 33862
l 50717 59502 2938 240008
kp 3987 4978 123 18671
kf 23294 27303 1498 119916

Table 1 Summary statistics

3 Methodology and results

Data envelopment analysis was at �rst introduced in [2]. It’s linear programming method which try to
identify piecewise linear production possibility frontier. On its basis e�ciency score of decision making
units, here represented by countries, is determined. E�ciency score denoted� is then de�ned as ratio of
weighted outputs to weighted inputs, where the weights are selected in a manner to maximize resulting
score. � can also be interpreted as a ratio to which a given country could proportionally reduce its
inputs without losing any outputs 2. Though this method enable to work with the production process of
multiple inputs and outputs and doesn’t require any information about prices neither functional form of
production, it’s implicitly assumed, that a constructed production function is achievable for all countries.

3.1 CCR,BCC and SBM model

CCR is the most standard model, which production possibility set is based on the constant return to
scale assumption. The linear programming model for each country is de�ned as follows:

maxuy0 s.t. min � s.t. (1)
vx0 = 1 () Y � � y0 (2)

uY � vX � 0 �x 0 � X� � 0 (3)
u; v � 0 � � 0; (4)

1A possible alternative in place of passenger-km and tonnes-km is to use train-km. But the former is preferred by the
vast majority of studies, because it takes into consideration also allocation e�ciency and not only the technical one.

2This type of model is called input-orientation and is more convenient for railway industry. Also there exist a output-
oriented form of the model, when the e�ciency score is interpreted as how much we can raise outputs without altering
inputs.
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where y0 is the column vector of outputs for country 0, y0 = (pkm 0; tkm 0), x0 is the column vector of
inputs for country 0, x0 = ( l0; d0; kf 0; kp0), Y is the output matrix of dimension 2 � 23 one column for
each country, X is the input matrix of dimension 4 � 23, one column for each country andu; v are the
row vectors of output/input weights, which are unknown. Finally � represents an e�ciency score and�’s
are the Lagrange multipliers of linear problem (and also searched coe�cients of dual problem)

On the left hand side the model is in the multiplier form, which could be be informally interpreted as
the e�ort to maximize weighted output (e�ciency score) under the limitation, that at given weights any
country cannot achieve greater e�ciency score than 1, eq.(2). Its dual problem is on the right hand side,
which can be seen as maximal possibility to radially lower inputs guaranteeing the same output (eq. 2)
assuming that the combination (�x 0; y0) remain insight production possibility set (eq. 3). In other words
it can be represented as a non-negative combination of inputs and outputs of DMUs (here captured by
vector �). Banker, Charnes and Cooper in [1] enhanced the model to implementation variable return to
scale from decreasing to increasing. Formally it’s simple done by adding one restriction to dual problem
in the following form:

23X

i=1

� i = 1: (5)

This enables to take only convex combinations of DMUs for construction of production possibility frontier.
Since these two models in dual form di�er only in that one constraint, production possibility set of the
BCC model is the subset of production possibility set of the CCR model and so resulting e�ciency score
of the BCC model cannot be smaller than that of the CCR model. This fact can also be supported by
the results contained in the �rst two columns of the table 2. Empirical studies in railway sector are based
on the one of these two models3. Eventually they compare both approaches as e.g.[3]. From their results
Cantos at al claim that the di�erences between two methods are especially notable for small countries.
Authors explain the fact in the way, that there are economies of scale in small railway systems which
fail in exploiting them. But as is stated in [5], a DMU that has a minimum input value for any input
item, or a maximum output value for any output item, is BBC-e�cient. Thus countries whit extreme
values of any input factor are considered as e�cient without knowing anything about what reality about
e�ciency score in fact is. In that study, it concerns Germany and Macedonia. Especially in the case of
Macedonia, on the basis of CCR model it’s hard to believe, that this country would lie on production
possibility frontier. In the deeper look into result, speci�cally into reference sets4, it could be possible
to notice, that a vast majority of small countries (such as Bosnia and Herzegovina, Greece, Moldova and
Slovenia) have Macedonia in their reference set in BCC model but not in the CCR model. This could be
a more important reason than variable returns to scale, why small countries have bigger e�ciency score
in BCC model.

Now let’s turn look on the SBM (slack based measure) model, which was introduced by Tone in [8].
Beside the CCR model5 it take into computation of e�ciency scores moreover values of slacks. Slacks are
output shortfalls or input excesses which after radial projection onto production possibility set remain. To
ensure CCR or SBM e�ciency these slacks have to be zero. SBM e�ciency score is de�ned by following
product formula:

� =

 
1
4

4X

i=1

x i0 � s�
i

x i0

!

:

0

@1
2

2X

j =1

yj 0 + s+
j

yj 0

1

A
�1

; (6)

where the �rst term evaluates the mean proportional reduction rate of inputs and the second evaluates the
mean proportional expansion rate of outputs. After some transformations, SBM model can be expressed
in linear form as follows:

3Either they prefer the CCR model e.g.[4] or to BCC model e.g.[6].
4Reference set is a set of countries with which a particular country is evaluated, in other words a set of those countries

which are connected with non-zero � � .
5 It can be also implemented in BCC model, but due to greater credibility of CCR results, the SBM model was imple-

mented in this form.
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min t �
1
4

4X

i=1

S�
i

x i0
s.t. 1 = t +

1
2

2X

j =1

S+
i

yj 0

tx 0 = X � + S�

ty0 = Y � � S+

� � 0; S� � 0; S+ � 0; t > 0;

where S� ; S+ and � are de�ned as S� = ts� ; S+ = ts+ and � = t� and wheres� denotes input slack,
s+ output slack and t convenient positive constant. All other letters have the same meaning as that in
problem describe by (1-4).

The results of the e�ciency score can be found in fourth column in the table 2. Incorporating slacks
results in lower e�ciency scores of the SBM model in comparison with the CCR model. But for some
countries as Croatia and Turkey the drop is more signi�cant and on the other hand in the Czech Republic,
Slovakia and Slovenia the drop was gentle and accordingly they slightly jumped upwards in the ranking,
see 7th column of the table 2.

DMU � CR R � BC C � SB M rC r B rS
u pkm
u tkm

vkp
vkf

v l
vkp + vkf

vd
vkp + vkf

� AR C � AR B r AR C rAR B
vd

vkp + vkf

v l
vkp + vkf

vkp
vkf

vpkm
v tkm

AR C 2 r 2

AUS 0.79 0.79 0.67 11 15 10 4.76 1.2E10 0.00 0.35 0.62 0.67 10 12 0.30 0.20 20.00 2.08 0.61 10
BAH 0.22 0.73 0.17 23 17 23 9.01 3.5E09 0.00 0.00 0.17 0.48 23 16 0.30 0.20 0.20 0.43 0.16 23
BEL 1.00 1.00 1.000 1 1 1 0.6 1.10 0.01 1.18 0.86 1.00 7 1 0.30 0.20 0.20 0.43 0.84 6
BLG 0.32 0.37 0.25 22 22 22 9.01 2.3E10 0.00 0.00 0.22 0.27 22 23 0.30 0.20 0.20 0.43 0.21 22
CRO 0.71 0.84 0.45 12 14 13 9.01 2.1E11 0.00 0.00 0.38 0.49 15 15 0.3 0.20 20.00 2.08 0.34 15
CZE 0.36 0.36 0.33 19 23 17 4.76 1.1E09 0.00 0.35 0.33 0.33 17 21 0.3 0.20 20.00 2.08 0.32 17
ESP 1.00 1.00 1.00 1 1 1 37.75 258.13 0.12 0.05 0.94 0.97 5 8 0.21 0.29 1.82 5.00 0.88 5
FIN 1.00 1.00 1.00 1 1 1 4.07 79.94 0.09 0.02 0.91 0.92 6 9 0.20 0.30 20 1.92 0.84 7
FRA 1.00 1.00 1.00 1 1 1 9.9 0.64 0.02 0.00 1.00 1.00 1 1 0.30 0.20 0.55 3.06 1.00 1
GER 0.88 1.00 0.72 9 1 9 4.76 1.5E09 0.00 0.35 0.69 1 9 1 0.30 0.20 20 2.08 0.65 9
GRE 0.42 0.59 0.30 17 18 18 5.86 1.1E11 0.08 0.00 0.34 0.52 16 14 0.24 0.26 20.00 5.00 0.32 16
HUN 0.49 0.55 0.40 15 19 15 0.35 0.46 0.06 0.00 0.43 0.46 13 17 0.30 0.20 0.2 0.43 0.39 14
ITA 0.93 0.94 0.80 8 11 8 3.6E07 6.8E07 0.20 0.25 0.83 0.89 8 10 0.30 0.20 20.00 5.00 0.78 8
LIT 1.00 1.00 1.00 1 1 1 0.66 236.84 0.11 0.27 1.00 1.00 1 1 0.27 0.23 12.53 0.64 1.00 1
MKD 0.33 1.00 0.27 21 1 21 9.01 1.0E11 0.00 0.00 0.28 1 19 1 0.30 0.20 0.20 0.43 0.26 19
MOL 0.34 0.77 0.28 20 16 20 4.76 4.9E09 0.00 0.35 0.23 0.39 21 19 0.30 0.20 0.20 0.43 0.24 21
POL 0.55 1.00 0.44 14 1 14 9.01 3.0E06 0.00 0.00 0.42 0.6 14 13 0.30 0.20 20.00 2.08 0.39 13
POR 1.00 1.00 1.00 1 1 1 2.61 64.47 5.12 0.38 1.00 1.00 1 1 0.20 0.30 10.73 4.00 1.00 1
RO 0.45 0.45 0.30 16 20 18 9.01 2.3E10 0.00 0.00 0.28 0.28 20 22 0.30 0.20 20.00 2.08 0.26 20
SLO 0.65 0.86 0.57 13 13 11 0.71 2.57 0.00 0.00 0.58 0.79 11 11 0.30 0.20 0.20 0.43 0.55 11
SUI 1.00 1.00 1.00 1 1 1 818.63 0.28 0.39 3.36 1.00 1.00 1 1 0.30 0.20 1.32 1.37 1.00 1
SVK 0.39 0.43 0.34 18 21 16 4.76 1.5E13 0.00 0.35 0.32 0.34 18 20 0.30 0.20 0.20 0.43 0.32 18
TUR 0.86 0.88 0.52 10 12 12 9.01 3.5E10 0.00 0.00 0.45 0.45 12 18 0.21 0.29 20.00 1.97 0.40 12

Table 2 E�ciency levels, ranking and weights

3.2 Assurance-region model

Above models allow for computation e�ciency scores select both for inputs and outputs arbitrary non-
negative weights. So this great 
exibility is associate with the weakness, when can be huge di�erences in
weights assigned to individual countries which may distort relative comparisons and also bias e�ciency
levels upward. Even for ine�cient countries DEA enable for some inputs or outputs assign weight equal
to zero. One way how to neutralise this problem is to add constraints for weight control. This type of
model is called assurance-region method and �rst it was introduced in 1986 in [7].

But the task to select admissible bounds for the ratios of weights is not so simple. As is recommended
in [5], it’s possible to use of the knowledge of experts or of the evaluated weights of CCR model for
preferable e�cient countries. In the look on selected ratios of weights contained in columns 8{11 in table
2, it can be seen that both great relative magnitude in weights and many zeros are present in performed
CCR model. Among e�cient countries is really not easy to �nd some representative ones. With the help
of the mean values of selected variables (table 1), given weights from the CCR model and some theoretical
background, following bounds were set up. Bounds were selected in a very relaxed way, rather from the
point of view to prevent unrealistic weighting. It was imposed so that ratio of weights of passenger and
tonne kilometre would be between 0.2 and 5 (0:2� u pkm

u tkm
� 5); ratio of weights of passenger and freight

capital stock would be between 0.2 and 20 (0:2� vkp
vkf

� 20); ratio of weights of sta� and distance of tra�c
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lines to total capital stock would be between 0.2 and 1 (0:2� v l
vkp +v kf

� 1; 0:2 � vd
vkp +v kf

� 1) and �nally
the sum of sta� and lines to total capital to be at least 0.5 (0:5 � v l +v d

vkp +v kf
). The linear programming

problem for each country is formulated as follows:

min � s.t. Y � + Q� � y0

�x 0 � X� + P � � 0
� � 0; � � 0; � � 0;

where added restrictions in linear representation are contained in matricesP and Q, so that

P =

0

BBB@

0 0 0 0 �1 1 �1
0 0 �1 1 0 0 �1

�1 1 0:2 �1 0:2 �1 0:5
0:2 �20 0:2 �1 0:2 �1 0:5

1

CCCA
; Q =

 
�1 1
0:2 �5

!

:

In comparison of the e�ciency scores of the AR-CCR with CCR model, following facts can be noticed.
First e�ciency scores of AR-CCR model are always lower. But this consequences is imposed by adding
restriction, which can limit achieving highest possible score if the corresponding bounds don’t lie within
bounds. In average e�ciency level drop about 18 %, with a standard deviation of 14 which is not negligible
and also not uniform change. On the other hand the in
uence on the ranking of countries is not so great.
It can be found only small changes (for example Czech Republic and Slovenia jump by two places up
otherwise Croatia and Romania droped by three and four places down). Also Belarus, Spain and Finland
lost the position of e�cient countries, so that production possibility function has changed. Finally in 4
columns to the end of the table 2, ratios of weights of AR-CCR model are referred, where it’s con�rmed,
that in a majority of cases added constraints for ratios of weights are binding.

In the 13th column of the table 2 results of AR-BCC model are shown for completeness and the
corresponding ranking is listed two columns further. It is worth noting here, that in the case of Poland,
dramatic drop of e�ciency level between AR-BCC and BCC model is present. Though Poland has
e�ciency score equal to 1, it isn’t BCC e�cient, since slacks aren’t zero and in fact very high. Thus
some linear combination of countries of reference set of Poland (BEL, LIT, FRA) caused by chance,
that Poland lies on the edge of the production possibility frontier though with a high output shortfall
and input excesses. But bounds for ratios of weights don’t enable such as �tting and consequently more
realistic scores are returned.

Further another AR-CCR model was performed with more restrictive bounds to evaluate sensitivity
of e�ciency scores on given bounds. Following restriction has changed to the these ones: 2� vkp

vkf
�

10; 0:2 � vd
vkp +v kf

� 1; 1 � v l +v d
vkp +v kf

. Results, e�ciency scores and ranking, can be found in last two
columns of table 2. By a minor modi�cation of restriction, the results didn’t change signi�cantly and
also the rankings remain the same to the swapping of Belorus to Finland. So e�ciency scores are rather
sensitive to the inclusion of bounds but their minor modi�cation doesn‘t have practically any impact.

CCR BCC SBM AR-CCR AR-BCC AR-CCR(2)
CCR 1.000 0.748 0.987 0.967 0.722 0.968
BCC 0.748 1.000 0.732 0.740 0.906 0.745
SBM 0.987 0.732 1.000 0.975 0.730 0.980
AR-CCR 0.967 0.740 0.975 1.000 0.776 0.999
AR-BCC 0.723 0.906 0.730 0.776 1.000 0.775
AR-CCR(2) 0.968 0.745 0.980 0.999 0.775 1.000

Table 3 Spearman rank correlation coe�cients

For �nal summarization of results Spearman rank correlation coe�cient were calculated and are
contained in the table above (table 3). All the coe�cients lie above 0.7, thus the choice of DEA method
is not so crucial, nevertheless has non negligible impact on e�ciency scores and for precise analysis should
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de�nitely taken into account. Also this empirical railway study shows, that it does matter in the choice
between CCR and BCC model.

4 Conclusion

Nowadays due to many reforms and structural changes in European railway industry, measuring e�ciency
levels becomes actual and starting point for further analysis. This paper discussed and compared standard
techniques based on the DEA method. The most common in this industry is CCR and BCC model.
Some authors claim that BCC model is better because it enable to handle variable returns to scale.
But as this study shown this advantage is questionable and one have to be careful if some ine�cient
small or big country don’t create production possibility frontier and consequently don’t raise arti�cially
resulting e�ciency scores for some countries. Also SBM model, which incorporates input excesses and
output shortfalls was performed to give more precise results. Resulting e�ciency scores didn’t change
signi�cantly but some corrections can be found.

The main objective of this paper was to check the impact of freedom in choosing weight for inputs
and outputs by adding lower and upper bounds for selected ratios of weights. At �rst empirical results
show, that for a majority of countries selected weights, which maximize e�ciency scores, are far from
reality. By imposition of some though relaxed bounds, the e�ciency score decrease in average nearly by
20%. Even though e�ciency scores changed signi�cantly, the ranking of European countries don’t change
dramatically. However to a gentle modi�cation of ratios of weights the results are robust. So it depends
mainly on introducing of bounds than on their concrete values. If we want to measure railway e�ciency,
it would be reasonable to pay attention to good model speci�cation, since results are relatively sensitive
to it. But if the e�ciency scores serves only as one step of complete analysis in railway industry, choice of
model speci�cation could probably not have a signi�cant impact on �nal conclusions. This fact, however,
should be further scrutinized.

Acknowledgements

This work was supported by Student Project Grant MUNI/A/0797/2012.

References

[1] Banker, R. D., Charnes, A and Cooper, W. W.: Some Models for Estimating Technical and Scale
Ine�ciencies in Data Envelopment Analysis, Management Science30 (1984), 1078{1092.

[2] Charnes, A., Cooper, W. W. and Rhodes, E.: Measuring the e�ciency of decision making units,
European Journal of Operational Research2 (1978), 429{444.

[3] Cantos, P., Pastor, M. J., and Serrano, L.: Evaluating European railway deregulation using di�erent
approaches,Transport Policy 24 (2012), 67{72.

[4] Cantos, P., Pastor, M. J., and Serrano, L.: Vertical and Horizontal Separation in the European
Railway Sector and its E�ects on Productivity, Journal of Transport Economics and Policy 44
(2010), 139{160.

[5] Cooper, W. W.: Data envelopment analysis: A Comprehensive Text with Models, Applications,
References and DEA-Solver Software, Second Edition. Springer, New York, 2007.

[6] Driessen, G., Lijesen, M.G. and Mulder, M.: The Impact of Competition on Productive E�ciency in
European Railways. CPB Netherlands Bureau for Economic Policy Analysis, The Hague, 2006.

[7] Thompson, R.G.,Singleton, F.D.,Thrall, R.M. and Smith, A.: Comparative site evaluations for lo-
cating a high-energy physics lab,Texas Interface 16 (1986), 35{49.

[8] Tone, K.: A slacks-based measure of e�ciency in data envelopment analysis,European Journal of
Operational Research130 (2001), 498{509.

�����V�W���,�Q�W�H�U�Q�D�W�L�R�Q�D�O���&�R�Q�I�H�U�H�Q�F�H���R�Q���0�D�W�K�H�P�D�W�L�F�D�O���0�H�W�K�R�G�V���L�Q���(�F�R�Q�R�P�L�F�V����������

�a���������a















Input-output interactions in a DSGE framework

Sára Bisová 1 , Eva Javorská 2 , Kristýna Vltavská 3 , Jan Zouhar 4

Abstract. Despite their (heavily advertised) micro economic foundations,
DSGE mo dels are usually implemented for economic analyses using country-
level aggr egate data. However, national statistical o�ces of the EU memb ers
create national account s that contain detailed information ab out individual
industries, such as the Input-Output tables. In this pap er, we present a pre-
liminary study of a multi-sector extension of a canonical RBC mo del that allows
to use data on the input-output structure with multiple sectors. We for mulate
a simple baseline mo del that allows for an arbitrary numb er of sectors with an
arbitrary input-output st ruct ure. The practical obstacle to using the mo del in
practice lies in the need to �nd approximate steady-state values of the variables.
In the general case, �nding a solution to the steady-state problem is di�ucult;
however, we do provide an analytic solution to a sp ecial symmetric case, which
can sometimes provide a clos e enough approx imation for non-symmetric prob-
lems as well.
Keywords: DSGE mo dels, Input-Output tables , National Accounts

JEL classi�cation: E16, E17
AMS classi�cation: 91B51

1 Int ro duction

In to d ay's macro economic analyses, Vect or Autoregressions (VAR), Vector Error Correction mo dels
(VEC) or DSGE mo dels are typically used, with DSGE mo dels b eing the newest of the three approaches,
and one that is b ecoming increasingly p opular with researchers and regulators alike. For ins tance, the
Czech National Bank has develop ed a DSGE mo del �g3� [1], which is used for b oth the interpretation of
current economic phenomena and for economic forecasting. A key feature that makes DSGE mo dels so
favourable is the fact that they are built on micro economic foundations, and thus should b e resistant to
the Lucas critique. In our opinion, however, the idea of DSGE mo dels' microfoundations is at o dds with
the aggregate natur e of data that are typically us ed for mo del calibration; country -level data are almost
invariably used, even though industry level-data are available in all EU memb er states' national accounts
and present ed e.g. in the Input-Output tables [4].

It has to b e noted that some of the existing mo d els do in fact divide the �rms sector into a small
numb er of �industries�, ty pically distinguishing either b etween manufacturers and retailers, or, as in case
of the Hub ert mo del that has b een develop ed and used by the Ministry of F inance of the Czech R epub lic
(see [5], [6]), b etween manufacturers, retailers, and importers. Nevertheless , in such settin gs , (i) the mo del
comprises a very small numb er of industries, ( ii) the distinction b etween the individual industries do es
not follow the structure of national accounts, and (iii) the input-output structure is limited to a one-sided
relationship b etween retailers and manufact urer s. The aim of th is pap er is to formulate a s imple baseline
mo del that allows for an arbitrary numb er of sectors with an arbitrary input-output structure.

To the b est of our k nowledge, the only existing studies that develop a similar typ e of a mo del are
the works of Bouakez et al [3], [2]. Even though we were undoubtedly inspired by these works, our
mo del di�ers from that of Boukaez et al in several asp ects . F ir stly, their mo del is built to utilize the
structure of the U.S. national accounts � which di�er s from that in b oth the Czech Republic and the
EU as a whole; most imp ortantly, the U.S. national accounts collect data on the capital �ows among

1 Univ. of Economics, Prague, Dept. of Econometrics, nám. W. Churchilla 4, 130 67 Praha 3, xbiss00@vse.cz
2 Univ. of Economics, Prague, Dept. of Economic Statistics, nám. W. Churchilla 4, 130 67 Praha 3, xjave00@vse.cz
3 Univ. of Economics, Prague, Dept. of Economic Statistics, nám. W. Churchilla 4, 130 67 Praha 3,

kristyna.vltavska@vse.cz
4 Univ. of Economics, Prague, Dept. of Econometrics, nám. W. Churchilla 4, 130 67 Praha 3, honza. zouhar@gmail.com
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the individual sectors (the Capital Flow Tables), which allow for a simple incorp oration of the capital
formation pro ces into the DSGE mo del. As we aim to apply our mo del to Czech data in future, we had
to resort to a di�erent, less straightforward metho d of combining the input-output pro cesses and capital
sto ck creation, which proved to complicate the equilibrium derivation. Secondly, while the mo dels of
Bouakez et al take on the New Keynesian p ers p ective, ours is mostly in line with t he real business cycle
(RBC) literature.

2 The mo del

The mo del economy consists of a single in�nitely-lived household and J �rms, representing one sector
each. The household is t he sole lab our supplier to all �rms, and the �rm's pro duction can b e either
consumed by the household, used as a material input in other s ectors, or u sed in the form of a capital
investment. In our treatment, we use the so cial-planner formulation of the mo del, which should give
identical equilibrium condit ions as the comp etitive equilibrium formulation, but with a lower notational
burden, see [7]. The so cial planner's aim is to max imize the exp ected sum of households (discounted)
utilities, i.e. to maximize

E
1X

t=0

� t U(Ct ; H t ) = E
1X

t =0

� t � logCt � � logH t
�
;

where U is the (instantaneous) utility function, Ct and H t are the consumption and lab our-time bundle
in p erio d t and � is a non-negative parameter (lab our disutility). The consumption bundle is de�ned as
a weighted Dixit-Stiglitz aggregate of sector-sp eci�c consumptions:

Ct �
hP

j 
 j C �
jt

i 1=�
;

where Cjt is the quantity consumed of go o ds from sector j in p erio d t, 
 j is the relative weight of the
go o d s from s ector j in th e consumption bundle (
 j are nonnegative and s um to one), and � is a parameter
greater than 1, such that �=(� � 1) is the elasticity of substition among the sectors' pro duction.

Similarly, the lab our time bundle is de�ned as

H t �
hP

j H �
jt

i 1=�
;

where H jt are hours worked in sect or j and p erio d t and � is a parameter less than 1 representing the
substition among hours sp ent working in individual sectors . Note that in this setting the household
prefers diver sity in lab our time.

The pro d uction function in sector j has the f or m of a Cobb-Douglas function with constant returns
to scale:

Yjt = ( eZ t H jt ) � jH K � jK
j;t�1 M � jM

jt ;

where Z t is an exogenous aggregate lab our pro ductiv ity sho ck, K j;t�1 is the capital sto ck in sector j at
the b eginning of p erio d t (i.e. capital sto ck d etermined by the end of p erio d t � 1), M jt is a bundle of all
material �ows to sector j from other sectors, and the � 's are sector-sp eci�c output elasticities that sum
to one. Th e material bundle is de�ned as

M jt �
hP

i � ij M �
ijt

i 1=�
;

where M ijt is the quantity of sector i 's outpu t b eing supplied ( as an input) to sector j , and � ij is the
weight of sector i 's output in sector j 's material (input) bundle. The lab or pr o ductivity sho ck is assumed
to follow the standard AR(1) pro cess,

Z t = �Z t �1 + " t ; " t � N (0; � 2); i.i.d. (1)

The budget constraint is given as
Yjt = Cjt + I jt +

P
k M jkt ;

where I jt denotes capital investment in s ector j and p erio d t de�ned as

I jt � K jt � (1 � � )K j;t�1 ;

where � is the depr eciation rate.
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Comments on alternative mo del sp eci�cations and calibration. The original sector-sp eci�c
data (and, most notably, Input-Output tables) pr esented by the Czech Statistical O�ce are divided into
81 indus tries . Technically, such a numb er of sectors would probably prove to o high for the resulting
mo del to b e computationally tractable. Therefore, it seems necessary to aggregate these industries in
order to red uce the numb er of sectors to an acceptable level. Following the CZ-NACE classi�cation, the
81 indu stries can b e aggregated into as few as 19 sectors. As for calibration, th e � ij parameters are
supp osed to b e taken directly from Input-Output tables, and the 
 j parameters will b e calibr at ed from
the consumer price index. Moreover, we need the parameters of the Cobb-Douglas pro duction function;
we intend to use estimates based on the index numb er approach. The � parameter can b e estimated as
the ratio of gross value added in current pr ices and comp ensation of employees. These data are published
in the national accounts.

3 Solving the mo del

3.1 Equilibrium conditions.

First, we form the Lagrangian as 2

L = E
P 1

t =0 � t
h

logCt � � logH t �
P

j � jt

�
� Yjt + Cjt + I jt +

P
k M jkt

�i

= E
P 1

t =0 � t
h

logCt � � logH t +
P

j � jt

�
� Yjt + Cjt + K jt � (1 � � )K j;t�1

�
�

P
i
P

j � it M ijt

i
:

The �rst-order conditions are obtained by setting the partial derivatives of the Lagrangian (w.r.t. the
decision variables and Lagrange multipliers) to zero. After the elimination of Lagrange multipliers and
some obvious algebraic manipulation, we can list the equilibrium conditions as follows:

� jH 
 j Yjt C � �2
jt C ��

t = � (H jt =Ht ) � for all j;


 i C � �2
it M 1��

ijt = 
 j � jM � ij Yjt C � �2
jt M ��

jt for all i; j;

C � �2
jt C ��

t = � E t

h
C � �2

j;t+1 C ��
t +1

�
� jK (Yj;t+1 =K jt ) + 1 � �

�i
for all j;

Yjt = ( eZ t H jt ) � jH K � jK
j;t�1 M � jM

jt for all j;

Yjt = Cjt + I jt +
P

k M jkt for all j;
Z t = �Z t�1 + " t ;

" t � N (0; � 2); i.i.d.

Altogether, this gives (J 2 + 4J + 1) equations. Note that if one wants to use a software package like
Dynare, sy mb olic expressions containing lo ops and sums are not supp orted in the co de. Even for J as
low as 3, writing down these equations in hand is a very tedious task, and typing errors are likely to cr eep
into the co de. For these reasons, we put up a Matlab script t hat creates the appropriate Dynare co de for
an arbitrary numb er of sect or s; we will gladly provide the Matlab script to anyone interested at an email
request.

3.2 Steady state conditions

In the analysis of equilibrium dynamics, one has to �nd the steady state �rst. The steady state conditions
are easily obtained from the equilibrium conditions by dropping the time subscript ( t) and the error term

2 We delib erately omitted the constraint (1) and its Lagrange mul tiplier in order to save space; note that Z t is an
exogenous random pro cess, so it do es not enter any �rst-order conditions w.r.t. the decisi on variables. The equilibrium
conditions given b elow, however, do include the cons traint on Z t .
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(" t ). After a slight algebraic manipulation 3 we obtain a system of non-linear eq uations

� jH 
 j Yj C � �2
j C �� = � (H j =Ht ) � for all j; (2)


 i C � �2
i M 1��

ij = 
 j � jM � ij Yj C � �2
j M ��

j for all i; j; (3)

1 = �
�

� jK (Yj =K j ) + 1 � �
�

for all j; (4)

Yj = H � jH
j K � jK

j M � jM
j for all j; (5)

Yj = Cj + I j +
P

k M jk for all j: (6)

3.3 Steady state � symmetric case

Consider now a sp ecial symmetric case where for all j , � j K = � K , � j H = � H , � j M = � M , 
 j = 
 , and
� ij = � for all i 6=j , � ij = 0 otherwise. In th is case, the analytic steady-state solution has the form given
in the pr op osition b elow.

Prop osition 1. Let

R =
� K

1=� � 1 + �
; S = � 1=� � M (J � 1)(1�� )=� ; T = R� � K

� H S� � M
� H :

Then, in the steady state of the symmetric problem, for al l j ,

Yj =
�

� H
C2

j ; (7)

M ij =
� M

J � 1
Yj ;

K j = R Yj ; (8)

Cj =
� H

�(1 � �R � � M )
; (9)

H j = S Yj : (10)

Proof. It is us efu l to derive the following identities �rst:

H � =
P

j H �
j = J H �

j ; and so (H j =H ) � = 1=J ; (11)

C � =
P

j 
C �
j = 
J C �

j ; and so (C j =C) � = 1=(
J ) ; (12)

M �
j =

P
i6=j �M �

ij = �(J � 1)M �
ij ; and so (M ij =M j ) � = 1=[�(J � 1)] ; (13)

the last equation holds for all i 6=j . Now, plugging (11) and (12) into (2) immediately yields � H Yj = �C 2
j ,

a simple rearrangement of (7). In (3), the terms 
 i ; 
 j and Ci ; Cj can b e cancelled due to symmet ry, and
plugging in (13) gives M ij = � M

J �1 Yj . Note that summing this f ormula across the second subscript yields
P

k M jk =
P

k6=j
� M
J �1 Yk = � M Yj : (14)

The equation K j = R Yj follows immediately from (4). Next, note that

M j =
hX

i

�M �
ij

i 1=�
=

h
�(J � 1)

�
� M

J � 1
Yj

� � i 1=�
= S Yj :

The equation (9) can b e obtained by plugging (7), (8) and (14) into (6). From (5) and the previous
results, we have

Yj = H � H
j (R Yj ) � K (S Yj ) � M ;

which gives (10), and completes the pro of.

It is easily seen that the equations in Prop osition 1 follow a recursive scheme in th e decision variables
� Cj is expressed in terms of the mo del parameters only, Yj is in terms of Cj , and the rest is given in
terms of Yj .
3 To b e sp eci�c, we cancelled equal terms on b oth sides of the third equation, and noted that in the equilibrium, Z = �Z ,

and hence Z = 0 .
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4 Conclusions

As we p ointed out in the int ro duction, this pap er was p rimarily meant to show that DSGE mo dels can
b e formulated to work with a disaggregated structure of the economy, and start the academic discussion
that will hop efully lead to creating DSGE mo dels that explain some of the real-life phenomena that were
not capt ured by the extant mo dels. We carried out �rst steps in this direction by devising a simple
RBC-based DS GE mo del that can accomo date an arbitrary numb er of sectors, the interactions of which
are describ ed by the input-output tables pro duced by the national accounts along the accepted EU
accounting standards. In chapter 3, we derived the equilibrium conditions that can b e e.g. entered into
the widely-used Dyn ar e software package.

However, even in this simple setting, there are some practical obstacles that need to b e tackled b efore
the mo del can b e used with real-life data. Concretely, e�cient numeric solutions of the steady state are
required. As of yet, we have only obtained some preliminary results, namely the characterization of the
steady st at e in the sp ecial case of a symmetr ic problem, describ ed in Prop osition 1. In fu ture, we aim to
test to what extent can these results b e used to �nd initial gues ses for the numeric algorithms that solve
the problem in the general case.

Other goals for future reseach include calibrating the mo del on Czech d at a and extending the baseline
mo dels to a more elab orate setting; these extensions might b e as follows:

� more sector-sp eci�c parameters (such as the depreciation rate, technology sho cks etc.),

� the intro duction of the government and foreign sectors,

� explicit treatment of the lab our market and its imp erfections,

� incorp orating p ossible price, lab our, and capital adjustment costs.
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Figure 2 The fuzzy max a fuzzy min 

Now we compute the contribution of fuzzy number ( 1,2,..., )iF i n�  toward the fuzzy max by the following 
formula 

max
( )

( )

[ ( ) ( )]

( )
( )

i

i

i

i

F
S F

i

F
S F

x x dx

P F
x dx

� P � P

�P

�š

� 
�³

�³
, 

where ( )iS F is the definition scope of i-th fuzzy number iF .  

Similarly, the contribution of fuzzy number ( 1,2,..., )iF i n�  toward the fuzzy min is defined by 

min
( )

( )

[ ( ) ( )]

( )
( )

i

i

i

i

F
S F

i

F
S F

x x dx

N F
x dx

� P � P

�P

�š

� 
�³

�³
. 

The contribution of fuzzy number iF  toward to fuzzy max, or fuzzy min is displayed by the following two 
graphs (Figure 3). 

  
Figure 3 The contribution of iF  toward the fuzzy max and fuzzy min 

In the next step, we rank the fuzzy numbers according to ( )iP F  descending and ( )iN F upwardly. Two rankings 
are compared. If both raking orders are identical, the algorithm stops. If not, we will pick the fuzzy numbers 
sharing the same positions and perform pairwise comparison via the rules described in the following section.  

We calculate the composite index  

( )
( )

( ) ( )
i

i
i i

P F
CP F

P F N F
� 

��
. 

And now all fuzzy numbers sharing the same position are ranked descending according to this indicator. If the 
index is identical for more fuzzy numbers, it is not possible to distinguish them. Then we use the second rule, 
thus we compare the absolute sum of ( )iP F  and ( )iN F . One of the following relations must hold 
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With the increase of price of fuel there will be an increase in traffic of railway and metro. Higher correlation 
dependencies were waylaid between the performance of rail transport in case of maintaining excise duty on the 
border of CZK 11.84 for petrol and 9.95 for diesel and maintenance of VAT at 19%. In the case of bulk power 
stations were established interdependence between the price of fuel (petrol and diesel) with excise duties and 
VAT, whose development was accompanied by changes. 

On the contrary, the case of rising fuel prices will lead to a reduction in performance of trolleybus transport. 
Higher dependence between gasoline price and performance of trolleybus transport was demonstrated in the case 
of oil prices from the treated excise taxes in the case of gasoline excise original and modified, but the original 
VAT (see Figure 4). 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 4 The relationship between fuel price and performance of selected modalities 

In the event of an increase of fuel prices was seen positive correlation between the price of fuel and 
registrations of new cars with diesel engines and drive vehicles LPG, CNG (see Figure 5). 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 5 The relationship between fuel price and new car registrations by type of fuel 

This clarified the annual growth of each new car registrations (see Figure 6). Although, there was a 
presumption that the increased price of fuel will be restricted in the use of vehicles with higher consumption, 
where you can include the vehicle's age, dependency between registration of old vehicles and fuel price has not 
been demonstrated. 
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The second step is the estimation of the Taylor rule 
 �� �� 11 ,t i t i t ti const i i�I �I �H��� �� �� �� ��   (7) 

 10.06 0.50 0.50 ,t t ti i i ��� �� �� ��   (8) 
where the ti  is represented by the fitted values from the (6). The estimated Taylor rule can be written in this 
form 
 �� �� 1� Ö � Ö1 0.5 0.30 1.83 0.5 .t t t ti i y i�S ��� �� �� �� ��� ª � º� ¬ � ¼  (9) 
Both equations (5) and (7) are estimated using the OLS in SAS. 

The second method of the estimation of the Taylor rule is one step method. The estimation of all parameters 
in the (1) is performed using the SAS software and the Marquardt algorithm. This is an algorithm for least-
squares estimation of nonlinear parameters. For details see Marquardt [9]. The results of the estimation proce-
dure are in the Table 3.  

parameter description estimate std. error lower upper pr > |t| 
i�I  interest rate smoothing parameter 0.6213 0.0675 0.4855 0.7571 <0.0001 

�S�O  inflation weight 0.3462 0.0702 0.2049 0.4874 <0.0001 

y�O  output gap weight 6.1907 5.7605 -5.3979 17.7793 0.2880 

Table 3 Parameter estimates 

Figure 4 and Figure 5 show the short-term interest rate and fitted values. It is obvious that the Taylor rule 
works well in the Czech economy. The bad fact is the poor estimate of y�O . Root Mean Square Error is in case of 
two step (instrumental) method equal to 0.071 and in case of Marquardt estimation method is equal to 0.065. 

The Ministry of Finance of the Czech Republic calibrates parameters as follows (Table 4) 
parameter description estimate HUBERT 

i�I  interest rate smoothing parameter 0.6213 0.70 

�S�O  inflation weight 0.3462 1.50 

y�O  output gap weight 6.1907 0.25 

Table 4 Parameter estimates vs. Calibrated values in DSGE model HUBERT 

As one can see, except of interest rate smoothing parameter i�I  the values are completely different.  

 
Figure 4 Instrumental method and its fit to data 

 
Figure 5 Marquardt  method and its fit to data 

6 Conclusion 
The paper deals with the empirical analysis of the Taylor rule. This rule is very common in the New Keynesian 
models. The Taylor rule exists now in a lot of forms, but in the paper is analyzed the Taylor rule discussed by 
Svensson [13]. The rule is implemented in the DSGE model HUBERT which is used by the Ministry of Finance 
of the Czech Republic and its purpose is to analyze the impacts of fiscal policy. In the estimation of the DSGE 
model one has to calibrate values of the parameters which are in the Taylor rule. These parameters of the model 
have to be calibrated and this paper provides the deeper analysis of the rule and its fit to data. 





Diversi�cation-consistent DEA-risk tests { solution
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Abstract.

In this paper, we will propose numerically tractable formulations of the
diversi�cation-consistent DEA tests, which generalize traditional DEA tests
as well as mean-risk models. We employ general deviation measures to mea-
sure risk of the investment opportunities. We will compare strength of the tests
and give characterizations of e�cient and ine�cient investment opportunities.
US industry representative portfolios will be ranked using the proposed DEA
tests.
Keywords: Data envelopment analysis, diversi�cation, deviation measures,
e�ciency, US industry representative portfolios
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1 Introduction

Data Envelopment Analysis (DEA) was introduced by Charnes, Cooper and Rhodes [11] as a tool for
testing e�ciency of decision making units with the same structure of consumed inputs and produced
outputs. Many generalizations have been proposed since than taking into account various aspects of
production theory and practical applications, see, e.g., Cooper et al. [13]. A special attention has been
given to applications of DEA models in �nance. Murthy et al. [19] accessed in their seminal work
the e�ciency of mutual funds based on their mean-risk pro�le and transaction costs. More precisely,
the indicators, which are preferably minimized by investors (e.g. risk, transaction costs), served as the
inputs, and those, which are maximized (e.g. expected return), were used as the outputs. DEA model
with variable return to scale introduced by Banker et al. [1] was employed. Similar e�ciency tests based
on DEA were proposed also by Basso and Funari [2], Branda and Kopa [8], Chen and Lin [12], where
also other inputs and outputs were considered.

Several authors realized that the standard DEA tests employed in �nance do not take into account
dependencies between the assets. Namely, risk measures used as the inputs were combined linearly in the
dual formulations, which does not correspond to proper diversi�cation. It was even shown by Branda [6]
that ignoring diversi�cation leads to weaker tests which identify signi�cantly higher number of e�cient
investment opportunities. DEA tests with diversi�cation were introduced by Briec et al. [10], Joro and
Na [14], Lozano and Guti�errez [16], Branda [3]. However, these models were limited to particular inputs
and outputs. Recently, Lamb and Tee [15] employed positive parts of coherent risk measures as the
inputs and return measures as the outputs and introduced a general class of diversi�cation-consistent
tests. Several extension were proposed by Branda [6] who introduced input and input-output oriented
tests focusing on the strength of the tests. Moreover, he avoided cutting the negative part of risk
measures and suggested general deviation measures (Rockafellar et al. [20]) to quantify riskiness as the
inputs. The resulting models can be seen as generalizations of Markowitz mean-risk models [17, 18],
where variance and semivariance were used to quantify risk and which both belong to the class of general
deviation measures. Branda and Kopa [9] even showed equivalence between particular new DEA tests
and stochastic dominance e�ciency tests.
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This paper is organized as follows. In Section 2, we will propose basic notation and axiomatic de�-
nitions of deviation and return measures. Standard DEA tests and diversi�cation-consistent extensions
are proposed in Section 3. In Section 4, we employ the DEA tests to access e�ciency of 46 US industry
representative portfolios.

2 Preliminaries and notation

In this section, we introduce basic notion and review the axioms of deviation and return measures, which
will serve as the inputs and outputs in the following DEA tests. Let X be a set of random returns of
available investment opportunities corresponding to one single asset or to a portfolio consisting of many
assets. We considern assets and denoteRi the return of i-th asset which is a real random variable de�ned
on the probability space (
 ; A ; P ). We will use the set with no short sales enabling full diversi�cation:
X = f

P n
i=1 Ri x i :

P n
i=1 x i = 1; x i � 0g: Other choices of the set are also possible, e.g. with limited

number of assets, allowing short sales, borrowing or including proportional and �xed transaction costs,
cf. Branda [4, 6].

Functionals D : L 2(
) ! [0;1] are called general deviation measures if they satisfy:
(D1) translation invariance: D(X + C) = D(X ) for all X and constantsC,
(D2) positive homogenity: D(0) = 0, and D(�X ) = �D (X ) for all X and all � > 0,
(D3) subadditivity: D(X + Y ) � D (X ) + D(Y ) for all X and Y ,
(D4) nonnegativity: D(X ) � 0 for all X , with D(X ) > 0 for nonconstant X .
Note that the axioms (D2) and (D3) imply convexity. The main examples are standard deviation and
semideviations.

Functionals E : L p(
) ! (�1; 1] are called return measures if they satisfy:
(E1) translation equivariance: E(X + C) = E(X ) + C for all X and constantsC,
(E2) positive homogenity: E(0) = 0, and E(�X ) = �E (X ) for all X and all � > 0,
(E3) superadditivity: E(X + Y ) � E (X ) + E(Y ) for all X and Y ,
(E4) monotonicity: E(X ) � E (Y ) when X � Y .
The spaceL p(
) is selected so as the measures are �nite, usuallyp = 1. The axioms (E2) and (E3) imply
concavity of the functional. It is obvious that expectation ful�lls the axioms. Moreover, coherent risk
measures multiplied by a negative constant can be used as return functionals, see Lamb and Tee [15].

3 DEA-risk tests

In this section, we will formulate several DEA tests, which will be employed in the numerical study to
access e�ciency of US market portfolios. We start with the standard model with variable return to
scale. We can simply demonstrate its drawbacks and motivate an introduction of the DEA tests with
diversi�cation. The e�ciency is expressed by the optimal value of the corresponding DEA tests { we say
that an investment opportunity is e�cient if the optimal value is equal to 1, otherwise we say that it is
ine�cient.

Traditional mean-risk (mean-deviation) e�ciency can be de�ned as follows: an investment opportunity
is e�cient if there is no other investment opportunity with higher or equal expected return and lower of
equal risk (deviation) with at least one inequality strict. This approach to e�ciency is extended by the
following DEA tests where K deviation measures andJ return measures are employed at the same time.

3.1 Traditional input oriented tests

We are going to access e�ciency of an investment opportunity R0. We assume that the benchmarkR0
is not constant, which implies that the employed deviation measures are positive. The standard DEA
test with variable return to scale introduced by Banker et al. [1] can be formulated in the dual form as
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a linear program as follows:

� V RS (R0) = min
�;x i

�

s:t:
nX

i=1

x i Ej (R i ) � E j (R0); j = 1; : : : ; J;

nX

i=1

x i Dk (R i ) � � � Dk (R0); k = 1; : : : ; K;

nX

i=1

x i = 1; x i � 0; 1 � � � 0:

This dual formulation shows the main problem of the standard DEA tests in �nance. It compares
benchmark deviation with a linear combination of assets deviations, which has no �nancial or economical
meaning. This drawback is removed by the diversi�cation consistent (DC) tests proposed in the following
parts.

3.2 Input oriented diversi�cation-consistent tests

The input oriented test can be extended to take into account diversi�cation. This can be simply done by
interchanging the deviation and sum operators resulting into

� I (R0) = min
�;x i

�

s:t: Ej

 
nX

i=1

Ri x i

!

� E j (R0); j = 1; : : : ; J;

Dk

 
nX

i=1

Ri x i

!

� � � Dk (R0); k = 1; : : : ; K;

nX

i=1

x i = 1; x i � 0; 1 � � � 0:

It can be shown that for convex deviation measures and concave return measures this test is stronger
than the standard one, i.e. for any benchmarkR0 it holds � V RS (R0) � � I (R0) for arbitrary R0 2 X ,
see Branda [6]. We can obtain a mean-deviation e�ciency test by restricting the number of considered
inputs and outputs to one per class.

3.3 Input-output oriented diversi�cation-consistent tests

We assume thatEj (R0) is positive for at least one j . An input-output oriented test where ine�ciency is
measured with respect to the inputs and outputs separately can be formulated as follows

� I �O (R0) = min
�;’;x i

�
’

s:t: Ej

 
nX

i=1

Ri x i

!

� ’ � Ej (R0); j = 1; : : : ; J;

Dk

 
nX

i=1

Ri x i

!

� � � Dk (R0); k = 1; : : : ; K;

nX

i=1

x i = 1; x i � 0; ’ � 1; 1 � � � 0:

The benchmark investment opportunity R0 is e�cient if and only if there is no other investment oppor-
tunity with lower or equal deviations and higher or equal returns with strict inequalities for at least one
group. The optimal value can be seen as a ratio of minimal necessary improvement (=decrease) of inputs
and minimal necessary improvement (=increase) of outputs to reach the e�ciency.
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The following reformulation was derived by Branda [7]. If we set 1=t= ’ and substitute ~x i = tx i ,
~� = t� , and ~’ = t’, the decision variables ~’ and t can be omitted resulting into an input oriented DEA
test with nonincreasing return to scale (NIRS):

� I �O (R0) = min
~�; ~x i

~�

s:t: Ej

 
nX

i=1

Ri ~x i

!

� E j (R0); j = 1; : : : ; J;

Dk

 
nX

i=1

Ri ~x i

!

� ~� � Dk (R0); k = 1; : : : ; K;

nX

i=1

~x i � 1; ~x i � 0; 1 � ~� � 0:

Note that it is important for the reformulation that all inputs Dk and all outputs Ej are positively
homogeneous. Since the general deviation measures are convex and the return measures are assumed
to be concave, we obtained a convex programming problem. Similar class of input oriented tests was
proposed by Lamb and Tee [15], where the assumption of NIRS was suggested for �nancial applications.
Note that the input-output oriented test is stronger than the input oriented test, i.e. we obtain the
relation between the optimal values � I (R0) � � I �O (R0) for arbitrary R0 2 X .

4 Numerical results

In this section, we employ the DEA tests proposed above to access e�ciency of 46 US industry repre-
sentative portfolios observed monthly from January 2002 to December 2011, see Branda and Kopa [9]
for details. We consider discretely distributed returns r is , s = 1; : : : ; S with equal probabilities 1=S, in
our caseS = 120. For general continuous distributions we can obtain similar problems using sample
approximation technique, cf. Branda [5]. CVaR deviation on level � can be then formulated as

DS
�

 
nX

i=1

Ri x i

!

= min
� 2R

1
S

SX

s=1

max

(

(
nX

i=1

x i r is � � );
�

1 � �
(� �

nX

i=1

x i r is )

)

We considerDS
� for various levels � k 2 (0; 1); k = 1; : : : ; K , in particular � k 2 f0:75; 0:9;0:95;0:99gand

K = 4, as the inputs and the expectation as an output, i.e. J = 1 and E1(X ) = EX . This leads to the
following linear programming problem for the input-output oriented test:

� I �O (R0) = min
�;x i ;u sk ;� k

�

s:t:
nX

i=1

E[Ri ]x i � E[R0];

1
S

SX

s=1

usk � � � DS
� k

(R0); k = 1; : : : ; K;

usk �

 
nX

i=1

x i r is � � k

!

; s = 1; : : : ; S; k = 1; : : : ; K;

usk �
� k

1 � � k

 

� k �
nX

i=1

x i r is

!

; s = 1; : : : ; S; k = 1; : : : ; K;

nX

i=1

x i � 1; xi � 0; i = 1; : : : ; n:

Similar reformulations were obtained by Branda [6, 7] for the input oriented and input-output oriented
DEA tests with general probabilities. However, no numerical comparison of these approaches was reported
in the previous papers.

We solved the DEA problems by the CPLEX 12.1 solver using the modeling system GAMS 23.2.
Selected e�ciency scores can be found in Table 1. We selected only the seven portfolios which are
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e�cient according to the VRS DEA test which is the weakest. The stronger DC tests identi�ed only the
portfolio Coal as e�cient. Most of the VRS e�cient portfolios are highly ranked also by the DC tests.
The only exception is Drugs, which is ranked by the input-output oriented DC test very badly. We also
computed correlations between the optimal values. Perhaps surprisingly we observed higher correlation
between the e�ciency scores of the VRS and input oriented test (0.97) than between the DC tests (0.70).
The simplest explanation is the common orientation on inputs. Ranking of all representative portfolios
can be found in Table 2.

Food Smoke Hshld1 Drugs Mines Coal Meals
VRS 1.00 1.00 1.00 1.00 1.00 1.00 1.00

DC Inp 0.93 0.87 0.87 0.91 0.83 1.00 0.86
DC I-O 0.65 0.87 0.55 0.27 0.83 1.00 0.84

Table 1 E�cient industry representative portfolios and scores

5 Conclusions

In this paper, we have compared several approaches to e�ciency of investment opportunities based
on DEA. The traditional DEA test with variable return to scale has been shown much weaker that
the extensions with diversi�cation. These diversi�cation consistent tests identi�ed only one portfolio
as e�cient. However, the resulting rankings are signi�cantly di�erent. The diversi�cation-consistent
tests can be also seen as supere�ciency models for the standard VRS DEA tests saying how much the
benchmark inputs and outputs need to be improved to reach the e�ciency frontier. Future research will
be devoted to multiperiod{dynamic extensions.

Agric Food Soda Beer Smoke Toys Fun Hshld Clths Hlth
VRS 18 1 17 8 1 30 42 1 13 26

DC Inp 19 2 21 8 4 32 42 4 13 25
DC I-O 13 8 11 14 2 37 27 15 7 42

MedEq Drugs Chems Rubbr Txtls BldMt Cnstr Steel FabPr Mach
VRS 21 1 22 36 46 39 38 45 44 26

DC Inp 15 3 27 34 45 38 39 46 44 31
DC I-O 29 35 18 25 38 26 30 35 34 19

ElcEq Autos Aero Ships Guns Gold Mines Coal Oil Util
VRS 31 40 20 10 28 14 1 1 11 9

DC Inp 33 41 23 18 30 11 7 1 12 9
DC I-O 21 41 15 9 22 5 4 1 6 12

Telcm PerSv BusSv Comps Chips LabEq Paper Boxes Trans Whlsl
VRS 24 29 25 35 41 33 23 15 16 19

DC Inp 19 29 24 36 40 35 22 16 14 17
DC I-O 40 32 39 23 45 33 28 10 17 20

Rtail Meals Insur RlEst Fin Other
VRS 12 1 34 43 37 32

DC Inp 10 6 28 43 37 25
DC I-O 24 3 43 31 44 46

Table 2 Ranking of the industry representative portfolios
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Figure 1 Small-scale project with the indication of a critical path. 

 
A critical path of a project (Figure 1) is composed of activities A, C, D, F, I, J, K and N. If we derive pro-

posed criticalness indicators for all activities (Table 1), some activities, which do not lie on a critical path, can 
be regarded, as concerns their values, as a greater threat to the project than activities which lie on a critical path. 
Several activities have much higher criticalness towards the project than a critical path method reveals.  
 

Task Days Time crit i-
calness 

Probability of 
crit ical path Slack Slack criti-

calness Cost Cost criti-
calness Work  Work 

critica lness 

A 75 0.188 1 140 1 1350 0.121 450 0.049 
B 165 0.413 0.33 60 0.407 990 0.088 495 0.053 
C 30 0.075 0.33 140 1 630 0.056 630 0.068 
D 25 0.063 0.33 140 1 175 0.016 175 0.019 
E 115 0.288 0.33 5 0 690 0.062 345 0.037 
F 20 0.050 0.11 140 1 60 0.005 60 0.006 
G 25 0.063 0.11 70 0.481 150 0.013 150 0.016 
H 35 0.088 0.11 25 0.148 210 0.019 210 0.023 
I  75 0.188 0.11 140 1 1575 0.141 1575 0.170 
J 55 0.138 0.22 140 1 1155 0.103 1155 0.125 
K 75 0.188 0.33 140 1 2025 0.181 2025 0.218 
L 35 0.088 0.33 60 0.407 875 0.078 875 0.094 
M 30 0.075 0.33 5 0 360 0.032 180 0.019 

N 45 0.113 1 140 1 945 0.084 945 0.102 

MADM 1   MAX  MAX   MAX   MAX   MAX  

DEA INPUT  INPUT INPUT  INPUT  INPUT  

Table 1 Activity criticalness indicators, input values for MADM.  

 
Activities B and L which are not on a critical path and have a time reserve have, in regard to MADM (Table 

2), higher criticalness values than activities that lie on a critical path. The order of activities is determined ac-
cording to a total rank. In particular, activity B surpassed in its values other three activities on a critical path. The 
significance and impact of activity B towards the whole project is much higher than it can be assumed from the 
results of a critical path method. 
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Task Multiplicative 
model Rank Aditive 

model Rank Additive model 
with weights Rank CCR-O 

super Rank Suma of 
ranks 

Total 
rank 

A 0.00110 2 2.357 1 0.395 1 282% 1 5 1 
K 0.00245 1 1.917 3 0.325 3 266% 2 9 2 
N 0.00097 3 2.299 2 0.384 2 183% 5 12 3 
J 0.00039 5 1.585 5 0.252 5 200% 4 19 4 
I  0.00049 4 1.608 4 0.260 4 100% 9 21 5 
B 0.00026 6 1.292 8 0.220 7 243% 3 24 6 
C 0.00009 7 1.529 6 0.236 6 133% 6 25 7 
D 0.00001 9 1.427 7 0.211 8 117% 8 32 8 
L 0.00009 8 0.997 10 0.174 9 130% 7 34 9 
F 0.0000002 12 1.172 9 0.161 10 40% 13 44 10 
E 0 13 0.716 11 0.136 11 100% 9 44 10 
G 0.0000007 10 0.684 12 0.101 12 90% 11 45 12 
H 0.0000006 11 0.387 14 0.065 14 56% 12 51 13 

M 0 13 0.457 13 0.088 13 37% 14 53 14 

Table 2 Results of MADM models and the rank of activities based on criticalness. 

 
Deeper consideration should be given to the model DEA (CCR-O super) which introduces certain sturdiness 

and better results interpretation to activity criticalness evaluation. The appearing value 100% for some activities 
can be interpreted as the activity which is at its inputs (Time criticalness, Probability of Critical path, Slack criti-
calness, Cost criticalness, Work criticalness) adequately critical toward a project and which is at its limit of criti-
calness towards the project and can be regarded as critical. Therefore, a significant finding could again be value 
243% for activity B which does not lie on a critical path, has a time reserve and is the third most critical activity 
towards the project based on the model CCR-O super.   
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Figure 2 Comparison of activity criticalness indicators and MADM model results.  

 
The final values of indicators and the rank obtained using MADM can be further illustrated in a graph (Fig-

ure 2), which shows that activity criticalness in the project is versatile and across activities descending, and it 
does not really correspond to the results of a critical path method.  
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Abstract. The goal of this paper is to document and summarize main stylized
facts about labour market data in transition and developed countries. First,
we report various correlations among labour market variables at di�erent leads
and lags and at various frequencies (growth rates and cycles), and compare
them across countries. Second, we investigate the time-varying nature of these
features paying attention to times of �nancial distress. We conclude that there
are robust relations among the variables across countries and times at business
cycle frequency, that the cyclical comovement between real output and selected
labor market indicators is strong. On the other hand, correlations in growth
rates are not similar across countries and times. The paper concludes with
our assessment of what these �ndings imply for dynamic general-equilibrium
macroeconomic models with labour market.
Keywords: Labour market modeling, stylised facts, time-varying correlations
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AMS classi�cation: 62P20

1 Introduction

The goal of this paper is to document and summarize main stylized facts about labour market data
in several countries. This may be useful for various reasons. First, one may be interested to know
which data features are robust across countries and which depends on countries’ characteristics, such as
labour market regulation. Second, the results can be used to constructing a set of empirical checks when
constructing structural models with explicit labour market blocks. Prominent examples of such structural
models are Dynamic Stochastic General Equilibrium (DSGE) models with labour market frictions. In
this paper, we are interested mainly in the second question and seek to �nd facts that are robust across
countries and times and which a successful structural model should replicate.

An alternative check of a structural model is a comparison of its impulse responses with those based
on theoretical models, mostly often structural vector autoregression (SVAR) models. We do not opt
for this alternative. Firstly, this has been done countlessly before, and secondly, realistic and credible
identi�cation of SVARs is notoriously di�cult if possible at all. 1 Hence we instead focus on correlation
analysis to characterise stylized patterns at various frequencies (mainly at cycles), and their stability.
Thus, we report various correlations among labour market variables at di�erent leads and lags and
compare them across countries. Then, we investigate the time-varying nature of these features paying a
special attention to times of �nancial distress.

We �nd that there are robust relations among some variables across countries and times at business
cycle frequency, that the cyclical comovement between real output and selected labor market indicators
(mostly unemployment and hours) is strong and that these cyclical features hold not only in normal
times but also during the times of �nancial crises. On the other hand, we �nd little evidence for such a
robust relation between wages and output or wages and unemployment or hours. This implies that the
structural models should pay more attention to �t the �rst type of the feature, as its more quantitative
important and more stable in time and in space. This paper is a part of our ongoing research focus and in

1Czech National Bank, Macroeconomic Forecasting Division, Na P�r��kop�e 28, Praha 1, Jan.Bruha@cnb.cz
2Czech National Bank, Macroeconomic Forecasting Division, Na P�r��kop�e 28, Praha 1 and Faculty of Economics and

Administration, Masaryk University, Jiri.Polansky@cnb.cz
1See [4] or [1] who provide examples of impossibility of identi�cation of SVAR models in economies with realistic

structures.
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future we will extend presented results by a more detailed analysis of data and more extensive discussion
of results.

2 Data

Up to now, we were able to obtain data from 33 countries for the analysis. When selecting countries,
we want to cover a majority of European economies (transition as well as developed) and some other
developed (OECD) countries. We have also data on Turkish economy, as it is now a market economy
with its rapid economic development. Such a variety allows us to provide as robust analysis as possible
due to di�erent structural characteristics of labour market in di�erent countries and also to deal with
short time series in some countries. Some countries have relatively short times series (less than 10 years).
However, if we �nd that some feature is present in most countries regardless their degree of development
and regardless the time span of available data, such a feature should be judged as important, even if its
identi�cation in a single given country would be di�cult.

All data come from statistical o�ces and national banks’ databases. For each country, we collect real
GDP, real consumption, real investment, various employment time series, total hours worked, unemploy-
ment rate and its level, nominal wages, compensation of employees, labour force and participation rates.
However, we were unable to collect all data for all countries. Most data have quarterly frequency, some
data were available at monthly frequency only. In that case, we have transformed these monthly data to
quarterly data. Our all analyses are thus done on the quarterly data.

All in all, we were able to collect data on these countries: Austria, Australia, Belgium, Bulgaria,
Canada, Cyprus, the Czech Republic, Denmark, Estonia, Finland, France, Germany, Hungary, Iceland,
Ireland, Italy, Japan, Latvia, Lithuania, Malta, Netherlands, Norway, New Zealand, Poland, Portugal,
Romania, Slovakia, Slovenia, Spain, Sweden, the United Kingdom, the United States, Turkey.2

3 Correlation analysis

As a �rst step in our analysis, we report various sample correlations among labour market variables at
di�erent leads and lags and at various frequencies (trends and cycles), and compare them across countries.
Gap time series have been acquired by the Hodrick-Prescott �lter [5] �lter with the usual value of the
smoothing parameter for quarterly frequency � = 1600.3 We carry out the �ltration for all time series,
including unemployment, in order to �lter out some structural changes in the labour market (which can
be recently relevant for example for Germany).

Figure 3 presents correlation analysis among selected variables at the -6 to 6 leads-lags interval. The
�gure contains the statistics for all countries in the sample. In each panel, the bold line depicts the
median of the sample correlations at the selected lag, the dark shadow area is the interquartile range,
and the light shadow area range based on all available countries.4 If the dark (or even light shadow) area
is thin, it means that the underlying correlation is very similar for all countries in the sample. The �rst
row in this �gure shows correlations between GDP at and hours worked, employment level (persons) and
unemployment rate. In the second row, the �rst subplot presents correlation between wage bill and the
GDP. Next two panels show correlations between nominal wages and employment level and unemployment
rate, respectively. The third row in the �gure presents correlations between real consumption and GDP,
unemployment rate and the wage bill. The next three rows are analogous for growth rates (trends).

There are two main interesting �ndings derived from Figure 3. First, there are robust relations among
the variables across countries at business cycle frequency and that the cyclical comovement between
real output and some of labor market indicators is strong. This is particularly true for hours worked,
employment and unemployment. The output-wage comovement is weak (if it is present at all) and the
degree and the sign of this comovement vary across countries. On the other hand, at lower frequencies,
all the relations are relatively weak. This is corroborated by the fact that the comovements is apparently
much weaker for growth rates (which implicitly contain the movements across all frequencies), while they

2The data come from Eurostat, Australian Bureau of Statistics, Statistics Canada, OECD National Accounts Statistics,
OECD Main Economic Indicators, Statistics New Zealand, Statistics Korea, Turkish Statistical Institute, and FRED.

3We check the results also using the band pass Christiano-Fitzgerald �lter [3] and the results are essentially the same.
4Since not all data are available for all countries, the sample of countries can be di�erent for each panel. E.g. since the

hours worked are not available for some countries, the �rst panel is based on less countries than the second etc.
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are strong for gap variables. The implication for developing of a DSGE model with an elaborate labour
market block, it is much more important to capture these cyclical patterns than correlations in growth
rates.

An interesting question is the typical lag where the correlation between any two gaps peaks (i.e., it
is the largest in the absolute value). Figure 3 presents a histogram with these correlation peaks for all
countries. E.g. the correlation between the real GDP gap and the gap in hours worked is maximal for 10
countries with no lag, while for another 10 countries it is maximal when the gap in hours lags the output
gap by one quarter. From the �rst row of Figure 3, it is apparent that for most countries, employment
and unemployment lagged the output gap by one or two quarters. For a smaller subset of countries, the
correlation is largest for contemporaneous variables5. Again, for the correlation of wages with the rest of
variable, we do not �nd any interesting pattern (see the second row in Figure 3).

Figure 3 plots the boxplots of the (base 10) logarithm of the standard deviations of gaps in variables
relative to the standard deviations of the output &rel

x = log 10

�
� gap

x
� gap

GDP

�
, where � gap

x is the sample standard
deviations of the cyclical part of the time seriesx. The boxplots are organized as follows: on each box, the
central red mark is the median, the edges of the box are the 25th and 75th percentiles, the whiskers extend
to the most extreme datapoints considered to be not outliers6, and the outliers are plotted individually
by red crosses. The logarithmic transformation was chosen for better readibility of the picture. Obviously
&rel
x < 0 means that the gap in the respective variable is less volatile than the output gap, while&rel

x > 0
means the opposite. If&rel

x
�= 1, the gap in the variable x is about 10times volatile than the output gap.

Again, some robust facts emerge. The investment and unemployment gaps are much more volatile
than the output gaps in all countries. The consumption gap has on average the same volatility as the
output gap, while the gaps in employment, hours worked and labour force is typically less volatile than
the output gap, even if there are few outliers here. Nevertheless, for a typical economy in the sample,
the volatility of these three variables is lower.

The results for the gaps in wages and wage bills are diverse and as in the case of correlation we cannot
characterize a typical country in the sample: there is no systematic pattern of the relative volatilities for
these countries. We also looked whether there is a relation between relative volatilities of wage gaps and
employment or hour gaps, but we have not found any systematical pattern7.

4 The stability of correlation in time

Recently with the advances in computational power, researchers started using the sophisticated models
with time-varying parameters. Many times, the researchers conclude that the parameters are not stable,
especially with the �nancial and macroeconomic crises after 2009. In lights of these �ndings, the natural
question therefore is whether the facts reported in the previous part of the paper are stable in times.

To answer this question, we employ the approach suggested by [2]. This approach is based on the
computation of the recursive correlations:

� s1 s2
it =

P t +s 2
� =t �s 1

(x � � �xs1 s2
t )(y � � �ys1 s2

t )
q P t +s 2

� =t �s 1
(x � � �xs1 s2

t )2
q P t+s 2

� =t�s 1
(y� � �ys1 s2

t )2
;

where � s1 s2
it is the correlation between variablesx and y in country i, centered at time t, �xs1 s2

t is the
recursive mean of the variablex (�xs1 s2

t = 1
s1 +s 2 +1

P t+s 2
� =t�2 1

x � ) and analogously for �ys1 s2
t .

Given a binary indicator zt , one can test whether the recursive correlations� s1 s2
it are systematically

di�erent in times when zt = 1 comparing to times when zt = 0. The details of the test are described
in [2]. Alternatively, one could ran a regression of� s1 s2

it on zt . We apply this procedure for the case of
recent crisis and hence it is a binary variable equal to one to the post Lehman times and zero otherwise.

5Note that for some countries, the correlations seem to be strongest for 5 or 6 quarter lags. This is a spurious result
caused by previous business cycle.

6Outliers are de�ned as observations larger than P75 + 1 :5(P75 � P25 ) or smaller than P25 � 1:5(P75 � P25 ), where P25
and P75 are the 25th and 75th percentiles, respectively.

7The idea was that countries with high wage volatility could have lower unemployment or employment gap volatility as
the shocks to the economy would be absorbed by prices (i.e. wages) rather than quantities (employment). This conjecture
does not prove.
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Figure 1 Correlation among labour market data
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Figure 2 Peak of correlation among labour market data
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Figure 3 Relative volatilities of the cyclical components
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If there were really a time variation after the beginning of the crisis, one would expect a dependency of
� s1 s2

it on that indicator zt .

We did this test for all countries in our sample for the correlation between output gap and unem-
ployment gap. We do not �nd any evidence of the dependency of this recursive correlation on such an
indicator. There is some, but weak, dependency between the correlation in growth rates. Therefore, we
conclude that the stylized facts based on cyclical data are stable even during the recent crisis, but that
the crisis can slightly a�ect the correlations in growth rates. This latter �nding is probably caused by
the change in low frequency component in data and is subject to our future research.

5 Conclusion

In this paper, we seek for robust stylized facts about labour markets in developed countries. Our �ndings
are following. First, there are subsets of variables which correlates with the real output (and consumption)
gap at business cycle frequencies. These are the hours worked, employment and unemployment. The
correlation in growth rates are weaker, but still present. The gap in these labour market variables
typically lag the output gap by one or two quarters. Moreover, contrary to correlations of growth rates,
the correlation in gaps between these variables seem to be stable in time, even during the recent recession.
The same relationships were not discovered for wages: the correlations of the wage gap and the output
gaps, or between the wage gap and the gaps in the rest of labour market variables are small, and di�erent
between countries.

We can conclude that we �nd a set of robust stylized facts that seem to hold in di�erent countries and
that are stable in time. Therefore, the modelers dealing with structural models with elaborate labour
market blocks should try to replicate these facts as these facts probably represent the true economic
mechanisms in advanced economies.
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Influence of Demographic Data aggregation 
on Accuracy of Facility  Location 

Cebecauer Matej1 
Abstract. When we are solving location problems in spatially large geographical ar-
eas we are dealing with huge numbers of possible candidate locations and serviced 
customers. The problem is that real infrastructure networks at the state level are too 
big and it is not possible to compute corresponding decision problems in a reasona-
ble time. The commonly used approach for solving such problem sizes is to use data 
aggregation where all customers are aggregated into predefined points. The aim of 
this paper is to investigate influence of aggregation to results of optimization prob-
lems. First, we generate primary network based on the method called spatial decom-
position. This method does not remove any data from network, but instead it breaks 
down the network into smaller parts while keeping the connectivity among all adja-
cent segments. To control the degree of aggregation we vary the size of cells cover-
ing the geographical area. The maximal size of cells corresponds to the macroscopic 
data model. Furthermore, we compare the results of p-median problem for different 
aggregation levels and evaluate the influence of data aggregation on the accuracy of 
location decisions. 

Keywords: aggregation, network design, networks and graphs, p-median. 

JEL Classification: C44 
AMS Classification: 90C15 

1 Introduction  
The aim of this paper is to investigate and show the influence of spatial aggregation on the accuracy of facilities 
location. The spatially large realistic geographical areas contain huge numbers of possible candidate locations 
and customers. The reason of aggregation is that original problem is too big to be solved in a reasonable time. 
The idea behind aggregation is reduction of size of the problem. The result of commonly used aggregation of 
geographical areas is the fact that towns and villages are spatially non-dimensional points and that a certain point 
represents all of inhabitants of a town, but in the reality 20 000 people do not live in one point, but they exists in 
a certain space. It is obvious that this fact can have influence on solution. Hillmans [5] described aggregation 
errors in measuring distance between customers and facilities. And we describe aggregation errors with answer-
ing the question of influence of spatial aggregation on the accuracy of p-median facilities location.   

The paper is structured as follows. In section 2 we describe commonly used aggregation, which we call 
macroscopic level and we propose an algorithm to the layout population and how to obtain different aggregated 
levels. Section 3 deals with the proposition of experiments and we introduce price of aggregation and distortion 
of aggregation, which express the aggregation errors. Finally, in section 4, we shall summarize our conclusions. 

2 Data model 
For our investigation we need microscopic geographical data. The free source of this kind of data is server 
OpenStreetMap which we describe in this section. Then we propose in [2] an algorithm for the layout of popula-
tion to the two-dimensional space and how to obtain different levels of aggregated population used in this paper. 
The result of  creation  of the data model in this section is a network or graph usable for optimization problems. 

2.1 OpenStreetMap 
The project OpenStreetMap(OSM), born at University College London in July 2004, was founded by Steve 
Coast. OSM is an open source map server. All data and added information are available for free and cover the 
whole world. OSM contains realistic actual data from the whole world an allows to get enormous number of 
large-scale heterogeneous networks such as roads, railways, shops, restaurants, hospitals, fire/police stations, etc. 
You can see [1],[4] for more information. 

                                                           
1 University of Zilina,  Faculty of management science and informatics, department of transportation networks, Universitna 
8215/5, SK-01026 Zilina, Slovakia, matej.cebecauer@gmail.com. 
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2.2 Microscopic and Macroscopic level 
The commonly used data model in location problems is of macroscopic level with customers represented by 
towns and villages. In this part we describe process how to generate macroscopic level from microscopic level 
obtained from OSM. 

First, we obtain microscopic data about road infrastructure from OSM, because this infrastructure has the 
highest density and the best connection to real customers in their houses. This obtained data form microscopic 
level. Further we aggregate this microscopic data to towns and villages. To make this aggregation automatic we 
have to know areas that belong to each towns or villages. This information about land use of towns can be ob-
tained from OSM as well, just like the main point describing the coordinates and population in the towns. With 
this data we carry out decomposition method which we explained in more details in [2]. The result of decompo-
sition method are two levels of namely macroscopic level and microscopic level divided into segments which 
represent microscopic data of all towns and villages on the macroscopic level. The only part of decomposition 
method in this work we need is the macroscopic level, because we work with problems of such a size that we are 
able to compute them as one entity on a microscopic level, so that we do not need microscopic segments.  

 
   (a)           (b)      (c) 

Figure 1 (a) The microscopic level with administrative border of towns and villages. (b) The zoom in micro-
scopic level with roads infrastructure. (c) The macroscopic level with towns and villages points. 

2.3 Layout of population 
Once we have microscopic level segments, we also need to layout the population. We know the town population 
as well as the roads in segment.  Furthermore, from the OSM we can get buildings and town residential areas 
that are situated in each segment. There are several different ways of allocating population that were described in 
[2]. It is not possible to consider every building or person as a node, because we would get a very large graph, 
and we could not easily find optimal solution in a reasonable time. So we introduce the technique with name 
Grid Estimation Of Population (GEOP) [2] 
1. If there are no buildings or residential areas in a segment, then we put all population into main segment node 

(town point in macroscopic level) and stop. Otherwise we continue to the next step. 
2. We create a spatial grid with items of constant size (size is arbitrary = size of square cells). 
3. We divide all objects of the segment (buildings, residential areas) into grid cells based on coordinates. 
4. We remove all grid cells that are empty (the result is land which we can consider settled). 
5. Afterwards we allocate people into grid cells with regard to the number of buildings and fractions of residen-

tial areas in these cells. 
6. Finally we decide about the location of  the main nodes of grid cells and we connect them to the road net-

work. 
GEOP allows creating data models with different size of Side Of Square Cells (SOSC), so we can simply cal-

ibrate the size of grid cells. Each separate cell represents aggregated population, we call that aggregated custom-
ers. In the Fig. 3. you can see results for different values of SOSC. Smaller values of SOSC are closer to reality 
than larger values. 

  
              (a)             (b)              (c) 

Figure 2  (a) The aggregated level with aggregated customers of SOSC(100). (b) The aggregated level with 
aggregated customers of SOSC(500). (c)  The aggregated level with aggregated customers of SOSC(1000). 
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   (a)        (b) 

   
   (c)       (d) 

Figure 4 The results of the experiments on network ZA. The histograms in graphs represent the number of 
aggregated customers in each SOSC. (a) The POA, (b) DOA and (c) IOA according to SOSC and the (d) POA 
according to aggregated customers.   

    
   (a)       (b) 

   
   (c)       (d) 

Figure 5 The results of the experiments on network MT_TT. The histograms in graphs represent the number 
of aggregated customers in each SOSC. (a) The POA, (b) DOA and (c) IOA according to SOSC and the (d) POA 
according to aggregated customers.   
 





Real-time versus revised Czech data: a DSGE analysis

Jan �Capek1

Abstract. The paper investigates the effects of using real-time data instead of revised
�nal data within Dynamic Stochastic General Equilibrium (DSGE) framework. Theo-
retically, using most recent, updated historical data for ex-post analyses for a historical
time-sample may be misleading, because revised data were not available at that time.

The contribution uses a small-scale monetary macroeconomic DSGE model to analyze
the importance of real-time data compared to most-recent revised data with a focus on
the differences in decision-making of the monetary authority. The analysis proceeds
from Bayesian estimation of model parameters in a model with real-time data and in
a model with the most recent revised data.

Keywords: real-time data, data revision, recursive estimate, DSGE model

JEL classi�cation: C11, C32, C52, C54, E52, F41
AMS classi�cation: 91B51, 91B64, 91B84, 62P20

1 Introduction

The paper investigates the effects of using real-time data instead of revised �nal data within Dynamic Stochastic
General Equilibrium (DSGE) framework. Theoretically, using most recent, updated historical data for ex-post
analyses for a historical time-sample may be misleading, because revised data were not available at that time. In
case of e.g. monetary macroeconomic models with the usage of revised data, the monetary authority would be
expected to make decisions based on then-unknown data. The contribution uses a small-scale monetary macroeco-
nomic DSGE model to analyze the importance of real-time data compared to most-recent revised data with a focus
on the differences in decision-making of the monetary authority. The analysis proceeds from Bayesian estimation
of model parameters in a model with real-time data and in a model with the most recent revised data. Statistical
signi�cance of the differences in the Bayesian estimates is presented.

Following section introduces the reader to real-time data literature. Literature review focuses on papers that
are relevant for this paper’s aim. Section 3 presents analysis of the data itself with descriptive statistic. Section
4 presents results of recursive estimation on a SOE DSGE model with real-time and revised data. Final section
concludes.

The term �real-time data� addresses data that become available right after collection. In accordance with the
literature on similar topics, this paper understands �real-time data� as data that are available 3-4 months after the
end of a quarter and are typically the �rst estimates published for that quarter.

A �vintage� is a quarter at which the data becomes available, or, the time of publishing. For example, if Czech
statistical of�ce releases during April of 2013 an estimate of GDP growth for last quarter of 2012, it is said that the
data for fourth quarter of 2012 are in vintage of April of 2013.

2 Literature review

The issue of data revising and properties of real-time versus revised data has been investigated in the literature for
a long time and until now, it is still a topic for scienti�c discussion.

The orientation of various literature and methodology differs. Some articles focus on the data itself and investi-
gate properties of real-time data in comparison with revised data. There is also a group of articles that focus on the
in�uence of real-time data on model results, e.g. for forecasting or reactions of monetary policy. This contribution
follows both of these lines of research.

1Masaryk University, Faculty of Economics and Administration, Department of Economics, Lipov·a 41a, 600 02 Brno, capek@econ.muni.cz
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Croushore and Stark [2] investigate properties of a real-time dataset and show that data vintages matter in com-
parison to revised data. Taylor [8] focuses on forecast quality when real-time data are used for its construction.
He shows that forecasting models that use timely data have higher forecasting power. Business cycle analysis in
real-time data environment is done e.g. by Lee et al. [4], who construct real-time macroeconomic database for
Australia. The database exposes the dif�culties in drawing inferences and decision-making based on macroeco-
nomic data that is subsequently revised. Molodtsova et al [6] estimate Taylor rule with revised data and real-time
data. There is a difference between the two estimates in Germany but not so much in the USA. Orphanides and van
Norden [7] examine the reliability of alternative output detrending methods with special attention to the accuracy
of real-time estimates of the output gap. They �nd out that the revision of published data is not the primary source
of revisions in measured output gaps; the bulk of the problem is due to the pervasive unreliability of end-of-sample
estimates of the trend in output. Boivin [1] searches for the differences in drifting parameters with real-time data.
The �ndings suggest important but gradual changes in the Taylor rule coef�cients, not adequately captured by the
usual split-sample estimation.

This contribution follows the trends in literature and it presents analysis on the data itself by descriptive statis-
tics in section 3 and it also calculates model results with recursive estimates in section 4.

3 Data analysis

There is a number of sources of uncertainty concerning the data and its model implementation. This contribution
addresses three of them: (i) the differences in the data by source, (ii) the magnitude of data revisions and (iii) the
differences in detrended data due to data availability at time of detrending.

3.1 Differences in the data by source

Figure 1 depicts the differences between the data from two widely used databases: OECD and Eurostat. The data
should be the same with the exception of in�ation, which is only available as CPI in OECD real-time database
and HICP in Eurostat database. In most cases, the differences are small or none at all, which is the case of both
domestic and foreign interest rates with no error and EuroArea growth with only 0.02 percentage points of average
absolute error. On the other hand, average absolute difference in data series for Czech in�ation differs by a half of
a percentage point, which is not negligible. As the errorbars display, there are no systematic patterns in differences
between Eurostat and OECD data.
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Figure 1 Eurostat and OECD data, Note: (error)bar plot around zero = difference between Eurostat and OECD
data, �avg. abs. err.� = average absolute error in percentage points

�����V�W���,�Q�W�H�U�Q�D�W�L�R�Q�D�O���&�R�Q�I�H�U�H�Q�F�H���R�Q���0�D�W�K�H�P�D�W�L�F�D�O���0�H�W�K�R�G�V���L�Q���(�F�R�Q�R�P�L�F�V����������

�a�����������a



3.2 Magnitude of data revisions

Figure 2 displays the series of real-time data and most-recent updated data, all from OECD database. The dif-
ferences in the series are not insigni�cant and the errorbars in cases of GDP growths show that the deviations
are also non-random. Real-time data tend to underestimate the actual development. For example, in periods of
expansion, real-time data underestimate positive growth in the Czech Republic in 2004/2005 and also in EuroArea
in 2007/2008. As for recessions, both real-time values for domestic and EuroArea economy underestimate the
severity of the crisis of 2009. The average absolute error tops at 1.34 percentage poins (quarterly, per annum) for
Czech GDP growth, which means that the average value of the error is approximately 56% of average GDP growth
over the sample. Average error-to-average value is also very high for EuroArea growth with 39%.
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Figure 2 Real-time and �nal (revised) data, Note: (error)bar plot around zero = difference between �nal and revised
data, �avg.� = simple average of �nal data over the sample, �avg. abs. err.� = average absolute error in percentage
points

3.3 Differences in detrended data due to data availability at time of detrending

This section offers a depiction of a source of uncertainty which is not in the data itself but stems from the need to
detrend the time series prior to modeling. In the model used, EuroArea interest rate is detrended with a linear trend
and since Czech interest rates display even more curvature, Hodrick Prescott trend is used.

This type of analysis uses only revised data series. At �rst, the trend is computed on time series truncated to
30 observations. Then, the truncation moves one-by-one to more observations and the trend is recomputed each
time. This procedure results in a number of time series of different length, each one detrended on its sample. Such
results depict changes in the time series stemming only from the recomputation of the trend.

Figure 3 displays all vintages of detrended data with a solid line and �nal data with a circled line for compari-
son. The last values of each vintage form a real-time data in the second row panels. Time series formed this way
will be addressed �detrend real-time� data in the remainder of the paper. Note that the difference between �detrend
real-time� data and �nal revised detrended data stems only from the fact that detrending is calculated repeatedly
for each length of the series. The third row in Figure 3 displays errorbars that are expectedly systematic.

4 Estimation

4.1 Model and Identi�cation

This paper uses a New Keynesian (NK) Dynamic Stochastic General Equilibrium (DSGE) model. The model is
derived from microeconomic behavior of particular economic agents. These include domestic and foreign house-
holds, domestic and foreign producers, domestic importers and domestic and foreign monetary authority. The
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Figure 3 Differences in detrended data due to data availability

model is in small open economy (SOE) setting, so that it presumes two countries - small open economy that is
in�uenced by a big closed economy. The small open economy is the home Czech economy, the big large economy
is the foreign EuroArea economy. Most of the model assumptions are adopted from Lubik and Schorfheide [5].

The model is estimated by Bayesian methods in Dynare package1 on a dataset with 7 variables. All the esti-
mates share the same prior setting. Convergence of each estimate is checked by Brooks and Gelman convergence
diagnostics.

4.2 Recursive estimates

Recursive estimates are constructed so that as a new data point is added to the existing set, the model is re-estimated.
New values of parameter estimates are then reported. One can argue that if parameters estimates change, it re�ects
the information in the newly-added data.

Recursive analysis is regularly done by policy institutions if newly-data becomes available to actualize the
model for a new round of predictions or forecasting. Recursive analysis is also done on historical sample to
analyze the evolution of policy. The former inevitably uses real-time data, the latter mostly uses updated �nal
data, because the estimation is easier to implement and older vintages of real-time data may not be available. This
sections shows two examples where the choice of real-time versus �nal data does matter.

Figures in this section present four estimates to compare. Estimates based on Eurostat and OECD data are
standard recursive estimates � only the time series of most updated �nal data is used, detrended on the whole
sample and the detrended series is then truncated to mimic shorter sample. Note that the detrended series do not
change at all in this type of estimation, there is just one new data point added in each longer time-frame.

Another approach is a genuine real-time estimate. This sequence of estimates use only data available at the
vintage in question. Each time series may undergo revisions and therefore may be different. Also, detrending is
made on these potentially different series with different number of observations. Although this approach mimics
the historical possibilities of analysis best, it has a drawback that the in�uence of the data revisions and the in�uence
of potentially changing trends cannot be distinguished.

To address this problem, another recursive estimate is introduced. The original data series for estimation are
revised �nal series, but the truncation of the series is done prior to detrending. This estimation therefore does not
re�ect any issues of data revisions but it captures the in�uence of re-detrending in each quarter. It is then possible

1www.dynare.org
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to infer the relevance of data revisions by comparing the genuine real-time estimate and the estimate that covers
the problems arising from consecutive detrending. Note that this type of results was earlier addressed to as based
on �detrend real-time� data. In order to easily see the signi�cance of the results, a 90 % probability band of the
�detrend real-time� estimate is drawn.

The estimates start in second quarter of 1996 and have at least 30 observations. The last observation is third or
fourth quarter of 2012 which makes 66 or 67 observations in the most-recent estimates.

Estimates based on Eurostat and OECD data usually behave similarly, although there may be some vertical
difference between the series of the estimates. However, on the two presented cases, the �detrend real-time�
estimate that covers only the problem of consecutive detrending is different than the former two. This means that
knowledge of the trend is signi�cant and not knowing future trend leads to different estimates. Also, the real-time
estimates differs from �detrend real-time� estimates, which again means that also the nature of the changes in the
data itself due to revisions are signi�cant.
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Figure 4 Recursive estimates of the weight on output growth in a domestic Talyor rule

Figure 4 displays the evolution of recursive estimates of a parameter that is the weight on output growth in a
domestic Talyor rule. It is therefore a preference parameter of domestic monetary authority. The higher it is, the
more important is output growth for the central bank when it set its policy interest rates.

All of the estimates display a tendency of a decline. The tendency is gradual in standard recursive estimates.
On the other hand, the real-time estimate shows no gradual tendency but there is a great drop in the estimate in
fourth quarter of 2008 (denoted as 2009 in the �gure). 2 Since the evolution of the real-time estimate is outside
of 90 % probability bands of �detrend real-time� estimate, the difference is statistically signi�cant. Such result
may be interpreted intuitivelly � from the point of view of real-time data, the oncoming crisis was a shock that
is captured by a major change in the estimate in the quarter in question. Other estimates display gradual decline,
because the information may have been included in revised data and the future trend was known.

Figure 5 displays estimation results for the persistence of domestic interest rate and it displays rather different
development. Both standard recursive estimates calculated on �nal revised data tend upwards from 0.6 to �nal 0.7.
However, both remaining estimates also show a decline in years 2006 and 2007 before converging upwards. This
results may mean that 2006/2007 period is consistent with lower interest rate smoothing that would seem from the
estimates on revised data. Since the evolution of real-time and �detrend real-time� data is similar, the differences
are probably mainly due to re-estimation of the trend rather than in data revision itself. Note also that the results
are not signi�cant at conventional levels so that we can only discuss tendencies.

5 Conclusion

Data from OECD and Eurostat are very similar and the use in a DSGE model does not make much difference.
Comparing revised and real-time data shows that the differences are not insigni�cant and also with systematic
patterns. Also, if the preparation of the data for a model use means detrending (other than demeaning), this makes
rise to a problem of trend recomputation, which can also be signi�cant.

2Note that missing values of the estimates are due to missing real-time data at respective quarters.
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Figure 5 Recursive estimates of the persistence of domestic interest rate

Analysis on a DSGE model shows results where the re-detrending is signi�cant and also where the nature of
real-time data in comparison to revised data is signi�cant.

Paper’s results are in line with existing literature that �nds the use of real-time data signi�cant in various
estimation or forecasting exercises. This contribution con�rms the results on Czech data.
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In terval data and linear regression: some properties
and examples of the possibilistic approach

Michal �Cern�y 1

Abstract. We consider the linear regression model where we have partial
information on its data. Only intervals are available, containing the unobserv-
able values. We deal with the possibilistic approach: we study the ranges of all
possible values which a given statistic can attain. In particular, we focus on the
OLS-estimator, estimator of the variance of error terms andt-ratios. We also
study complexity-theoretic classi�cation of computation of the lower and upper
bounds of the ranges. We illustrate the theory by an example motivated by
the analysis of production functions, showing that even a small perturbation in
data of a regression model can lead to quite wide intervals for some statistics.
Keywords: linear regression, possibilistic regression, interval data

JEL classi�cation: C46
AMS classi�cation: 62J86

1 Introduction

Consider the linear regression model
y = X� + "; (1)

where y is the vector of (observations of) the dependent variable,X is the design matrix, � is the vector
of regression parameters to be estimated and" is the vector of disturbances. From now on,n and
p will denote the number of observations and the number of regression parameters, respectively. The
tuple (X; y ) is called data for the model (1). In this text we treat the data as �xed constants (i.e., as
observations) rather than random variables.

An interval matrix X = [X ; X ] of the dimensionn � p is a family of matrices fX 2 Rn � p : X � X �
X g, where the relation � is understood entrywise. An interval vector is a one-column interval matrix.
Interval matrices and vectors are denoted in boldface.

We are interested in the following problem. Assume that the data (X; y ) for the model (1) are
unobservable. The only information available to us is a pair (X ; y ) such that we are guaranteed that
X 2 X and y 2 y . Then we lose some information: for example, we cannot compute the value of the
Ordinary Least Squares (OLS) estimator b� = (X T X ) � 1X T y, since we do not know the values (X; y ).

There exist various approaches to this problem. Following [2], we mention two of them here. First
assume that the process, which generated intervals (X; y ) from the real-valued data (X; y ), is known.
An example is rounding: then we have

X = dXe; X = bXc; y = dye; y = byc;

where the operations b�c and d�eare understood entrywise. Another example isadditional random error ,
that is,

X ij = X ij + 
 +
ij ; X ij = X ij � 
 �

ij ; yi = yi + � +
i ; yi = yi � � �

i ; i = 1; : : : ; n; j = 1 ; : : : ; p;

where 
 +
ij ; 
 �

ij ; � +
i ; � �

i are nonnegative random variables.

Of course, we are interested in computation of various statistics, such as the OLS-estimatorb� , Residual
Sum of Squares, an estimate of the covariance matrix ofb� etc. In general, such a statistic is a function

1Univ ersity of Economics, Prague, Department of Econometrics, Winston Churchill Square 4, 13067 Prague, Czech
Republic, cernym@vse.cz
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of data, say S(X; y ). Since the data X; y are not observable, the natural approach is to replace the
statistic S(X; y ) by another statistic S� (X ; X ; y; y), giving us similar information like S(X; y ), and study
its properties. For example, we can replace the OLS-estimatorb� (X; y ) = ( X T X ) �1 X T y by the central
estimator

b� � (X ; X ; y; y) = (X T
C X C ) �1 X T

C yC ; (2)

where X C = 1
2 (X + X ) and yC = 1

2 (y + y) are the centers of X and y , respectively. Similarly we can
compute e.g. RSS using the centers. Of course, important properties of the statisticS� , such as consis-
tency, e�ciency etc., will depend on the nature of the interval-generating process. This is an interesting
direction of study | an example of an important result from this area is Sheppard’s Correction [9].

Now we turn to the second approach, which is applicable in case when the interval-generating process
is unknown. Then it is natural to consider all possible valueswhich the statistic S(X; y ) can attain when
X ranges overX and y ranges overy . Taking the OLS estimator as an example, we are interested in the
range of possible values ofb� i (i = 1 ; : : : ; p), that is,

b� i = supfb i : X T Xb = X T y for someX 2 X ; y 2 yg;
b� i = inf fb i : X T Xb = X T y for someX 2 X ; y 2 yg:

The second approach, calledpossibilistic approach, is complementary to the �rst one: �rst we can use
e.g. the central estimator (2), and then the range [b� i ; b� i ] quanti�es the worst-case error, i.e. the worst
possible deviation of the central estimator from the true value b� = ( X T X ) � 1X T y.

However, this approach often leads to serious computational problems. One of them is the following.

Proposition 1 (a consequence of Theorem 4 from [1]).Computation of the ranges[b� 1; b� 1]; : : : ; [b� p; b� p]
is an NP-hard problem.

It follows that we can expect only exponential-time algorithms for the problem | and this is in-
tractable, especially when the number of observations is large.

In general, it is also interesting to study not only the ranges of possible values of the statistic, but
also the simultaneous regions of possible values for two or more dependent statistics. A motivation for
this approach can be found in [10], where simultaneous regions for expectation and variance, median and
interquartile ratio, mean and Gini coe�cient and many other combinations of parameters, estimated from
one-dimensional data, are studied. In our setting, it is interesting to consider the simultaneous region for
OLS-estimates of all regression coe�cients. The region is called OLS-set [4, 1]:

B := fb 2 Rp : X T Xb = X T y for someX 2 X and y 2 yg:

With regard to Proposition 1, we cannot expect nice structural properties (or, at least, computationally
testable properties). The set B need not be bounded, it need not be convex. In fact, just testing
boundedness is a co-NP-hard problem [1]. Taking an example from [3], the OLS-setB with data

X =

0

BBB@

1 1
1 [0; 5]
1 [2; 4]
1 4

1

CCCA
; y =

0

BBB@

1
2
3
4

1

CCCA

is plotted in Fig. 1.

2 Interval dependent variable

The general model described in the previous section, where both the design matrixX and the dependent
variable y is interval, su�ers from serious computational problems illustrated by Proposition 1. Hence
it makes sense to restrict the problem to less general cases, where more optimistic results could be
expected. In this paper we restrict ourselves to the case when the design matrixX is real-valued (i.e.,
we haveX = X = X ) and only the output variable is interval. From now on we assume that the matrix
X has full column rank.
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Figure 1 Example of the OLS-set.

Now the bounds for OLS-estimates are easily computable: we have

b� = (X T X ) �1 X T y ; (3)

where b� i = [ b� i ; b� i ], and the expression (3) is evaluated using theinterval arithmetic [7, 8], de�ned for
two intervals u = [u ; u] and v = [v ; v] as

u + v = [u + v; u + v]; (4)
u � v = [minfu � v; u � v; u � v; u � vg;maxfu � v; u � v; u � v; u � vg]: (5)

Moreover, the simultaneous region of possible values of the OLS-estimator has the form

B = f(X T X ) � 1X T y : y 2 yg

and it is apparent that it is a convex polytope in the parameter space. Moreover, we get a more precise
geometric characterization ofB .

Proposition 2 ([4, 1]). The set B is a zonotope centered in the pointb� C = 1
2 (X T X ) � 1X T (y + y) with

generators gi := qi (yi � yi ) with i = 1; : : : ; n, where qi is i th column of the matrix (X T X ) �1 X T .

Now we turn our attention to another important statistic: the estimator of the standard error of the
error terms " , which has the form

b� =
r

1
n � p

� yT (I � H )y;

where H = X (X T X ) �1 X T is the hat matrix. We would like to obtain the range of its possible values,
i.e.

b� = sup
� r

1
n � p

� yT (I � H )y : y 2 y
�

;

b� = inf
� r

1
n � p

� yT (I � H )y : y 2 y
�

:

The value b� can be computed e�ciently: indeed, it su�ces to solve the convex quadratic program

min yT (I � H )y s.t. y � y � y: (6)

On the other hand, we have the following disappointing result.

Proposition 3 ([11, 5, 2]). Computation of b� is an NP-hard problem.
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t Yt K t L t t Yt K t L t t Yt K t L t

1 173.5 125 78 6 193.0 110 115 11 182.2 133 112
2 203.4 120 80 7 190.3 90 145 12 224.9 161 110
3 166.4 115 92 8 208.6 101 143 13 175.3 141 85
4 202.2 135 102 9 172.5 133 99 14 207.4 132 92
5 195.9 132 90 10 190.1 127 89 15 153.3 105 79

Table 1 Data for the Cobb-Douglas function.

Intuitively, computation of b� is a convex maximization over then-dimensional cubey , and it is easy to
see that the maximum is attained in one of its vertices. Therefore, we have the following exponential-time
algorithm (and better cannot be expected due to the result of Proposition 3):

b� = max
� r

1
n � p

� (yC + diag(s)y� )T (I � H )(yC + diag( s)y� ) : s 2 f�1; 1gn
�

; (7)

where yC = 1
2 (y + y) is the center of y and y� = 1

2 (y � y) is the radius of y . The algorithm (7) can
be used for smalln only; in the next section, we will use it with n = 15, which is a situation when the
number 2n = 32768 is still tractable.

3 Example

As an example we consider the Cobb-Douglas production function of the form

ln Yt = � 0 + � 1 ln K t + � 2 ln L t + " t ;

where Yt ; K t ; L t stand for output, capital and labor, respectively, and the error terms " t are assumed iid
with zero mean and �nite variance. Then, OLS estimator is applicable. We will use data from Table 1.
We haven = 15 and p = 3. We will study the possible impact of a change in the dependent variable lnYt
on the OLS estimatesb� 1 and b� 2 and the estimate b� (which has further consequences, since it a�ects the
estimate of the covariance matrix of the estimator b� , t-ratios etc.).

We will replace the vector lnYt by the interval vector

z := [�� + ln Yt ; � + ln Yt ];

where � 2 [0;0:1]. For example, the choice� = 0:05 shows us, how the estimatesb� and b� can change in
the worst case, if the output variable lnYt is measured with an error at most �0:05. This can happen,
for example, when we round non-integer numbers to one decimal place. Figure 2 shows the resulting
intervals [ b� 1; b� 1], [b� 2; b� 2], [b� ; b� ]. The intervals [ b� 1; b� 1] and [b� 2; b� 2] were computed using (3), the valuesb�
were computed using (6) and the valuesb� were computed using (7).

We can see that even with a small� (i.e. with a narrow interval vector z) the ranges of possible values
of b� 1; b� 2; b� are quite large.

Assuming normality of error terms, it is also tempting to have a look at the t-ratio for testing the
null hypothesis cT � = 
 0, where c is a vector of parameters and
 0 is a constant. The test statistic has
the form

t =
cT b� � 
 0p

b� 2cT (X T X ) �1 c
:

In fact, it is not easy to compute the upper boundt and the lower bound t exactly; it amounts to solving
the optimization problems

t = max

8
<

:
cT (X T X ) � 1X T y � 
 0q

yT (I � X (X T X ) � 1 X T )y
n �p cT (X T X ) �1 c

: y � y � y

9
=

;
; (8)

t = min

8
<

:
cT (X T X ) �1 X T y � 
 0q

yT ( I � X (X T X ) � 1 X T )y
n �p cT (X T X ) �1 c

: y � y � y

9
=

;
; (9)
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Figure 2 Ranges for b� 1, b� 2 and b� with � 2 [0; 0:1].
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Figure 3 Approximate ranges for t-ratios for testing the hypotheses � 1 = 0 (solid), � 2 = 0 (dashed),
� 1 + � 2 = 1 (dotted).

where X; c; 
 0; n; p are data and y are variables. The optimization problems seem to be di�cult due to
the occurrence ofy both in the numerator and the denominator. And indeed, the bad news is that (8) is
an NP-hard problem [2]. (The complexity-theoretic classi�cation of (9) is not known at the moment.)

However, we will use the following approximation: we set

t � =
cT b� � 
 0q

b� 2cT (X T X ) � 1c
; t � =

cT b� � 
 0q
b�

2
cT (X T X ) �1 c

;

sincethe values � and � are available from Figure 2. We make three choices ofc:

cT = (0; 1;0); 
 0 = 0 for testing the hypothesis � 1 = 0 ;

cT = (0; 0;1); 
 0 = 0 for testing the hypothesis � 2 = 0 ;

cT = (0; 1;1); 
 0 = 1 for testing the hypothesis that returns to scale are constant:

The resulting intervals [t � ; t � ] are plotted in Figure 3. Observe that even with small values of� , the
interval is quite large. It shows that even with a narrow interval z , the conclusions of thet-test must
be read carefully | it might happen that the value of the t-statistic can attain values from a quite wide
interval.

4 Conclusions

We have studied how a replacement of real-valued data by interval data in a regression model can a�ect the
values of some usual statistics, such as the OLS-estimate of regression parameters, estimate of variance
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of error terms or t-ratios. Complexity-theoretic results show that these questions are generally very
hard (usually NP-hard or co-NP-hard) in the general setting. The situation is slightly better when we
restrict ourselves to the case when only the observations of the dependent variable are a�ected by interval
uncertainty. We have presented an application in modeling the Cobb-Douglas production function.
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edness of the Eurozone and not contractionary economic policy, which would now only cause high damages in 
the economic activity. 

4 State space form 
The formulated model is nonlinear because of the time-varying parameter 1��t�D . It can, however, be put in a 
conditionally Gaussian type of state space form, to which the linear Kalman filter algorithm can be applied to 
form a likelihood function.  

The transition and the measurement equation of the conditionally Gaussian state space form is as follows: 

 �� �� �� ��� �˜ �� �˜t t t-1 t-1 t t-1 tx A Z x R Z u , (7) 

 �� ��� �˜ ��t t t-1 t tz D Z x �#, (8) 

where �� ��t t-1A Z  represents that the matrix tA  depends on the values of the observed variables till the time 

1t �� , i.e. on the vector �� ��',..., ' '�{t-1 1 t-1Z z z .  

In the case of the formulated model, the state vector is defined as �� ��'�Ö 1t t t ty y �Q� tx  and the matrices 
from the transition equation (7) take the form: 

 �� ��
�� ��

1t

t

t

� P � D

�O �O �H

� O � H

���� �˜ �� �˜� § � ·
� ¨ � ¸�˜ �� �˜ �� �˜� ¨ � ¸� � ¨ � ¸�˜ �� �˜
� ¨ � ¸� ¨ � ¸
� © � ¹

1 4 2

2 3 4
t t-1

3 4

4

e e e

e e e
A Z

e e

e

        
�� ��

0

1

0

0

� § � ·
� ¨ � ¸
� ¨ � ¸� 
� ¨ � ¸
� ¨ � ¸� ¨ � ¸
� © � ¹

t t-1R Z
 

 

where ke  is a �� ��1 x 4  vector, which has a number 1 at the k -th position and zeros elsewhere. 

The matrix from the measurement equation (8) is as follows: 

 �� �� �� ���  � �t t-1 1 2D Z e e .          

Vector of random errors in the transition equation is tu = tu  and the vector of measurement errors t�#  is a 
vector of zeros. 

Because the output gap ty�Ö is unobservable, the time-varying parameter 1��t�D  had to be slightly redefined as: 

 
�¯
�®
�­

��

�t
� 

����

����
�� 0�Ö,

0�Ö,0

1|1

1|1
1

tt

tt
t y

y

�D
�D   

where 1|1�Ö ���� tty  represents the estimate of the unobserved variable 1�Ö��ty , which was formed by the Kalman fil-

ter algorithm on the basis of the information available in �� ��',..., ' '�{t-1 1 t-1Z z z . 

5 Econometric methodology 
Full Information Maximum Likelihood method was used to estimate the parameters. Using the assumption that 
random error tu  is normally distributed, Kalman filter algorithm was applied to the model written in state space 
form. The outcomes of this algorithm were then used to construct likelihood function, which was then maxim-
ized by standard numerical procedures in Matlab. The construction of the likelihood function is described in 
Harvey [3]. The square-root version of the Kalman algorithm was used, in order to attain grater numerical preci-
sion. Description of this algorithm can be found in Anderson, Moore [1]. Parameters of the model were appro-
priately transformed, in order to ensure that their values lie within economically reasonable intervals. Because of 
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the problem with local extremes, lots of initial points were randomly generated, from which the Matlab proce-
dure called fminunc was initialized. 

6 Calibration of selected parameters  
The applied econometric methodology enables to estimate all the parameters of the model. It is, however, neces-
sary to calibrate some of them because of the limited number of observations in the data set, which is in not large 
enough to guarantee precise estimates of the parameters characterizing long run relationships. It will be assumed 
that 0.0025�P� , which means that potential output would grow 1% per year if 

1�Ö 0ty �� �t . I will also assume 
that 

0 14.4943y � , which was obtained as an ordinary least square estimate from a linear regression model 

0 0.0025ty y t� �� �˜  , 
01,..., 1t t�  � �. 

The econometric estimate of the parameter �D was unrealistically high. Potential output closely followed the 
output, because only small changes in the output gap sufficed for that. Almost all variability in the output was 
caused by the variability in the potential.  It will be, therefore, more reasonable to calibrate the coefficient �D. I 
will base the calibration on the fact that very small value of �D will mean almost linear trend for the output gap. 
It is clear that increasing �D will cause higher variability in the growth rate of the potential output. From this 
point of view, the parameter �D is an analogy to the smoothing parameter �Z in the generally known Hodrick-
Prescott filter defined by the optimization problem: 
 

�^ �`
�� �� �� �� �� ��

1

1 22

1 1
1 2

T
t t

T T

t t t t t t
y t t

Min y y y y y y�Z
� 

��

� � � �
�  �  

� ª � º�� �� �˜ �� �� ��� ¬ � ¼� ¦ � ¦. 

 

I will calibrate the parameter �D in such a way so as to ensure the required (economically sensible) variability 
of the growth rate of the potential output. Combining the following facts: 
 

�� �� �� ��1 1 1�Övar vart t t ty y y�D�� �� ���� � �˜ , 
 

�� ��
�� ��

1 1

1

�Övar
0.34

�Övar
t t

t

y

y

�D
�D

� � � �

��

�˜

�˜
, 

will yield 
�� �� �� ��2

1 1�Övar 0.34 vart t ty y y�D� � � ��� � �˜ �˜ , 

or 

�Ö

1
0.34

y

y

�V
�D

�V

�'

�  � ˜, 

 

where �� ��1vary
t ty y�V�'

���  � �, 

 �� ���Ö
1�Övary

ty�V ��� . 

 

The value of the parameter �D is determined by the required ratio of the standard error of the growth rate of 

potential output y�V�'  to the standard error of the output gap 
�Öy�V . I will assume that: 

 

�Ö

0.0625 % 1
5 % 80

y

y

�V
�V

�'

�  �  , 

 
which gives the value for the parameter 0.0216�D� . 
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7 Data 
I used the data on quarterly nominal GDP (in millions of Euro) for the Euro zone 17 in fixed composition. The 
dataset begins at the first quarter of 1995 and ends at the fourth quarter of 2012. The data were already working 
day and seasonally adjusted. GDP deflator was then used to calculate real GDP. The complete datasets can be 
found at the following internet addresses:  

 

http://sdw.ecb.europa.eu/quickview.do?node=9484571&SERIES_KEY=119.ESA.Q.I6.Y.0000.B1QG00.1000.T
TTT.L.U.A 
 

 
http://sdw.ecb.europa.eu/browseTable.do?ADJUSTMENT=Y&saf8=1&REF_AREA=566&ESA95_ACCOUNT
=B1QG00&node=2120780&FREQ=Q&saf3=3&sfl2=3&saf4=1&sfl1=3&saf5=1&saf6=1&sfl3=4&DATASET
=0&saf7=1&advFil=y 
 

8 Interpretation of the parameter estimates 
Econometric estimates of the parameters, which were not calibrated is 0.9619�O� , 0.0125�H� , 0.0059u�V � . 
Values of these parameters are reasonable from an economic point of view. High value of the coefficient �O is in 
line with the common view that output gap is highly persistent. The value of the parameter �H can be interpreted 
in such a way that output fell below potential by more than 1 % at time 0tt �  at the beginning of the economic 
crisis in the European union as a consequence of the economic crisis in the USA. This negative economic shock 
was however persistent due to the high value of �O and caused additional falls in the output below potential in 
subsequent periods by 01.25 0.9619t t���˜  %. 
 

9 Estimating and forecasting potential output 
Estimate of the potential output is depicted at the graph 1. It can be seen that the growth rate of the potential 
output was zero since the beginning of the economic crisis in 2008. Forecasts 10 years ahead also show that 
potential output will not rise during this long period. Dynamics of the output is also depicted at this graph. It 
predicts that output will rise quite rapidly, but this will happen only because the diminishing output gap. The 
model also estimates that output is now approximately 14 % below potential and predicts that output in 2023 will 
still be approximately 8 % below potential even after the its growth. 
 

 
Figure 1 Estimates and forecasts of the (potential) output 
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10 Conclusion 
Economic cycles and long run relations are traditionally studied separately, which is not appropriate in the con-
text of the current economic crisis. In the presented paper, I formulated a model, which links short run fluctua-
tions with long run dynamics within unobserved components methodology. Some of the parameters had to be 
calibrated, while the others were econometrically estimated by the method of maximum likelihood. Estimation 
of the parameters was in line with stylized facts. The model was also used to forecast (potential) output of the 
Eurozone with a forecasting period of 10 years, which showed that potential output will not rise and output will 
be below potential by 8 % in 2023. The model also predicts that the output in 2023 will still be at a lower level 
than in pre-crisis periods. 
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is a member of coalition C if there is at least one member of the Prague City Assembly from the governing 
coalition (TOP 09 and ODS) and comes the given city district. The city district i is not a member of coalition C if 
no member of the Prague City Assembly from the given district is member of the governing coalition or if the 
given city district is not represented in the Prague City Assembly at all (as of March 2013). The allocation model 
can be formulated as follows: 
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The similar problem of dual structure can be observed in other situations. For example, Turnovec, Mercik, 
and Mazurkiewicz (2008) studied the case of the European Parliament. European Parliament has a dual structure 
because its members represent their own countries and at the same time they are clustered in European political 
parties, forming clubs in the Parliament. 

The performance of the city district in the allocation process can be measured by the ratio of achieved 
subsidy and existing value of subsidy: 

          (7) 

or by formula (8), which takes into account that the city district can benefit, but it can also loose, from any new 
allocation rules: 

 

          (8) 

 

4 An Illustrative Example 
Firstly, we calculate the lower and upper subsidy limits ui and l i with formulas (2) and (3). The difference 
between the lower and upper limits shows how sensitive the district subsidy is to a change in the weights (Table 
2). The last column in Table 2 shows the allocation criterion that is preferred by the given district, i.e. the 
criterion with the weight that equals to 0.75. Third criterion, the number of pupils and students, is not preferred 
by any city district. There are six extreme combinations of weights that can be theoretically optimal for the city 
districts: one of six weights with a value 0.75 and the other five weights with values 0.05. We denote them as 
Proposal 1 to Proposal 6. Proposal 1 has weights (0.75, 0.25, 0.25, 0.25, 0.25, 0.25), Proposal 2 has weights 
(0.25, 0.75, 0.25, 0.25, 0.25, 0.25), etc. 

Secondly, we investigate above mentioned six subsidy allocation proposals by checking the total number of 
votes for each proposal (Table 3). Two proposals (proposals 3 and 4) can achieve the majority of votes in the 
Prague City Assembly. As an illustrative example, the subsidy allocation related to Proposal 3 and its impact on 
city districts is presented in Table 4. The relative performance of the city district is measured by performance 
criteria suggested in formulas (7) and (8). 
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District  s0
i l i ui ui - l i Criterion  

Prague 1 2.86 1.15 7.91 6.75 6 
Prague 2 3.71 1.19 6.96 5.77 6 
Prague 3 4.52 1.61 5.60 4.00 1 
Prague 4 10.69 6.32 12.02 5.70 6 
Prague 5 6.36 4.54 8.22 3.68 2 
Prague 6 10.16 9.39 13.57 4.18 6 
Prague 7 2.46 0.91 3.25 2.34 1 
Prague 8 8.49 4.22 9.34 5.12 4 
Prague 9 4.19 2.94 5.23 2.29 4 
Prague 10 7.58 4.72 8.87 4.15 1 
Prague 11 7.06 4.10 9.57 5.46 4 
Prague 12 5.98 3.83 9.94 6.11 5 
Prague 13 6.35 4.23 8.20 3.97 5 
Prague 14 4.31 2.31 6.35 4.05 5 
Prague 15 2.73 1.86 3.14 1.28 2 
Prague 16 1.35 1.02 3.74 2.73 5 
Prague 17 1.98 1.28 2.27 0.99 5 
Prague 18 1.66 0.71 3.06 2.35 5 
Prague 19 1.01 0.56 2.10 1.54 5 
Prague 20 3.08 2.04 9.61 7.58 5 
Prague 21 1.78 1.32 4.64 3.32 5 
Prague 22 1.67 1.08 4.22 3.14 2 

Table 2: Real, Minimum and Maximum Subsidies as a Percentage of Total Budget 

District  Proposal 1 Proposal 2 Proposal 3 Proposal 4 Proposal 5 Proposal 6 
Prague 1 0 0 4 0 0 4 
Prague 2 3 0 3 0 0 3 
Prague 3 6 0 6 0 0 6 
Prague 4 5 0 5 5 0 5 
Prague 5 2 2 2 0 0 2 
Prague 6 0 8 0 8 0 8 
Prague 7 1 0 1 0 0 1 
Prague 8 6 0 6 6 0 0 
Prague 9 1 1 0 1 0 0 
Prague 10 7 0 0 0 0 0 
Prague 11 0 0 0 2 0 0 
Prague 12 0 4 0 4 4 0 
Prague 13 0 0 5 5 5 0 
Prague 14 0 0 0 0 0 0 
Prague 15 0 4 4 0 4 0 
Prague 16 0 0 0 0 0 0 
Prague 17 0 0 0 0 0 0 
Prague 18 0 1 1 0 1 0 
Prague 19 0 1 0 1 1 0 
Prague 20 0 1 0 0 1 0 
Prague 21 0 2 0 2 2 0 
Prague 22 0 0 0 0 0 0 
Votes 31 24 37 34 18 29 

Table 3: Number of Votes for Proposals by City District 





RAROI or IRR?
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Abstract. In this study we deal with estimating pro�tability of consumer
�nance loans on a single loan level. We compare two di�erent theoretical ap-
proaches to measuring pro�tability: RAROI (Risk Adjusted Return on Invest-
ment) and IRR (Internal Rate of Return). We discuss the usage of these two
approaches in portfolio management and we particularly focus on the condi-
tions under which one of the measures prevails over the other in case of pro�t
maximization with constrained or unconstrained capital.
Keywords: Return on Investment, Internal Rate of Return, Consumer �nance,
Pro�tability.

JEL classi�cation: G23
AMS classi�cation: 90A09

1 Introduction

Assume we are in the position of a �nancial institution providing loans to its customers. Our aim is
to estimate pro�tability of a signle loan at the date it enters the approval proces in order to be able to
decide whether it is worth of approval. Pro�tability stands for some measure of net pro�t that is made
on a given exposure. In reality there are few ways how to measure this pro�t. For example we can take
into account time value of money or not, it can be expressed as a percentage of the original amount, as
an absolute value or as a pro�tability rate p.a. We will deal with two approaches:

� RAROI (Risk Adjusted Return on Investment), which stands for the sum of discounted cash 
ows
of the investment divided by the original principal

� IRR (Internal Rate of Return), which stands for the interest rate p.a. that equals the rate we would
have to have on a risk-free investment in order to gain the same pro�t in the same period. For
further details on IRR see the articles [4] and [1].

We will assume 90 days default on an exposure level, i.e. application is said to be in default, when
it is or ever was at least 90 days past due. This also means, that 90 days default is an absorbing state.
As the date of default we will consider the date on which the exposure is 90 days past due the �rst time.
Moreover we assume the German standard 30E/360 for computing number of days between distinct
payments and interest being imposed monthly. As a discount rate we use the cost of equitye p.a. as it
expresses the best alternative investment. We assume only annuity exposures.

To be formaly correct, we also assume the set of exposures3 K and we denote the cardinality of this set
K and introduce a bijective (one-to-one) mapping� from the set K to the set of integers ~K = f1; : : : ; K g :
Each particular exposure � from the set K we will refer to as to the integer k := � (�) form the set ~K:

We assume that the credit demand in a period � is given by the number n of clients applying for a
loan during the period �: This number of applicants is exogeneous for the risk management. It can be
at most boosted by marketing or sales actions, but not by risk department. We wish to compare RAROI
with IRR under four di�erent conditions. These conditions re
ect four distinct states:

1. We wish to maximize short-term pro�t while we have a given set of customers, bounded capital
and no possibility to reinvest the repaid money.

1 Institute of Economic Studies, Faculty of Social Sciences, Charles University in Prague, Opletalova 26, 11000, Prague
1, paveldolezel@email.cz

2Faculty of Informatics and Statistics, University of Economics, N�am. W. Churchilla 4, 13067, Prague 3, �glova@vse.cz
3We will speak of exposures or loans. These two notions are freely substitutable throughout this text.
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2. We wish to maximize short-term pro�t while we have a given set of customers, unbounded capital
and no possibility to reinvest the repaid money.

3. We wish to maximize long-term pro�t while we have bounded capital and we can always reinvest
the repaid money.

4. We wish to maximize long-term pro�t while we have unbounded capital and we can always reinvest
the repaid money.

We wish to �nd out, which of the two proposed measures of pro�tability are better in which of these
situations.

2 Cash 
ows

Assume the loan k is an annuity with term Tk months, where Tk 2 N: Assume in addition we have
estimated the probabilities of default on each monthly payment for the loank: We denote the probability
of default on the m-th payment 4 Pk (m) : In addition we assumei k is the interest rate p.a. imposed on
the loan k: The original nominal value (original principal) of the loan k we will denote X k (0) : There can
be a fee paid monthly which is not part of the annuity. We denote this monthly fee of the loank f k :

2.1 Annuity payment

The present value of all the annuity payments discounted by the interest ratei k (when the payments are
performed monthly) must sum up to the nominal value of the loan, i.e.

Sk

0

@
TkX

t=1

 
1

1 + i k
12

! t
1

A = X k (0) ; (1)

whereSk stands for the annuity payment of the loan k: From (1) we easily derive the equation for annuity
payment:

Sk =
X k (0) i k

12

1 �
�

1
1+ i k

12

� Tk
: (2)

2.2 Outstanding balance

We will denote X k (t) the outstanding balance of the loan k after t-th payment was paid (when repaid
on time). It is easy to derive the formula for the computation of X k (t) as the recursive equality 3 must
hold for any s 2 f 0; : : : ; Tk �1 g :

X k (s)
�

1 +
i k

12

�
� Sk = X k (s + 1) (3)

The equation derived for the outstanding balance is thus

X k (t) = X k (0)

 
1 �

�
1 + i k

12

� t �T

1 �
�
1 + i k

12

� �T

!

: (4)

2.3 Cost of money

We assumee that we repay the borrowed loan as a revolving with the same interest rate� p.a. This
revolving is set so as to pay just the principal that is to be repaid by the client in each month according
to the instalment schedule. Moreover at the date of 90 days default we repay the whole remaining

4Probability that the m-th (m > 1) payment will not be repaid before 90 days past due while the ( m � 1)-th payment
will. For m = 1 it is just the probability that no payment will be repaid before 90 days past due.
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principal and so the interest after default does not have to be paid. We repay the non-equity (1� EQ)
part of the borrowed loan principal provided by a third party as a revolving payments with interest rate
� p.a. The t-th payment equals the t-th scheduled instalment of the loank; except for the case of default.
So the cost of money is the interest paid on this loan before the default occurs

NM t
k = (1 � EQ)

0

@1 �
tX

j =1

Pk (j )

1

A
�

�
12

� X k (t � 1)
�

+ 3 (1 � EQ) Pk (t)
�

�
12

� X k (t � 1)
�

: (5)

2.4 Loss

The expected lossEL t
k from the period between the scheduled date of (t � 1)-th and the scheduled date

of the t-th payment 5 (including this date) can be computed for the exposurek when the loan is �nanced
through revolving as

EL t
k = Pk (t) X k (t � 1) : (6)

If it is �nanced through an annuity, the expected loss can be computed as

EL t
k = Pk (t) X k (t � 1) : (7)

2.5 Interest revenue

The interest revenue RE k from the period between the scheduled date of (t � 1)-th and the scheduled
date of the t-th payment 6 including this date can be computed for the exposurek simply as

RE t
k =

0

@1 �
tX

j =1

Pk (j )

1

A X k (t � 1)
i k

12
: (8)

2.6 Recoveries

For the loan k a recovery rater k (t) for a loan defaulted on t-th payment is estimated based on the loan’s
characteristics. The recoveryRC t

k from exposure defaulted on thet-th payment can be computed for the
exposurek simply as

RC t
k = Pk (t)

X k (t � 1) r k (t)
�
1 + e

12

� 3 : (9)

The recovery rate r k (t) stands for all the recovered payments after the date of default, no matter whether
they are allocated as a principal payment, penalty payment, interest payment or late fee payment. The
estimation is always made using the payment number on which the default occured, but it can generaly
be estimated using other loan or client characteristics.

2.7 Monthly fees

The loan fees are to be paid monthly together with the annuity payment. The total expected fee paid
on exposurek between the scheduledt � 1-th and t-th payment we denote F E t

k and it can be computed
simply as

F E t
k =

0

@1 �
tX

j =1

Pk (j )

1

A f k : (10)

2.8 Commissions

Let’s denote ck the commissions paid to dealers for the acquisition of the loank:

5For t = 1 it is the period before the scheduled date of �rst payment.
6For t = 1 it is the period before the scheduled date of �rst payment.
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2.9 Variable operational cost

The variable operational cost should be estimated based on �nancial data. It can vary accross product
types, clients’ risk pro�les and other characteristics. The variable operational costs (OPEXes) can be
generaly divided in at least three di�erent types of costs: origination, servicing and termination. We
will not account for termination costs, as the regular termination is more or less costless and the non-
regular termination we deal separately as a cost of collections. To be rigorous, we should also include
the cost of pre-termination, which is usualy not negligible, but for this, we would have to also estimate
the probabilities of pre-termination, which would make the computation too complicated and the value
added would be very small. So we denotev1k the variable operational cost of origination and v2t

k the
monthly variable operational cost of servicing for the month between the scheduled date of (t � 1)-th and
the scheduled date of thet-th payment 7 including this date. The origination cost should depend on the
rejection rate, as there are variable costs rather on each application, than just on each contract. The
higher is rejection rate, the higher should be the variable costs of origination on the given loan.

2.10 Cost of equity

The cost of equity stands for the interest payments on shareholders’ funds which is used in order to
provide the given loan. We denotee the cost of equity expressed as a percentage p.a. The sum of equity
costs over the life of the loan can be computed as

EQ t
k = EQ

0

@1 �
tX

j =1

Pk (j )

1

A X k (t � 1)
e
12

; (11)

where EQ stands for the equity to productive assets ratio. It can be considered to be a constant.

2.11 Costs of collections

The costs of collections should be estimated based on �nancial data. It can vary accross product types
and clients’ risk pro�les. We denote gk the costs of collections. The expected total cost of collections is
thus

CCt
k = Pk (t)

gk
�
1 + e

12

� 3 (12)

2.12 Insurance

Assume, there is a life insurance and an unemployment insurance o�ered to the customer. The insurance
fee is treated as part of the loan, i.e. it highers the principal. Denote the fee for life insurance considering
the exposure k IL k and the unemployment insurance IU k : Assume, that the commissions from the
insurance are cIL for the life insurance and cIU for the unemployment insurance. When we denote
CA the original credit amount that the client would apply for if there was no insurance, then we get
X k (0) = CA + cIL IL k + cIU IU k :

2.13 Gross margin

The expected gross margin of loank from period between the scheduled date of (t � 1)-th and the
scheduled date of thet-th payment 8 including this date we denoteGM t

k and it can be computed as

GM t
k = RE t

k + RC t
k + F E t

k � EL t
k : (13)

7For t = 1 it is the month before the scheduled date of �rst payment.
8For t = 1 it is the period before the scheduled date of �rst payment.
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3 RAROI estimation

RAROI stands for the sum of discounted cash in
ows minus the sum of discounted cash out
ows divided
by the original investment (i.e. the original principal borrowed). Therefore it can be expresed as a
percentage of the original principal.

The risk adjusted return on investment RAROI k for loan k can be computed as

RAROI k =

P Tk
t=1

GM t
k �EQ t

k �NM t
k �CC t

k �v 2t
k

(1+ e
12 ) t + cIL IL k + cIU IU k � v1k � ck

X k (0)
� 1: (14)

It is important to note, that this RAROI already contains the cost of equity and so whenever it is positive
the loan brings higher interest rate on equity than e p.a. When RAROI < 0; it can still be pro�table
for shareholder, but it is not pro�table for the company assuming the cost of capital from shareholder is
e p.a.

RAROI can also be considered as pro�tability index, which stands for pro�t divided by the original
investment.

4 IRR estimation

Estimating IRR requires the same inputs as estimation of RAROI, but the concept of the �nal pro�tability
measure is quite di�erent. Instead of dividing the cash 
ows by the original principal, we compute the
interest rate which corresponds to the expected cash 
ows from the investments. Then IRR is the solution
for r to the equation � ( r ) = 0; where � (r ) is given by

� (r ) =
TkX

t =1

GM t
k � EQ t

k � NM t
k � CCt

k � v2t
k�

1 + r
12

� t � X k (0) + cIL IL k + cIU IU k � v1k � ck (15)

Finding a solution to the equation � (r ) = 0 is based on iterative numerical approaches as there is
generally no analytical solution to express a root of high degree polynoma. Newton method can be used
as well as the method of half intervals. In our case there is just one positive real solution, see [2].

IRR assumes each repaid money can immediately be reinvested for the same rate of return. If this is
not true, modi�ed IRR (MIRR) is proposed, see for example [3]. MIRR assumes that positive cash-
ows
can be reinvested only at the rate of cost of equitye: We can then rewrite the equation for IRR as follows:

MIRR = T

vuut
P Tk

t =1 P CFk (t)
�
1 + e

12

� T �t

P Tk
t=1 NCF k (t)

�
1 + e

12

� �t � 1: (16)

5 Pro�tability maximization

Now we show, in which of the four situations described above prevails RAROI and in which prevails IRR
or MIRR. Scoring via RAROI is based on rejecting applications with RAROI below some cut-o� and
scoring via IRR on rejecting applications with IRR below some cut-o�.

It can be shown that

IRR k (Tk ; RAROI k ) = 12

 
T k

r
RAROI k

�
1 +

e
12

� Tk
+ 1

!

� 1: (17)

This can be rewritten for RAROI k as

RAROI k (Tk ; IRR k ) =
�
1 + IRR k

12

� Tk � 1
�
1 + e

12

� Tk
: (18)

From (18) we know, that RAROI k is increasing in the termTk while IRR k is �xed and it is also increasing
in IRR k while term Tk is �xed. We can conclude, that IRR is an interest rate p.a. and so it does not
directly depend on the term, while RAROI depends on term and is higher for higher terms.
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If we are in the �rst situation of short-term pro�t maximization and bounded capital it is optimal
strategy to score the applicants via RAROI. We do not care about the terms of the provided loans as we
have no chance to reinvest the repaid money. Moreover because the capital is bounded, we will approve
only ~k applications with the highest RAROI such that 8k > ~k

P k
i=1 X i (0) > K; and

P ~k
i=1 X i (0) � K;

where K is the available capital and X i is sorted descendingly byRAROI i : The only di�erence from the
second situation is in the cut-o�. If we maximize short-term pro�t, have no chance to reinvest the repaid
money, but the capital is unbounded, we will approve all the loans with positive RAROI.

The third situation stands for long-term pro�t maximization with bounded capital, where we always
reinvest the repaid money by providing another loan. In this case, we need to take into account terms,
as long term with a given RAROI must be less pro�table than short term with the same RAROI, as
we make the same money faster and so can faster reinvest them. This is the reason why IRR prevails
over RAROI. IRR enables to compare pro�tability of two loans with di�erent terms, while RAROI does
not. Because we have a bounded capital, we set the cut-o� such that we approve onlŷk applications
with the highest IRR such that 8k > k̂

P k
i=1 X i (0) > K; and

P k̂
i=1 X i (0) � K; where K is the available

capital and X i is sorted descendingly byIRR i : Again the di�erence from the fourth situation is just in
the cut-o�. If we maximize long-term pro�t, can reinvest the repaid money freely by providing another
loan, but the capital is unbounded, we will approve all the loans with positive IRR.

6 Discussion and conclusion

We have provided two distinct ways of measuring pro�tability of a single loan, including the cost of
capital (cost of money representing the debt (emitted bonds, loans provided by third parties, etc.) and
cost of equity representing the cost of shareholders’ capital (equity)). The �rst measure, Risk Adjusted
Return On Investment was shown to be a measure better re
ecting short-term pro�t maximization in
an environment without possibility of reinvesting in the same asset. The second measure, Internal Rate
of Return was shown to be a measure better re
ecting long-term pro�t maximization in an environment
with possibility of reinvesting in the same asset. The provided results would deserve exact derivation, but
for this, there is not enough space in this short text. We have also shown a modi�ed version of Internal
Rate of Return, which could be used in the environemnt where it is possible to reinvest the repaid money
in the same asset, but it does not necessarily have to be without a waiting period during which the repaid
money can not be reinvested in similar loans. This situation would account for relatively low demand for
loans.
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Figure 1 The state transition diagram of the system. 

No we are ready to write equations for individual state probabilities. Applying generally known global bal-
ance principle we get the following linear equation system which describes the behaviour of the process in 
steady state: 
 , (1) 
  for 1,...,1 , (2) 

 , (3) 
 , (4) 
  for 1,...,2 , (5) 

 , (6) 
  for 1,...,1 , (7) 
  for 1,...,2  and 1,...,1 , (8) 
  for 1,...,1 , (9) 
  for 1,...,1 , (10) 
  for 1,...,2  and 1,...,1 , (11) 
  for 1,...,1 , (12) 
 , (13) 
  for 2,...,1 , (14) 

 
 

(15) 

Because an equation, for example equation (1), is linear combination of all others, we can omit it. To solve 
the equation system it is necessary to replace the omitted equation by normalization equation (16): 

 . (16) 

After omitting equation (1) we have the equation system of 12  linear equations formed by equa-
tions (2) up to (16) with 12  unknown stationary probabilities. To solve it using Matlab it is necessary 
to establish an alternative states description because applied state description in the form of (k,p,f) is three-
dimensional and is very good for formation the equation system but is absolutely unsuitable for computations in 
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between investment costs (capital expenditures of a development project) and the subsidy from European funds. 
In the graph, this model is represented by the ENPV  curve which is a representation of a polynomial function of 
the sixth degree, which corresponds with the chosen six-year average lifetime of development projects.  

 

 
Figure 3 Dependence of the root of ERRon the 0CF  coefficient and the discount rate k  

 

 
Figure 4 Detail the curve of roots ERR for 5.00 ���� k   

 

Sensitivity analysis of the ENPV  model is carried out in a situation when the changed input quantity is the fi-
nancial flow 0CF , i.e. the state when investment costs of the project are gradually subsidized from European 
funds up to the 100% amount. The other parameters of the project are held constant. In a two-dimensional mod-
el, this situation can be seen in the curves in Figure 1 for the states of 0%, 30%, 70%, and 100% subsidy respec-
tively. This situation is better documented by the 3D model created with the MAPLE software (see Figure 2). 
The marginal situation in the model illustrates the state when the subsidy from the European funds covers 100 % 
of investment costs (i.e. 00 � CF ). Here, it is not possible to speak rigidly about a conventional project any more 
since the change of the sign of financial flows does not occur and the investment curve of this marginal situation 
in the v 3D model does not intersect the plane 0� ENPV .  

































































A NEW SINGLE-CLASS DEMAND
UNCONSTRAINING METHOD

Gregory Fridman1, Maria Lapina2

Abstract.

The authors propose a new statistical unconstraining method which is based
on the construction of the distribution function for the censored demand and
application of the maximum likelihood approach to estimate distribution pa-
rameters. Numerical results are presented of comparative analysis of existing
unconstraining methods and the method advocated in the paper. It is demon-
strated that the new method has proven to be more e�cient in the case of
a high percentage of observed censored elements of sample data. Yet another
important advantage of the method connected to the fact that it enables one to
process the situation of censoring information incompleteness when some ele-
ments of the observed sample data are known to be censored or not and for the
others this information is not available. Mathematical computer environment
Wolfram Mathematica has been used for obtaining all the results presented in
the paper.
Keywords: demand forecast, unconstraining, statistical distribution, Mathe-
matica

JEL classi�cation: C44
AMS classi�cation: 62N

1 Introduction

The theoretical basis and practical applications of unconstraining methods are discussed in many papers,
reference to which can be found, for instance, in [1], [2], [3]. It is reported that Projection Detruncation
(PD) and Expectation Maximization (EM) methods are the most e�ective ones. PD was developed at
Boeing by Hopperstad [4]. Salch [5] was the �rst who applied EM approach to the censored data of
airline passenger demand. In [6] both iterative statistical methods were compared to four other ones
through extensive numerical simulations to demonstrate their advantages and to analyse their impact on
forecasting of Revenue Management and therefore on revenue itself.

In the present paper authors advocate a new statistical unconstraining method. It is based on deriving
a new statistical distribution which describes a random variable from censored sample data. Unknown
parameters of this distribution are then estimated by the maximum likelihood algorithm. Results of
numerical calculations are produced for comparative analysis of the proposed method with another three
methods.

2 Mathematical formulation and solution to the problem

Consider a normally distributed random variable X � N (� 1; � 1) with cumulative distribution function

�
� z � � 1

� 1

�
, where

�(x) =
1
2

�
1 + erf

� x
p

2

� �
; ’(x) =

d�
dx

=
1

p
2 �

e�x 2 =2 ; erf (x) =
2

p
�

xZ

0

e�t 2
dt

1St.Petersburg State University of Economics, Department of Economical Cybernetics and Mathematical Modeling in
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are cumulative distribution function and the probability density function of a normal standard distribution
(with zero mean and unit standard deviation) and the error function. Assume that this variable describes
a true (unconstrained) demand for a given airticket fare class. Denote �x = (x 1; : : : ; xn ) to be a sample
data for n observations of random variableX .

Let a normally distributed random variable Y � N (� 2; � 2) characterize restrictions (i.e. booking

limits) for this fare class. Its cumulative distribution function �
� z � � 2

� 2

�
depends on parameters (� 2; � 2).

Finally, consider a random variable Z = min(X; Y ) which describes the number of bookings for the
fare class. Thenz1 = min( x1; y1) , : : : zn = min( xn ; yn ) , where �z = ( z1; : : : ; zn ) { a censored sample
data of the random variable X in which the value xk is observed only ifxk 6 yk . If yk < x k then zk = yk
and in this case the observationxk is censored:

zk =

(
xk ; if xk 6 yk ;
yk ; if xk > y k ;

k = 1; : : : ; n (�)

From mathematical viewpoint the problem is to estimate distribution parameters � 1 and � 1 of random
variable X (or both sets of distribution parameters (� 1; � 1) and (� 2; � 2) of random variables X and Y
simultaneously) using censored sample data �z = (z 1; : : : ; zn ) under assumption that distributions laws
of X and Y are known. In general case an additional information is given as well, namely, for some values
of k = 1; : : : ; n it is known either an element zk of the observed sample data �z represents censored value
of the correspondingxk (i.e. zk = yk ) or not (i.e. zk = xk ).

A straightforward approach to solution to the problem consists of two steps: �rst, one has to construct
a probability density function f Z (x; � 1; � 1; � 2; � 2) of the random variable Z = min( X; Y ) and then,
second, apply maximum likelihood estimation (MLE) technique, originally developed by R.A. Fisher in
the 1920s, to estimate all the unknown parameters of derived distribution.

The MLE methods involves the maximization procedure for so-called likelihood functionL which in
the considered problem is a joint probability distribution of the n observed values of the censored sample
data zk , k = 1; : : : ; n . In the standard case of independent and identically distributed observationszk , k =
1; : : : ; n the likelihood function L is given by the product of the individual densities f Z (zk ; � 1; � 1; � 2; � 2)
and takes the form

L(� 1; � 1; � 2; � 2) =
nY

k=1

f Z (zk ; � 1; � 1; � 2; � 2) : (1)

The maximum likelihood estimators of the parameters (� 1; � 1) and (� 2; � 2) are de�ned as those values
�̂ 1; �̂ 1; �̂ 2; �̂ 2 which globally maximize function L. For technical and also for theoretical reasons it is
easier to work with the logarithm (a monotonically increasing function of its argument) of the likelihood
function L.

logL(� 1; � 1; � 2; � 2) =
nX

i=1

log f Z (zk ; � 1; � 1; � 2; � 2) ! max : (2)

Consider three cases of the problem formulated above:

� there is no information on which elements of sample data �z = ( z1; : : : ; zn ) re
ects censored or uncon-
strained values of �x;

� such information can be used for all elements of sample data �z;

� generalized case when such information is partially accessible, i.e. some elements of �z are known to be
censored or not and there is no such information about the others.

It is to be underlined that an assumption as to how X and Y are distributed makes no di�erence for
solution’s algorithm.

There is no information on which elements of sample data �z has been censored

To derive a cumulative distribution function FZ of random variable Z = min fX; Y g one has to calculate
the probability P (Z > z ) of the event that random variable Z takes the value greater thenz. As a result
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one arrives at the formula

FZ (z; � 1; � 1; � 2; � 2) = 1 � P (Z > z ) = 1 �
�

1 � �
� z � � 1

� 1

� � �
1 � �

� z � � 2

� 2

� �
; (3)

what readily yields the probability density function f Z = d FZ =dZ of Z :

f Z (z; � 1; � 1; � 2; � 2) =
1
� 1

’
� z � � 1

� 1

� �
1 � �

� z � � 2

� 2

� �
+

1
� 2

’
� z � � 2

� 2

� �
1 � �

� z � � 1

� 1

� �
(4)

and the log-likelihood function logL(� 1; � 1; � 2; � 2) takes the form

logL(� 1; � 1; � 2; � 2) =
nX

k=1

log
�

1
� 1

’
� zk � � 1

� 1

� �
1 � �

� zk � � 2

� 2

� �
+

+
1
� 2

’
� zk � � 2

� 2

� �
1 � �

� zk � � 1

� 1

� ��
: (5)

Censoring information can be used for all elements of sample data �z

Following the same analytical procedure, the likelihood functionL can be obtained as follows

L(� 1; � 1; � 2; � 2) =
mY

k=1

1
� 1

’
� xk � � 1

� 1

� �
1 � �

� xk � � 2

� 2

� � rY

j =1

1
� 2

’
� yj � � 2

� 2

� �
1 � �

� yj � � 1

� 1

� �
; (6)

where m denotes the number of unconstrained elements andr is the number of censored elements in the
sample data �z and, naturally, m + r = n. Introduction of log-likelihood function is e�ective as well from
the viewpoint of the global maximization procedure logL(� 1; � 1; � 2; � 2) ! max.

Generalized case when censoring information is incomplete

Assume that the censoring information for the observed sample data �z is incomplete, i.e. for some ele-
ments zk it is unknown if they represent xk or yk . In this case the likelihood function is constructed as a
product of expression for unconstrained and censored elements of �z and expression for thosezk of which
the censoring information is absent:

L(� 1; � 1; � 2; � 2) =
mY

k=1

1
� 1

’
� xk � � 1

� 1

� �
1 � �

� xk � � 2

� 2

� �
�

rY

j =1

1
� 2

’
� yj � � 2

� 2

� �
1 � �

� yj � � 1

� 1

� �
�

�
n�m�rY

l =1

�
1
� 1

’
� zl � � 1

� 1

� �
1 � �

� zl � � 2

� 2

� �
+

1
� 2

’
� zl � � 2

� 2

� �
1 � �

� zl � � 1

� 1

� ��
: (7)

where, again,m denotes the number of unconstrained elements in observed sample data �z and r is the
number of censored elements in observed sample data �z.

Note that the problem of �nding the estimations of parameters of the probability density function f Z
in all three cases can be considered either under the assumption that parameters� 2 and � 2 for random
variable Y are known or without it. Even if the problem is to �nd estimations to all four parameters
(� 1; � 1) and (� 2; � 2) it can be subdivided into two independent ones due to the fact that partial derivatives
logL with respect to � 1 and � 1 do not depend on� 2 and � 2 and vise versa. The global optimization can
be implemented basing on one of the well-known algorithms.

3 Numerical results and discussions

The results of computer numerical simulation are presented in this section to analyse advantages and
drawbacks of the proposed unconstraining method and to compare its e�ectiveness (�rst of all, accuracy
and performance) with those of PD and EM approaches. The simulation methodology was chosen to
be partly similar to that used in [6]. Some important alterations were introduced to the process of
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unconstrained demand and booking limit generation and additional numerical analysis was performed
taking into account the e�ect of censoring information incompleteness degree in observed sample data on
accuracy of the proposed method. Two simulated data sets (i.e. observed sample data �z) were generated.
The �rst one is obtained using initial parameters � 1 = 20, � 1 = 4 and � 2 = 4 and the second one using
� 1 = 0, � 1 = 1 and � 2 = 1. The percentage of unconstraining observations was chosen to be 50%, 75%,
85%, 90%, and 98%.

Figure 1 presents comparative numerical results for unconstrained estimations of mean (left) and
standard deviation (right) obtained using N3, PD, EM, and Z1 methods for the �rst simulated data
set in the form of box-and-whisker chart. It is assumed that censoring information can be used for all
elements of sample data �z.

Calculations demonstrate that method Z1 gives identical results with EM for moderate and high values
of percentage of censored observations and better results for very high censored sample data (more than
96%). Mean absolute errors are calculated in Table 1 for the unconstrained mean and the unconstrained
standard deviation.

N3 PD EM Z1
50% (1.59634, 1.25069) (0.614932, 0.948666) (0.229581, 0.207031) (0.229581, 0.207031)
75% (3.10603, 1.93417) (1.66712, 1.8206) (0.515712, 0.528677) (0.515687, 0.528612)
85% (3.91338, 2.34192) (2.34452, 2.36615) (0.591423, 0.53379) (0.591017, 0.533552)
90% (4.59367, 2.57692) (2.91175, 2.68328) (0.855289, 0.713381) (0.855284, 0.713378)
98% (6.63266, 3.17802) (4.5955, 3.46528) (2.12046, 1.38938) (1.91494, 1.21637)

Table 1 Mean Absolute Error (MAE) for the �rst data set, � 1 = 20, � 1 = 4. The �rst number in each
pair gives MAE for the unconstrained mean and the second { for the unconstrained standard deviation.

Note that box-and-whisker charts demonstrated in the paper for presentation of the numerical results
are much more informative than simple histograms that usually used, see, for instance [2], [6].

Figure 2 as well as Table 2 illustrate numerical results for the second data set. Again, it is seen that
Z1 method is more e�ective especially for very high values of percentage of observed censored elements.

N3 PD EM Z1
50% (0.406433, 0.313069) (0.155855, 0.236075) (0.053293, 0.052207) (0.053293, 0.052207)
75% (0.759536, 0.499272) (0.406477, 0.471294) (0.129863, 0.128624) (0.128468, 0.12785)
85% (1.01825, 0.574064) (0.599651, 0.579925) (0.152037, 0.135692) (0.152034, 0.135692)
90% (1.1424, 0.637409) (0.697426, 0.666965) (0.181933, 0.160816) (0.181937, 0.160817)
98% (1.63486, 0.8068) (1.14214, 0.882418) (0.525655, 0.389394) (0.421494, 0.264834)

Table 2 Mean Absolute Error (MAE) for the second data set, � 1 = 0, � 1 = 1. The �rst number in each
pair gives MAE for the unconstrained mean and the second { for the unconstrained standard deviation.

Finally, �gures 3 and 4 contain numerical results of the unconstraining procedure for the �rst and the
second data set correspondingly in the case when some elements of the observed sample data are known
to be censored or not and for the others this information is not available. Note again that Z1 method is
alone can be used in such a situation of all the unconstraining methods.

Conclusions

This paper presents a new unconstraining approach based on construction of probability density function
of the censored random variable and estimation procedure for the distribution parameters using maximum
likelihood method. The results of numerical simulations demonstrated that the proposed method has
better accuracy than well-known PD and EM approaches at a high percentage of the censoring. Another
important advantage of new method is connected to the fact that it enables one to process the situation
of censoring information incompleteness when some elements of the observed sample data are known to
be censored or not and for the others this information is not available. Other methods cannot be used to
work with such kind of data. All the calculations are produced in computer mathematical environment
Wolfram Mathematica.
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Figure 3 Unconstrained estimations of mean obtained using Z1 method for the �rst simulated data
set (� 1 = 20, � 1 = 4 and � 2 = 4) for di�erent percentage of censored observations and information
incompleteness.
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Figure 4 Unconstrained estimations of mean obtained using Z1 method for the second simulated data
set (� 1 = 0, � 1 = 1 and � 2 = 1) for di�erent percentage of censored observations and information
incompleteness.
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Placing the inefficient sows into the brewing process from the point of view gestation and fertility has an 
undesirable impact on the economy of the whole farm. 

On the model farm, two breeds of pig were entered into the breeding process. An additional aim of our 
contribution is to determine which of them is more efficient from the economic point of view. 

 

 

Figure 1: Production diagram 

2.1. Data 
The data file included 1431 records of Czech Landrase sows (CL) and 3145 of Large White pig (LW) sows. 
Each record included the birth date, date of culling, reason of culling, date of litter, number of piglets weaned in 
each litter, number of insemination, litter weight at birth, weaning weight etc. The data had to be processed in 
order to gain necessary simulation inputs. 
 

2.2. Structure of the herd 
The herd structure is a crucial parameter which influences the total efficiency of piglet production. This indicator 
is primarily given by the veterinary conditions on the farm. The secondary impact is the culling policy depending 
on sow efficiency. The contemporary structure of the herd is depicted in Table 1. 

 
Litter count  CL-non culled LW -non culled 

0 43 141 
1 45 127 
2 30 78 
3 28 21 
4 9 31 
5 5 12 
6 3 7 
7 0 1 

Total 163 418 

Table 1: Structure of herd depending on frequency of litters 

2.3. Costs and incomes 
Total costs do not include the purchase of gilts and insemination doses. The highest costs occur in the lactation 
facility. The level of costs there is 200% higher than elsewhere. 

Feeding costs, water costs, wage costs, veterinary costs, energy, purchase of gilts, and insemination doses are 
quantified in Table 2. For a detailed analysis of costs see http://home.ef.jcu.cz/~ludva/farm1. 
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Litter count  CZK/head 
Lactation 59,09 
Gestation 26,53 
Breeding 25,88 
Gilts 28,34 
Contact animals 24,75 
Teaser male 29,16 
Weaner pen 10,03 
Piglets 1,14 

Table 2: Total daily costs 

The main income of a pig breeding company is from piglets sold. The average price is 72 CZK per kilogram. 
This price was computed as an average within the last year. The average weight of a weaned piglet is 7.6 kg, the 
weight of a piglet sold is 30 kg. 

2.4. Simulated inputs 

Number of inseminations  

The price of an insemination dose is one of the important costs. The number of inseminations strongly depends 
on the number of ruts before becoming pregnant. In order to create this simulation input we used the Distribution 
Fitting function in the program @RISK. The most suitable were the Binomial and Poisson distributions [4]. 
Because the probability of becoming pregnant differs from the increasing number of litters, we had to suggest a 
particular probability distribution function for each litter. In Figure 2, we can see the PDF of becoming pregnant 
for LW and for the first litter. The number of inseminations was monitored only up to the 15th litter for the same 
reasons as for the litter size. 

 
Figure 2: Fitting of number of inseminations 

Litter size - number of piglets in a particular litter  

The litter size depends on the number of litters. For CL sows, this size increases up to the fourth litter and 
thereafter decreases. A similar situation exists for LW-sows. In order to create this simulation input we used the 
Distribution Fitting function in the program @RISK [2]. The most suitable was the Binomial distribution. 
Because the probability of becoming pregnant differs from litter to lit ter, we had to suggest a particular PDF for 
each one. The litter size was monitored only up to 15th litter, thereafter the efficiency of the sow slopes down 
mainly because of death losses of baby pigs. In Figure 3, we can see the PDF of litter size of CL sows and of the 
first litter. Because of completeness, we used for the creation of this simulation the input data about culled sows 
of both breeds. 









On Activ e Set Method and Second-Order
Inclusion Probabilities

Wojciech Gamrot 1

Abstract. Under various sampling schemes the exact calculation of inclusion
probabilities is prohibitively complex even for modest population sizes. Such
a di�culty may be tackled by replacing unknown �rst-order inclusion proba-
bilities in the Horvitz-Thompson expansion estimator of population total with
estimates computed in a simulation study. However, one may also desire to
estimate the variance of this statistic using simulated second-order inclusion
probabilities. To improve the accuracy of their estimates, the available auxil-
iary information may be employed. Such an information often takes form of
partial (hierarchic) ordering inequalities that may be incorporated into esti-
mation using isotonic regresson methods. In this paper such an approach is
adopted for a �xed-cost sequential sampling scheme. The active set optimiza-
tion algorithm is applied to estimate inclusion probabilities and the variance
of population total estimates.
Keywords: inclusion probability, restricted estimation, population total.

JEL classi�cation: C83
AMS classi�cation: 62D05

1 Introduction

Design-based estimation of �nite population parameters is based on the assumption that population values
of the study variable are �xed and the only source of estimator’s variability is the sampling scheme.
Inclusion probabilities characterizing the sampling scheme play important role in the construction of
estimators and assesment of their properties. Sometimes these probabilities are hard to calculate. This
problem arises for various sequential sampling and rejective sampling strategies considered among others
in [5], [15], [2], [16]. In such circumstances one may focus on estimators that do not utilize inclusion
probabilities at all, such as su�ciency-based estimator of [10] or model-based estimators such as those
in [12], [17] or [14]. Another possibility is to replace unknown �rst-order inclusion probabilities with
estimates obtained from the simulation experiment. Such a technique has been considered in [6], [13]
and [7] for estimation of population totals. It will now be extended to estimating second order inclusion
probabilities and the variance of population total estimates. Let the �nite population of size N be
represented by a set of unit indicesU = f1 ; :::; N g. Fixed values of the study variable are denoted by
y1; :::; yN . The objective of the survey is to estimate the population total t =

P
i2U yi from the samples.

When �rst-order inclusion probabilities � 1; :::; � N , � i = P r (i 2 U) for i 2 U are known, it is estimated
without bias by the well-known expansion estimator:

t̂ =
X

i2s

yi

� i
(1)

Its variance depends on second-order probabilities� ij = P r (i; j 2 s) for i; j 2 U and it is estimated by:

V̂ ( t̂) =
X

i;j 2s

�yi �yj �� ij (2)

where �yi = yi =� i , �� ij = � ij =� ij and � ij = � ij � � i � j for i; j 2 U. The statistic V̂ ( t̂) may occasionally
become negative which is unwelcome but usually unlikely to happen. When inclusion probabilities are

1Universit y of Economics, Department of Statistics, 1 Maja 50, 40-287 Katowice

�����V�W���,�Q�W�H�U�Q�D�W�L�R�Q�D�O���&�R�Q�I�H�U�H�Q�F�H���R�Q���0�D�W�K�H�P�D�W�L�F�D�O���0�H�W�K�R�G�V���L�Q���(�F�R�Q�R�P�L�F�V����������

�a�����������a



unknown, Fattorini [6] proposes to carry out a simulation to compute estimates ^� 1; :::; �̂ N of �rst order
inclusion probabilities and to plug them into (1). This results in a simulation-based estimator:

t̂ � =
X

i2s

yi

�̂ i
(3)

To preserve the �niteness of expansion estimator, estimates of �rst order inclusion probabilities should
remain strictly positive. This may be achieved by using Fattorini’s formula:

�̂ iF =
ki + 1
R + 1

(4)

where R is the number of simulated sample replications andki is the number of times the i -th unit is
drawn for i 2 U. Other likelihood-based non-negative estimators are also considered in [9]. When suitable
auxiliary information in the form of ordering constraints is available, Gamrot [8] proposes to apply isotonic
regression procedures to compute improved estimates of �rst order inclusion probabilities, and studies
properties of resulting population total estimator. When variance estimates for (3) are desired, they may
be constructed by replacing unknown true second-order probabilities in (2) with Fattorini’s estimates:

�̂ ijF =
kij + 1
R + 1

(5)

where kij is the number of times the i -th and j -th unit is jointly drawn for i 6=j 2 U. However, true
second-order inclusion probabilities tend to be much lower than �rst-order ones. Consequently, sampling
weights computed as reciprocals of ^� ijF ’s become very unstable. As a result, variance estimates are
also highly variable and the probability of obtaining a negative variance estimate increases as well. To
mitigate this e�ect, one may again consider using auxiliary information to improve precision of second-
order inclusion probability estimates in the spirit of Gamrot [8]. In the next section this approach is
adopted for a certain sampling scheme. An alternative variance estimator is then constructed.

2 Fixed-cost sampling

The �xed-cost sequential sampling scheme of Pathak [11] is characterized by varying inclusion proba-
bilities which are computationally extremely demanding even for very low population sizes. Although
su�ciency-based design-unbiased estimates of population totals do exist for this scheme and may be
calculated without knowing inclusion probabilities, the simulation approach may be of interest when
nonresponse adjustments need to be incorporated or when the original scheme is modi�ed. Overall the
scheme constitutes a convenient model for presenting the proposed approach.

Let c(1); :::; c(N ) be individual costs of surveying respective population units, known in advance and
let L be the �xed survey budget. Budget excesses are unacceptable. The procedure draws units to the
sample one by one without replacement and with equal probabilities, until the cumulative cost of the
sample becomes greater than or equalL. The element for which it occurs is not included in the sample.
Hence the sample selection under such a scheme may be treated as happening in two phases. In the �rst
phase all population units are sorted randomly into a sequence (A1; :::; AN ) of sizeN in such a way that
all permutations of U are equally likely to occur. In the second phase the cumulative cost of succeeding
units in the obtained sequence is computed and �rstM units are sampled, whereM is chosen in such a
way that c(A1) + ::: + c(AM ) < L and c(A1) + ::: + c(AM +1 ) � L. The sample size is random.

Let 	 = f 1; :::;  N !g represent all permutations of U where the k-th permutation is denoted by
 k = (a (k )

1 ; :::; a(k )
N ) for k 2 f1; :::; N !g. The sequence of individual costs corresponding to elements of k

is (c(a(k )
1 ); :::; c(a(k )

N )) for k 2 f1; :::; N !g. Let

M ( k ) = max

8
<

:
M 2 U :

MX

j =1

c(a(k )
j ) < L

9
=

;
(6)

and let � 0(�) be a function that assigns to each permutation i a sequence of itsM ( i ) �rst units. Hence
c(a(k )

1 ) + ::: + c(a(k )
M ( k ) ) < L and c(a(k )

1 ) + ::: + c(a(k )
M ( k )+1 ) � L. Moreover, let � 1(�) be a reduction

function that assigns to any ordered sequenceO = (o 1; :::; oz ) an unorderet set � 1(O) = fo 1; :::; ozg
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of its elements. Let � (�) = � 1(� 0(�)) represent the composition of � 1 and � 0. Hence for any  2 	,
� ( ) represents an unordered sample corresponding to . Let 	 i = f 2 	 : ai 2 � ( )g and let
	 ij = f 2 	 : ai ; aj 2 � ( )g for any i 6=j 2 U. Inclusion probabilities of �rst two orders may be
expressed as

� i =
#	 i

#	
(7)

and
� ij =

#	 ij

#	
(8)

for i 6= j 2 U while #	 = N !. Calculation of inclusion probabilities through (7) and (8) requires
enumerating all possible permutations ofU and in most cases is not feasible. However several useful
properties of these probabilities may be proven. They are formally stated in following four propositions.

Proposition 1. If the sample is drawn from a �nite population using the Pathak scheme with individual
costs c(1); :::; c(N ) and if costs of somei -th and i 0-th unit (i; i 0 2 U) satisfy c(i ) � c(i 0) then � i � � i 0.

Proof. Let  k = (a (k )
1 ; :::; a(k )

N ) 2 	 i and let a(k )
g = i and a(k )

g0 = i 0. Let  �
k = (a � (k )

1 ; :::; a�(k )
N ) be a

permutation of elements in U obtained by exchanging theg-th element and g0-th element in  k , so that
a�( k )

g = i 0 and a�(k )
g0 = i while a�(k )

z = a(k )
z for z 2 f1; :::; N g � f g; g0g. Let 	 �

i = f �
k :  k 2 	 i g. For

any  k 2 	 i , recalling that c(i ) � c(i0) we have: c(a�(k )
1 ) + ::: + c(a�( k )

M ( k ) ) � c(a(k )
1 ) + ::: + c(a(k )

M (  k ) ) and
consequentlyM ( �

k ) � M ( k ). Meanwhile, among �rst M ( k ) elements in  �
k , one is certainly equal

to i 0 and hence i 0 2 � ( �
k ). Consequently 	 �

i � 	 i 0 and #	 i = #	 �
i � #	 i 0. So from (7) we have

� i � � i 0.

Proposition 2. If the sample is drawn from a �nite population using the Pathak scheme with individual
costsc(1); :::; c(N ) and if costs of somei -th, j -th, i 0-th and j 0-th unit (i 6=j; i 0 6=j 0 2 U) satisfy c(i ) � c(i0)
and c(j ) � c(j 0) then � ij � � i 0j 0.

Proof. Let  k = ( a(k )
1 ; :::; a(k )

N ) 2 	 ij and let a(k )
g = i , a(k )

g0 = i 0, a(k )
h = j , a(k )

h0 = j 0. Let  �
k = ( a�( k )

1 ; :::; a�(k )
N )

be a permutation of elements inU obtained by exchanging theg-th and g0-th element, then exchanging
h-th and h0-th element in  k , so that a�(k )

g = i 0, a�(k )
g0 = i , a� (k )

h = j 0, a� (k )
h0 = j while a�(k )

z = a(k )
z for

z 2 f1; :::; N g � fg; h; g 0; h0g. Let 	 �
ij = f �

k :  k 2 	 ij g. For any  k 2 	 ij , recalling that c(i ) � c(i0) and
c(j ) � c(j 0) we have: c(a� (k )

1 )+ :::+ c(a�(k )
M (  k ) ) � c(a(k )

1 )+ :::+ c(a(k )
M (  k ) ) and consequentlyM ( �

k ) � M ( k ).
Meanwhile, among �rst M ( k ) elements in  �

k , one element is certainly equal toi 0 and one element is
certainly equal to j 0 and hencei 0; j 0 2 � ( �

k ). Consequently, 	 �
ij � 	 i 0j 0 and #	 ij = #	 �

ij � #	 i 0j 0.
From (8) we have � ij � � i 0j 0.

Proposition 3. If the sample is drawn from a �nite population using the Pathak scheme with individual
costs c(1); :::; c(N ) and if costs of somei -th and i 0-th unit (i; i 0 2 U) satisfy c(i ) = c(i 0) then � i = � i 0.

Proof. If c(i ) = c(i0) then it is true that c(i ) � c(i 0) and c(i ) � c(i0). Applying twice proposition 1 we
conclude that � i � � i 0 and at the same time � i � � i 0. Both conditions may simultaneously be true only
when � i = � i 0

Proposition 4. If the sample is drawn from a �nite population using the Pathak scheme with individual
costsc(1); :::; c(N ) and if costs of somei -th, j -th, i 0-th and j 0-th unit (i 6=j; i 0 6=j 0 2 U) satisfy c(i ) = c(i0)
and c(j ) = c(j 0) then � ij = � i 0j 0.

Proof. If c(i ) = c(i 0) and c(j ) = c(j 0) then it is also true that c(i ) � c(i 0) and c(j ) � c(j 0). Applying
proposition 2 we get � ij � � i 0j 0. However from assumptionsc(i ) = c(i0) and c(j ) = c(j 0) we may also
infer that c(i ) � c(i 0) and c(j ) � c(j 0), and applying again proposition 2 we get� ij � � i 0j 0. Conditions
� ij � � i 0j 0 and � ij � � i 0j 0 are simultaneously satis�ed only when � ij = � i 0j 0.

Without a loss of generality, let us assume that the �nite population is ordered in such a way that
c(1) � c(2) � ::: � c(N ). Proposition 1 leads to a conclusion that �rst-order inclusion probabilities must
satisfy a simple order: � 1 � � 2 � ::: � � N . Moreover, according to Proposition 2 second-order inclusion
probabilities must satisfy � ij � � i 0j 0 whenever i � i 0 and j � j 0 for i 6=j; i 0 6=j 0 2 U. The resulting
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Figure 1 Cover graph for a population of N = 5 elements

system of inequalities is illustrated by the Hasse diagram (cover graph) shown in the �gure 1. There is
no guarantee that Fattorini’s estimators of inclusion probabilities satisfy the whole system of inequalities
dictated by propositions 1 and 2. Forcing these constraints to be satis�ed may improve the accuracy of
population total estimates. To preserve constraints one may consider calculating estimates of �rst-order
inclusion probabilities as solutions to the quadratic program

8
><

>:

f 1( �̂ 1; :::; �̂ N ) ! min
�̂ 1 � ::: � �̂ N

�̂ i 2< 0;1 >; i 2 U
(9)

where
f 1( �̂ 1; :::; �̂ N ) =

X

i2U

Ri ( ^̂� iF � �̂ i )2 (10)

while weights R1; :::; RN represent numbers of replications observed for individual units. They will take
the same valueR when all individual unit costs values are unique, but according to the proposition 3
they may also equal multiples ofR in groups of units with exactly the same costs. Leta� = a + 1 for
a = i; j . Estimates of second-order probabilities are obtained by solving a separate quadratic program:

8
>>><

>>>:

f 2( �̂ ij ; j < i) ! min
�̂ ij � �̂ ij � ; j; j � < i 2 U
�̂ ij � �̂ i � j ; j < i; i � 2 U
�̂ ij 2< 0;1 >; j < i 2 U

(11)

where
f 2( �̂ ij ; j < i) =

X

j<i2U

Rij ( �̂ ijF � �̂ ij )2 (12)

while Rij for i > j 2 U represent numbers of replications observed fori -th and j -th unit. They will all be
equal to R when all unit costs are unique and may be multiples ofR in groups of units featuring exactly
the same individual costs, on the basis of the proposition 4. Programs (9) and (11) are formulated in
terms of inclusion probability estimates �̂ ij for i = j (�rst order) and i < j (second order), but knowing
that � ij = � ji for i; j 2 U one in fact estimates all inclusion probabilities of �rst two orders in the
whole population. Simulation results applying to units both included and not included in the sample s
may then be applied to improve accuracy of �nite population totals. It should also be noted that one
might also formulate additional constraints involving both �rst and second inclusion probabilities. Such
constraints would however be easier to satisfy and hence less useful to constuct estimates. Both programs
may be solved using the active set method discussed in [4]. Plugging obtained estimates ^� i and �̂ ij into
(2) instead of � i and � ij (for i; j 2 U) one may construct the variance estimator for (1) in the form:

V̂ ( t̂ � ) =
X

i;j 2s

�̂yi �̂yj �̂� ij (13)

where �̂yi = yi =�̂ i , �̂� ij = �̂ ij =�̂ ij and �̂ ij = �̂ ij � �̂ i �̂ j for i; j 2 U.
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3 Numerical illustration

Assume that the �nite population consists of N = 24 units. Individual costs are given by a vector
c = [ c(1); :::; c(N )]0 = [1 ; 2; :::;24]0 and the budget constraint is L = 90 which constitutes 30% of the
census cost. A simulation involving R = 500 sample replications was carried out to estimate unknown
inclusion probabilities under Pathak sampling. Estimates of the N � N inclusion probability matrix
� = [� ij ] (where � ii = � i for i 2 U) obtained using Fattorini’s formulae (4), (5), and obtained by
solving (9) and (11) through active set method are shown in �gure 2. Visual inspection reveals that the
introduction of hierarchical constraints reduces volatility of inclusion probability estimates.

i

j

p̂ijF
i

j

p̂ij

Figure 2 Estimated matrices of inclusion probabilities

To sched some light on properties of the proposed variance estimator a simulation was carried out for
values ofc and L introduced above. A total of 5000 realizations of the samples were drawn with R = 500
replications generated for each drawn sample. Two variants of the estimator (3) were computed. The �rst
one denoted by the letter F utilized raw Fattorini’s estimates of inclusion probabilities given by (4) and
(5). The second one denoted by the letter A utilized inclusion probability estimates obtained by solving
(9) and (11) through the active set method. Table 1 shows percentagesPF and PA of negative variance
estimates, their ratio PA =PF as well as ratios of variancesVA =VF and mean square errorsM A =MF of
both estimators, for several value setsy = [y 1; :::; yN ]0 of the study variable.

y PF PA PA =PF , VA =VF M A =MF

[1;2; :::;24]0 0.3695 0.2134 0.5776 0.4329 0.5028
[1; :::;12;12; :::;1]0 0.0447 0.0026 0.0581 0.6647 0.7269
[12; :::;1;1; :::;12]0 0.1365 0.0544 0.3985 0.7076 0.7537

[24;23; :::;1]0 0.0054 0.0003 0.0645 0.9853 1.0008

Table 1 Selected characteristics of variance estimators’ empirical distributions

The results suggest that the proposed estimation method may lead to a substantial reduction in the
number of unwelcome negative estimates as compared to Fattorini’s approach. Moreover, in three out
four investigated cases the variance was considerably reduced and the bias introduced through constraints
did not overwhelm the variance reduction e�ect, which led to a reduced mean squre error as well. In the
fourth case both variance and mean square error were comparable.

4 Conclusion

Due to very small expected sample size in the presented example the bias and standard deviation of
variance estimates for the estimatort̂ � were large in comparison to its true variance. This had to result
in high frequencies of negative variance estimates. In practice samples would be much larger and these
frequencies would be very small. Nevertheless, incorporation of hierarchical constraints in the estimation
process seems to mitigate risks of such unwelcome developments. The variance reduction is also a bene�t.
After modi�cations the proposed approach might potentially be adopted to assess the variance of estimates
for population parameters other than the total, such as covariances, ratios, or price indices of [1]. The
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main practical challenge seems to be associated with computational complexity of the method as the
number of constraints grows with the square of the population size. This might be tackled by solving
proposed quadratic programs only for some subset of population units (in particular by collapsing unit
groups on the basis of propositions 3 and 4), using parallel computing and/or adopting scalable quadratic
programming techniques such as those in [3].
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An Alternativ e Approach to the Structure
Determination of Hierarchical Archimedean Copulas

Jan G�orecki1, Martin Hole�na 2

Abstract. Copulas o�er very a 
exible tool for a stochastic dependence
modeling. One of the most popular classes of copulas is the class of hierar-
chical Archimedean copulas, which gained its popularity due to the fact that
the models from the class are able to model the stochastic dependencies con-
veniently even in high dimensions. One critical issue when estimating a hierar-
chical Archimedean copula is to correctly determine its structure. The paper
describes an approach to the problem of the structure determination of a hi-
erarchical Archimedean copula, which is based on the close relationship of the
copula structure and the values of measure of concordance computed on all its
bivariate margins. The presented approach is conveniently summarized as a
simple algorithm.
Keywords: hierarchical Archimedean copula, structure determination, mea-
sure of concordance, bivariate margins, nesting condition

JEL classi�cation: C51, C46
AMS classi�cation: 62H99

1 Introduction

Hierarchical Archimedean copulas (HACs), which generalize Archimedean copulas (ACs), overcome some
limitations and bring some advantages compared to the most popular class of Gaussian copulas [2]. There
already emerged successful applications of HACs in �nance, e.g., in collateral debt obligation pricing, see
[2, 5]. One critical issue when estimating HAC is to properly determine its structure. Despite the
popularity of HACs, there exists only one paper [9] addressing generally the structure determination.
The method presented in that paper mainly focus on maximum likelihood estimation (MLE) for the
estimation of HAC’s parameters, which are later used for the structure determination. The MLE used
in the method involves the computation of the density of a HAC that needs up tod derivatives, whered
is the data dimension. The authors claim, that the approach is feasible in high dimensions when using
numerical method for the density computation and present two examples ford = 5, which involves only
homogeneous HAC and which incorporates ACs belonging to one Archimedean family. Our approach
provides an alternative way to the problem, which completely avoids the need of the HAC’s density
computation for some Archimedean families, hence is feasible even in very high dimensions.

The paper is structured as follows. The second section recalls some necessary theoretical concepts
concerning copulas, the third section presents the proposed approach to the structure determination of
HAC and the fourth section concludes the paper.

2 Preliminaries

2.1 Copulas

De�nition 1. For every d � 2, a d-dimensional copula (shortly, d-copula) is a d-variate distribution
function on Id (I is unit interval), whose univariate margins are uniformly distributed on I.

At the �rst look, copulas (denote the set of all copulas as C) form one of many classes of joint
distribution functions (shortly, joint d.f.s). What makes copulas interesting is that they establish a

1SBA in Karvina, Silesian University in Opava, Karvina, Czech Republic, Department of informatics, gorecki@opf.slu.cz
2 Institute of Computer Science, Academy of Sciences of the Czech Republic, Praha, Czech Republic, martin@cs.cas.cz
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connection between general joint d.f. and its univariate margins (in text below we use onlymargin for
term univariate margin ).

Theorem 1. (Sklar’s Theorem) [10] Let H be a d-dimensional d.f. with margins F1; :::; Fd. Let A j
denote the range ofFj , A j := Fj (R)(j = 1 ; :::; d); R := R [ f�1 ; +1g: Than there exists a copulaC
such for all (x1; :::; xd) 2 Rd,

H (x1; :::; xd) = C(F1(x 1); :::; Fd(x d)): (1)

Such aC is uniquely determined onA1 � ::: � Ad and, hence, it is unique if F1; :::; Fd are all continuous.

Through the Sklar’s theorem, one can derive for anyd-variate d.f. its copula C using (1). In case that
the margins F1; :::; Fd are all continuous, copula C is given by C(u1; :::; ud) = H (F �

1 (u1); :::; F �
d (ud)),

where F �
i ; i 2 f1; :::; dg denotes pseudo-inverse ofFi given by F �

i (s) = inf ft j Fi (t) � sg; s 2 I . Many
classes of copulas are derived in this way from popular joint d.f.s, e.g., the most popular class of Gaussian
copulas is derived usingH corresponding tod-variate Gaussian distribution. But, using this process often
results in copula forms not representable in closed form, what can bring di�culties in some applications.

2.2 Archimedean Copulas

This drawback is overcame while using Archimedean copulas due to their di�erent construction process.
ACs are not constructed using thr Sklar’s theorem, but instead of it, one starts with a given functional
form and asks for properties in order to obtain a proper copula. As a result of such a construction, ACs
are always expressed in closed form, which is one of the main advantages of this class of copulas [3]. To
construct ACs we need a notion of anArchimedean generator and a complete monotonicity.

De�nition 2. Archimedean generator (shortly, generator) is continuous, nonincreasing function  :
[0; 1 ] ! [0;1], which satis�es  (0) = 1;  (1 ) = lim t!1  (t) = 0 and is strictly decreasing on [0; inf ft :
 (t) = 0g ].

Remark 1. We denote set of all generators as 	.

De�nition 3. Function f is called completely monotone(shortly, c.m.) on [a; b], if (�1) k f (k ) (x) � 0
holds for every k 2 N0; x 2 (a; b).

De�nition 4. Any d-copula C is called Archimedean copula (we denote it d-AC), if it admits the form

C(u) := C(u;  ) :=  ( �1 (u1) + ::: +  �1 (ud)); u 2 Id; (2)

where  2 	 and its inverse  �1 : [0;1] ! [0; 1] is de�ned  �1 (0) = inf f t :  (t) = 0g.

For verifying whether function C given by (2) is a proper copula, we can use the property stated in
De�niton 3. A condition su�cient 1 for C to be a copula is stated as follows.

Theorem 2. If  2 	 is completely monotone, then functionC given by (2) is copula.

We can see from De�nition 4 that having a random vector U distributed according to some AC,
all its k-dimensional (k < d) marginal copulas have the same marginal distribution. It implies that all
multivariate margins of the same dimension are equal, thus, e.g., the dependence among all pairs of
components is identical. This symmetry of ACs is often considered to be a rather strong restriction,
especially in high dimensional applications.

2.3 Hierarchical Archimedean Copulas

To allow for asymmetries, one may consider the class of HACs2, recursively de�ned as follows.

De�nition 5. A d-dimensional copulaC is called hierarchical Archimedean copula if it is an AC with
arguments possibly replaced by other hierarchical Archimedean copulas. IfC is given recursively by (2)
for d = 2 and

C(u;  0; :::;  d� 2) =  0( �1
0 (u1) +  �1

0 (C(u2; :::; ud;  1; :::;  d�2 ))) ; u 2 Id; (3)
1Necessary and su�cient condition for C to be a copula can be found in [6]
2often also called nested Archimedean copulas
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for d � 3, C is called ful ly-nested hierarchical Archimedean copulawith d � 1 nesting levels. Otherwise
C is called partilally-nested hierarchical Archimedean copula. [4]

Remark 2. We denote ad-dimensional HAC asd-HAC. We refer to the hierarchical ordering ofC(� ;  0); :::;
C(�;  d� 2) together with the ordering of variables u1; :::; ud as the structure of a d-HAC.

From the de�nition, we can see that ACs are special cases of HACs. The most simple proper fully-
nested HAC is copulaC obtained for d = 3 with two nesting levels. The structure of this copula is given
by

C(u;  0;  1) = C(u1; C(u2; u3;  1);  0)
=  0( �1

0 (u1) +  �1
0 ( 1( �1

1 (u2) +  �1
1 (u3)))) ; u 2 I3: (4)

As in the case of ACs we can ask for necessary and su�cient condition for functionC given by (3) to
be a proper copula. Partial answer for this question in form of su�cient condition is contained in the
following theorem [6].

Theorem 3. (McNeil (2009)). If  j 2 	 1 ; j 2 f0; :::; d � 2g such that  �1
k �  k+1 have completely

monotone derivatives for allk 2 f0; :::; d � 3g, then C(u;  0; :::;  d� 2); u 2 Id, given by (3) is a copula.

If we take the most simple 3-HAC given by (4), we can see that the condition forC to be a proper
copula following from McNeil’s theorem is ( � 1

0 �  1)0 to be completely monotone. As this condition will
be essential for the rest of this paper we put it in individual de�nition.

De�nition 6. Let  a ;  b 2 	 1 ; a; b2 f0; :::; d � 2g; a6=b and C(�;  a) corresponds to parent ofC(�;  b)
in the tree structure of C. Then condition for ( �1

a �  b)0 to be compete monotone is callednesting
condition.

As we can observe, veri�cation of conditions in McNeil’s theorem is justd � 2 veri�cations of nesting
condition for d � 2 di�erent pairs  k ;  k+1 ; k 2 f0; :::; d � 2g. McNeil’s theorem is stated only for fully-
nested HACs, but it can be easily translated also for use with partially-nested HACs.

For the sake of simplicity, assume that eachd-HAC structure corresponds to some binary treet.
Each node in t represents one 2-AC. Each 2-AC is determined just by its corresponding generator, so we
identify each node in t with one generator and hence we have always nodes 0; :::;  d�2 . For a node  
denote asDn ( ) the set of all descendant nodes of , P ( ) the parent node of  , H l ( ) the left child of
 and H r ( ) the right child of  . The leafs of t correspond to the variablesu1; :::; ud.

2.4 Measure of concordance

A measure of concordance (MoC) is a measure, which re
ects a degree of dependency between two random
variables independently on their univariate distributions. There also exist generalizations for more than
two random variables, but we present only pairwise measure of concordance. AsC allows for partial
ordering known asconcordance ordering, a measure of concordance also re
ects this ordering (see [3, 7]).
One of the most popular measures of concordance isKendall’s tau. As we are interested in its relationship
with a general bivariate copula, we use its the de�nition given by (as in [1])

� (C) = 4
Z

I2
C(u1; u2)dC(u1; u2) � 1: (5)

If C is 2-AC based on a generator and  depends on the parameter� , then (5) states a relationship
between � and � . This relationship is very important for our approach and is used extensively later in
Section 3.

2.5 Okhrin’s algorithm for the structure determination of HAC

We recall the algorithm presented in [8] for the structure determination of HAC, which returns for some
unknown HAC C its structure using only the known forms of its bivariate margins. The algorithm uses
the following de�nition.

De�nition 7. Let C be a d-HAC with generators  0; :::;  d� 2 and (U1; :::; Ud) � C. Then denote as
UC ( k ); k = 0; :::; d � 2, the set of indexesUC ( k ) = fij (9Uj )(U i ; Uj ) � C(�;  k ) _ (Uj ; Ui ) � C(�;  k ); 1 �
i < j � dg; k = 0 ; :::; d � 2:
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Proposition 4. De�ning UC (ui ) = fi g for the leaf i; 1 � i � d, there is an unique disjunctive decompo-
sition of UC ( k ) given by

UC ( k ) = UC (H l ( k )) [ U C (H r ( k )): (6)

Due to space limitations we do not state the proof for the proposition and we refer the reader to the
Okhrin’s work [8], which includes detailed description of the method and the necessary proofs.

For an unknown d-HAC C, knowing all its bivariate margins, its structure can be easily determined
with Algorithm 1, which returns the unknown structure t of C. We start from the sets UC (u1); :::; UC (ud)
joining them together through (6) until we reach the node  for which UC ( ) = f1; :::; dg.

Algorithm 1 The HAC structure determination
I = f0 ; :::; d � 2g
while I 6= ; do

1. k = argmin i2I (#U C ( i )), if there are more minima, then choose ask one of them arbitrarily.
2. Find the nodes  l ;  r , for which UC ( k ) = UC ( l ) [ U C ( r ).
3. H l ( k ) :=  l ; H r ( k ) :=  r .
4. Set I := Infk g.

end while

3 Our approach

Recalling Theorem 3, the su�cient condition for C to be a proper copula is, that the nesting condition
must hold for each generator and its parent in a HAC structure. As this is the only known condition that
assures thatC is a proper copula, we concern in this work only the copulas, which ful�ll this condition.
The nesting condition results in constraints for the parameters� 0; � 1 of the involved generators  0;  1
(see [4, 3]). As� i ; i = 1; 2 is closely related to a MoC, e.g. � and � i relationship established through
(5), there is also an important relationship between the MoC and the HAC tree structure following from
the nesting condition. This relationship is described for the fully-nested 3-HAC given by the form (4) in
Remark 2.3.2 in [3]. There is stated that if the nesting condition holds for the parent-child pair ( 0;  1),
then 0 � �( 0) � �( 1), where � is a MoC (as we concern only HACs with binary structures, which
incorporates only 2-ACs, which are fully determined only by its generator, we use as domain of� the set
	 instead of the usually used set of all 2-copulas). We generalize this statement, using our notion, as
follows.

Proposition 5. Let C be a d-HAC with the structure t and the generators 0; :::;  d� 2, where each
parent-child pair satisfy the nesting condition. Let � be a MoC. Than �( i ) � �( j ); where  j 2 D n ( i ),
holds for each i ; i = 0; :::; d � 2.

Proof. If  i = P ( j ), then we get directly �( i ) � �( j ) using Remark 2.3.2 from [3]. Otherwise,
as  j 2 D ( i ), there exists a unique sequence k1 ; :::;  k l , where 0 � km � d � 2; m = 1; :::; l; l �
d � 1;  k1 =  i ;  k l =  j and  k �1 = P ( k ) for k = 2 ; :::; l . Applying the above mentioned remark for
each pair ( k � 1;  k ); k = 2 ; :::; l , we get �( k1 ) � ::: � �( k l ): �

Thus, having a branch from t, all its nodes are uniquely ordered according to their value of� assuming
unequal values of� for all parent-child pairs. This provides us an alternative algorithm for the HAC
structure determination. We have to assign the generators with the highest values of� to the lowest
levels of the branches in the structure and ascending to higher levels we assign the generators with lower
values of �.

To allow for computation of MoC among m (possibly > 2) random variables (r.v.s) we state the
following de�nition. For simpli�cation, denote the set of pairs of r.v.s as U IJ = f( Ui ; Uj )j(i; j ) 2 I � J g,
where I; J � N; I 6=; 6= J:

De�nition 8. Let m 2 N and � be a MoC. Then de�ne an aggregatedMoC � + as

� + (U IJ ) =

(
�(U i ; Uj ) if I = fi g; J = fj g
+( �(U i ; Uj ) i2I;j 2J ); else;

(7)
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where the non-empty setsI; J � f 1; :::; mg; I \ J = ; and + denotes an aggregation function3, for which
+( x; :::; x) = x for all x 2 I.

Remark 3. �( k ) = � + (U UC (H l (  k ))U C (H r ( k )) ) for a d-HAC C and for each k = 0 ; :::; d � 2.

Let us illustrate our approach to the structure determination for d = 4. Assume three di�erent
structures t1; t2; t3 corresponding to copulasC1; C2; C3. For t1 let UC1 ( 2) = UC1 ( 1) [ U C1 ( 0) =
f3; 4g [ f 1; 2g. For simpli�cation denote f3; 4g [ f1; 2g as ((34)(12)). For t2 let UC2 ( 2) = fu 4g [
(UC2 ( 1) [ U C2 ( 0)) = fu 4g [ (f u3g [ fu 1; u2g) = (4(3(21))). For t3 let UC3 ( 0) = (3(4(12))): We see
that t1 is the structure of a partially-nested 4-HAC and t2; t3 are the structures of fully-nested 4-HACs.
Also assume (without a loss of generality)�( 2) = �; �( 0) = 
 and � < �( 1) < 
; �; 
 2 I for all
t1; t2; t3. The case when� = �( 1) or �( 1) = 
 is discussed later for a 3-HAC. Denote� 1 = �( 1)
for t1, � 2 = �( 1) for t2 and � 3 = �( 1) for t3. The quantities �; � 1; � 2; � 3; 
 can be determined from
corresponding bivariate distributions as for t1 is � = �( 2) = �(U 3; U1) = �(U 3; U2) = �(U 4; U1) =
�(U 4; U2); � 1 = �( 1) = �(U 3; U4); 
 = �( 0) = �(U 1; U2). For t2 we have � = �( 2) = �(U 4; U3) =
�(U 4; U1) = �(U 4; U2); � 2 = �( 1) = �(U 3; U1) = �(U 3; U2); 
 = �( 0) = �(U 1; U2): For t3 similarly � =
�( 2) = �(U 4; U3) = �(U 3; U1) = �(U 3; U2); � 3 = �( 1) = �(U 4; U1) = �(U 4; U2); 
 = �( 0) = �(U 1; U2):

Now assume a 4-HACC with unknown structure t 2 f t1; t2; t3g and (U1; U2; U3; U4) � C. Compute
� for all pairs of the r.v.s. If follows from the assumptions that �(U 1; U2) = 
 is always (for t = t1; t2; t3)
the maximum from those values. To satisfy Proposition 5, it is necessarilyUC ( 0) = f12g, what assures
through Algorithm 1 that  0 is assigned to the lowest level of a branch fromt. We introduce the a
new variable Z = ( U1; U2), which represents r.v.sU1; U2. Once again compute� for all the pairs of the
new r.v.s, which are now r.v.s (U3; U4; Z ). As Z represents two r.v.s we use generalized� + . Thus we
get � 1 = � + (U3; U4) = �(U 3; U4); � 2 = � + (U3; Z ) = � + (U f 3gf 12g) and � 3 = � + (U4; Z ) = � + (U f4gf12g ).
Consider that under t = t1 is � 1 > � 2 = � 3 = � . Under t = t2 is � 2 > � 1 = � 3 = � and under t = t3
is � 3 > � 1 = � 2 = � . The determination of UC ( 1) in accordance with Proposition 5 is then obvious -
UC ( 1) = f 3;4g if � 1 = max(� 1; � 2; � 3) or UC ( 1) = f3; 2;1g if � 2 = max( � 1; � 2; � 3) or UC ( 1) = f4; 2;1g
if � 3 = max(� 1; � 2; � 3). The set UC ( 2) = f4; 3;2;1g for all t1; t2; t3.

The described process is generalized in Algorithm 2 for arbitraryd > 2. The algorithm returns the
sets UC (zd+ k+1 ) corresponding to the setsUC ( k ); k = 0; :::; d � 2. Passing them to Algorithm 1, we
avoid their computation from De�nition 7 and we get the requested d-HAC structure without a need of
knowing the forms of the bivariate margins.

Algorithm 2 The HAC structure determination based on �
Input:

1) I = f1; :::; dg, 2) (U1; :::; Ud) � C, 3) � + ... an aggregated MoC, 4)zk = uk ; UC (zk ) = fk g; k = 1 ; :::; d
The structure determination:
for k = 0; :::; d � 2 do

1. (i; j ) := argmax
i � <j � ;i � 2I ;j � 2I

� + (U UC (zi � )UC (zj � ) )

2. UC (zd+ k+1 ) := UC (zi ) [ U C (zj )
3. I := I [ f d + k + 1gnfi; j g

end for
Output:

UC (zd+ k+1 ); k = 0; :::; d � 2

Now consider a fully-nested 3-HAC with two equal generators given by the formC(u1; C(u2; u3;  );  ) =
 ( �1 (u1) +  �1 ( ( �1 (u2) +  �1 (u3)))). As it equals to  ( �1 (u1) +  � 1(u2) +  � 1(u3)), which is
the 3-AC C(u1; u2; u3;  ), we get for this copula in Step 1. of the algorithm three pairs (1,2), (1,3), (2,3)
corresponding to the maximal value of� + . This is because all bivariate margins ofC(u1; u2; u3;  ) are
distributed equally. Choosing the �rst pair to be the pair ( i; j ) we get the result of the algorithm as
UC ( 0) = f1; 2g;UC ( 1) = f1; 2;3g. Passing it to Algorithm 1 we get the corresponding structure and
denote it as r 1. In the same way we obtain for the second and the third pair the structures we denote as
r 2; r 3. But, as C(u1; C(u2; u3;  );  ) = C(u1; u2; u3;  ), all those structures r 1; r 2; r 3 corresponds to the
same copula. Thus, in the case that there are more than one pair corresponding to the maximal value
of � + in Step 1., we can choose the pair arbitrarily, because it does not a�ect the resulting copula, i.e.

3 like, e.g., max, min or mean
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the algorithm return di�erent structures, which however correspond to the same copula. This fact can
be also easily generalized for the case whend > 3:

4 Conclusions

As the aggregated� + depends only on the pairwise� and the aggregation function +, we can easily
derive its empirical version � +

n just by substituting � in � + by its empirical version � n , e.g., by empirical
version of Kendall’s tau. Using� +

n instead of � + we can easily derive the empirical version of the structure
determination process represented by Algorithms 1, 2. Conclude that in this way we base the structure
determination only on the values of the pairwise MoC. This is the essential property of our approach,
because if the relationship between� and � established through (5) is explicitly known, whole HAC,
including its structure and its parameters, can be estimated just from � n computed on the realizations
of (Ui ; Uj ); 1 � i < j � d completely avoiding the use of the MLE.
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Table 1 Calculation of Black-Scholes Model 

The result of Black-Scholes and the graph the functions are showing in the following. 

                    

Figure 1 Call and Put Option Price in Black-Scholes Model    

2.2. Binomial Model 

Cox and Ross (1976) introduced a simple model for pricing an option in which the underlying asset 
price dynamics are governed by a binomial tree in which the price of an asset can move either upward 
or downward by a constant multiple, at each time step. It showed how to construct a binomial tree in 
which there can be no arbitrage, where the probability of an upward move is constant throughout the 
tree. In a simple binomial tree is assume that the transition probability, for risk neutral valuation it 
choose p so that S grows at the risk free rate, that is (See [1]) 

 TqreSdSpupS )(
000 )1( ��� ����  (5) 

 
du

de
p

Tqr

��
��

� 
�� )(

 (6) 

The total return provided by the stock in a risk-neutral world must be the risk-free interest rate r, 
the dividends provide a return equal to q, and the return in the form of capital gains must be (r-q). 
Because the value of the derivative is the expected payoff in a risk-neutral world discounted at the 
risk-free rate, that is 

 ])1([ du
rT fppfef ����� ��  (7) 

Example 2. Calculation the binominal model which uses the underlying asset of PetroChina, the 
parameters data is same with example1. To define binomial option pricing for European options is in 
the following table (See [2]). 
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Table 2 Calculation of Binominal Model 

There is the graph shows option pricing in binominal model and the Black-Scholes model. 

 

Figure 2 Applying Option Pricing in the Binomial Model and the Black-Scholes Model 

3. Static Delta Partial Hedging in the Black-Scholes Model 

Delta measures how volatile an option on futures premium is relative to the underlying, expressed by 
the change in option premium to change in futures price. The greater the extent to which the option is 
in the money, the greater its delta and vice versa. Delta is measured on a continuum form 0 to 1. High 
delta options are close to one. Delta is a metric for hedgers to determine how volatile the underlying is 
that they are attempting to hedge and the degree to which a hedge might be effective. In the delta 

hedging, it hedges the call position by purchasing
S
C

�w
�w

, where C is the call price. Following table shows 

the formulation of delta hedging for options. (See [9]) 

Parameters Call Option Put Option 

Delta 
S
C

�w
�w  )( 1dN  1)()( 11 ���{���� dNdN  

Table 3 Formulation of Delta Hedging for Options 

To hedging the position, the hedge ratio can be calculated as following table (See[3]). 
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LMD1 decomposition of the changes in the industrial
energy consumption in the Czech Republic

Vladim��r Hajko 1

Abstract. This article applies logarithmic mean Divisia index decomposition
method to analyze the changes in the energy consumption of the industrial sec-
tor in the Czech Republic, EU-27, EU-15 and EU-12 during the period of 1997
to 2009. The results indicate several di�erences between the EU-12 and EU-15
countries. The major di�erences are: the magnitude of the activity e�ect; how
in
uential was the period of the recession for the energy consumption in the
respective groups; the amount of reduction in the energy consumption and the
development of the energy intensity e�ect in the period of crisis.
Keywords: LMD1, Energy, Energy consumption, Industry

JEL classi�cation: Q43
AMS classi�cation: 11Y05

1 INTRODUCTION

In the last two decades (following the transition from the centrally planned economy) the industrial sector
in the Czech Republic (generally in the transforming countries) has gone through signi�cant changes. The
original rather ine�ective structure and technology has been gradually improving and becoming far more
energy and market e�cient. Given the increasing competition and general market tendency to improve
e�ciency, it is of little surprise that the industrial sector has been the sector that gone under most
intense transformation, not only in the Czech Republic but in most European countries. For instance
in the EU-12 countries1, we can observe nearly 20 percentage points reduction in the overall industrial
energy consumption share in 2011 compared to 1990. The EU-15 countries2 recorded a similar shift from
industry to transport, though with only about 5 p. p. decrease in the share of industry and somewhat
less than 5 p.p. increase in the share of transport).

Despite the signi�cant shift of the energy consumption from the industry to other sectors (as hinted
above, mainly to transport), the industrial sector still represents about a quarter (in EU average) or
a third (in CZ) of the total energy consumption and remains in the live interest of many government
policies (including the energy conservation and CO2 reduction scenarios such as the Energy Policy for
Europe (also known as 20-20-20 plan)).

This article aims to unfold these changes, with the main focus on the energy consumption develop-
ment in the industrial sector. For comparative reasons, the following results also cover, apart from the
Czech Republic, the aggregates of EU-27, EU-15 (original member countries) and EU-12 (new member
countries). The main tool of the analysis is the application of the so-called logarithmic mean Divisia 1
index method (LMD1), proposed by [4]. The history of application of the index decomposition analysis
(IDA) to decompose an aggregate ranges back to 1970s (see [6] for comprehensive review). Nowadays,
the IDA methods are widely accepted analytical tool for policy making [2], and it is indeed evidenced not
only by the number of studies employing the IDA methods but also by its acceptance by the renowned
international bodies such as the International Energy Agency [10].

However, rather little attention has been given to these methods not only in the Czech Republic, but
also in most countries of the former Eastern Bloc. One signi�cant burden is the data comparability across
di�erent countries. Not only for a cross-country comparison, but also for the meaningful correspondence of

1Masaryk University, Faculty of Economics and Administration, Department of Economics, Lipov�a 507/41a, Brno, Czech
Republic, vladimir.hajko@mail.muni.cz

1Bulgaria, Cyprus, Czech Republic, Estonia, Hungary, Latvia, Lithuania, Malta, Poland, Romania, Slovakia, Slovenia
2Austria, Belgium, Denmark, Finland, France, Germany, Greece, Ireland, Italy, Luxembourg, Netherlands, Portugal,

Spain, Sweden, United Kingdom.
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the individual country analyses, it is necessary to have a uni�ed methodological structure and collection
of the data (mainly regarding the delimitation of the individual sub-sectors how the value added is
measured). Eurostat databases are useful in their methodological homogeneity, but in certain cases do
not provide the latest (and, given the late economic troubles the Europe and the world have been going
through, probably interesting) data.

2 DATA

This section is devoted to providing a detailed information of the data used in the analysis as well as
to show some of the interesting facts regarding the data. All the �gures and the tables presented in
this article are my own. Two main indicators necessary for this IDA application are the �nal energy
consumption and the gross value added (GVA). The data on the energy consumption are available under
Eurostat’s table [nrg100a] , and are measured in thousand tonnes of oil equivalent3. The data on the gross
value can be found under the table [namanace60c] and are measured in current millions of euro (from
January 1, 1999) or current millions of ECU (up to Decemeber 31, 1998). As hinted above, the reason
for the selection of the data source is speci�cally the availability of the indicators for multiple countries
in exactly the same structure and measurement methods. This should allow any further researcher to
directly compare the results across di�erent countries and allows for extensibility of the results.

The �rst important thing that needs to be noted is that a meaningful analysis requires that the data
for individual sub-sectors are related to the same set of activities. In other words, it is of no use if we
collect data that do not correspond to the identical underlying sub-sector. As the Table 1 shows, the
source data structure allows for the good match in only 11 of the 13 energy subsectors, meaning that this
analysis is necessarily limited (in European average) to analyze only about the 90% of the consumption
that took place in all of the industrial sub-sectors.

Due to certain peculiarities in the data, one might be lead to a certain misunderstanding of the
results if it is not kept in in mind that \Industry" in this analysis is (albeit unfortunately) limited to
the sum of the 11 energy subsectors corresponding to the 14 NACE codes as presented in the Table 1.
An example of such peculiarity can be the atypical behavior of the energy consumption in the elusive
\Not elsewhere speci�ed" sub-sector in several EU-12 countries. For instance, in the Czech Republic
this sub-sector accounted for more than half of the total Czech energy consumption in the early 1990s.
This however can be attributed to the somewhat imperfect statistical collection and classi�cation of the
energy consumption, especially during the �rst half of the 1990s. An overall picture of the all sub-sectors
indicates the overall pattern is not very di�erent from the examined part of the industry. Yet I feel it is
important to distinguish the overall industry and the examined sub-sectors delimitation. Furthermore,
such unhelpful statistical classi�cation in the early 1990s also speaks for the selection of the time frame
"after the dust has settled" - in case of this analysis the time period was chosen from the 1997 onwards.

Figure 1 shows the development of both the industrial (�nal) energy consumption and the Gross
Value Added in the examined industrial sector. We can see that the average behavior in the European
countries shows a downward trend in both energy consumption share and the GVA share. However, the
heavier presence (compared to EU-15) of industrial sub-sector can be clearly seen in EU-12 aggregate and
Czech Republic. Unlike the aggregate of EU-15, the GVA share of the industry in the Czech Republic
is decreasing. Despite that the Czech Republic still has above average (compared both to EU-27 and
EU-15) level of industry’s contribution on the GVA.
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Figure 1 Gross value added and energy consumption shares, examined sub-sectors, EU-27 countries,
1990-2010

3The TOE unit is de�ned by the International Energy Agency as the amount of energy released by burning one ton of
crude oil and represents 41.868 GJ.
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Energy code Energy description NACE code NACE description

B 101805 Iron and steel DJ Manufacture of basic metals and fabricated metal products
B 101810 Non-ferrous metals #N/A
B 101815 Chemical, including petrochemical DF Manufacture of coke, re�ned petroleum products and nuclear fuel

DG Manufacture of chemicals, chemical products and man-made �bres
DH Manufacture of rubber and plastic products

B 101820 Non-metallic mineral products DI Manufacture of other non-metallic mineral products
B 101825 Mining (excluding energy producing industries) and quar-

rying
C Mining and quarrying

B 101830 Food processing, beverages and tobacco DA Manufacture of food products, beverages and tobacco
B 101835 Textile and leather DB Manufacture of textiles and textile products

DC Manufacture of leather and leather products
B 101840 Pulp, paper and printing DE Manufacture of pulp, paper and paper products; publishing and printing
B 101846 Transport equipment DM Manufacture of transport equipment
B 101847 Machinery; DK Manufacture of machinery and equipment n.e.c.
B 101851 Wood and wood products (other than pulp and paper); DD Manufacture of wood and wood products
B 101852 Construction; F Construction
B 101853 Not elsewhere speci�ed. #N/A
#N/A DL Manufacture of electrical and optical equipment
#N/A DN Manufacturing n.e.c.

Table 1 Matching energy consumption and GVA sub-sectors

3 METHODOLOGY

The index decomposition methods are used to identify the individual contributions of several factors to
the combined total change. It is especially useful method in analyzing a change4 in an overall aggregateV
(where V =

P
i Vi ), that is composed of multiple factors (Vi = x1;i ;x2;i ; : : : ; xn;i ), with non-zero changes

in factors (which means the overall change is the results of multiple interacting factors). In other words,
the decomposition method allows to quantify the relative contributions of the pre-de�ned factors to the
change in the examined aggregate.

The LMD1 method applied in this article exhibits several desirable properties. First, the LMD1
ful�lls the so-called Fisher’s [8] tests (except the circular test5) - namely the time-reversal test6 and the
factor-reversal test7. Furthermore it is zero-value robust8. Detailed comparison of the properties of the
decomposition methods can be found in [6].

It should be noted the additive re�ned Laspeyer’s index decomposition methods (see e.g. [11], [7] or
[1]; an example of the application of the additive re�ned Laspeyer’s method on the cross-country energy
consumption can be found in [9]) also ful�ll the Fisher’s factor-reversal and time-reversal tests. However,
the application of the logarithmic-mean index decomposition method has advantages over the re�ned
Laspeyer’s methods. One of them is that LMD methods can be easily constructed for any number of
factors, while the complexity of the interaction terms in the formulas of the re�ned Laspeyer’s methods
grows very quickly.

It is important to point out a strong advantage of the application of the decomposition methods that
satisfy the factor-reversal test over the other decomposition methods. It is well known the magnitude of
the unexplained residual of the actual change can be very high (even in orders of tens or hundreds of %
of the actual change (though the Divisia based methods usually result in only marginal residual terms)).

4The change can be expressed as� Vtotal = V T � V 0 for the additive form, or D total = V T

V 0 for the multiplicative form
5The circular test has the form of 1 = D 0S D ST D T 0 ;where S is a point between time t = 0 and t = T (this test can also

be expressed in the (perhaps more clear) form of D 0T = D 0S D ST ). However, as shown by [8], the circular test is not met
by any weighted aggregative with changing weights. Constant weights would, however, impose a serious questionability of
the index method’s usefulness.

6As the name suggests, to pass the time-reversal test, the method must exhibit a property, that an index number for a
change from the period t = 0 to period t = T must be a reciprocal value (for multiplicative form) of the index number for
a change from period t = T to period t = 0, i.e. D 0T = 1

D T 0 . For the additive form, the property is: � V 0T = ��V T 0 .
7To pass the factor-reversal test (in the multiplicative form), the product of the individual factor contributions must

equal the observed ratio of the aggregate, i.e. D 0T = V T

V 0 =
Q n

k =1 D k (for the additive form, the property is: �V 0T =
V T � V 0 =

P n
k =1 �V k ). The decomposition method that satis�es this test is called a perfect decomposition method as it

does not contain an unexplained residual.
8Which means the method can be used when there are 0 values in the dataset. In this article the occasional zero values

in the dataset were handled in accordance with the recommendation suggested in [3], i.e. by replacing the zero values by
a su�ciently small number ( � = 10 �20 ). The methodological discussion of this type of zero values’ handling is thoroughly
discussed in [5].
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As such, they leave an open question on accuracy of the results and provide a signi�cant burden to the
interpretation of the results (the more detailed discussion of the issue can be found in [2]).

Another advantage of the LMD1 method is its consistency in aggregation [4], a very desirable property
that is not met by the alternative LMD2 decomposition (the di�erence between LMD1 and LMD2 is in
the way the weights are computed) proposed by [3] (albeit LMD2 is also perfect in decomposition).
Furthermore, the results from multiplicative LMD1 and additive LMD1 can be mutually linked 9, thus
eliminating the need to estimate both multiplicative and additive forms, as one can be transformed into
the other.

The relationship examined in the rest of the article focuses on the changes in the energy consumption
E , using the relationship E = Q � EI , where the energy consumption (measured in TOE) is de�ned as
the product of continuous variables of the economic activityQ (measured by the value added) and the
energy intensityEI (measured in TOE / 1000 Euro).

This basic relationship can be further rewritten as

E = Q
X

i

E i Qi

Qi Q
= Q

X

i

EI i Si (1)

where EI i = E i
Q i

and Si = Q i
Q . If we di�erentiate the Equation 1 by time, we can write:
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and if we divide this equation by E = Q
P
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The integration of Equation 3 yields:
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where wi (t) = Q( t )EI i (t)S i (t)

Q(t)
P

i EI i (t)S i ( t ) . And exponentiating Equation 4 results in:
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Since in practice, we can only observe discrete data, we need to work with the discrete version of the
equations in question (and since the variables that constitute weights are also continuous, it motivates the
use of some form of mean of two discrete values set apart by non-in�nitesimal time). The discretization
of Equation 5 results in:
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with t � 2 (0; T ). A several possible options to determine thet � can be used. The motivation to use
logarithmic mean of weights was explained earlier, though one can indeed use a di�erent scheme, such as
e.g. arithmetic mean (resulting in the so called Arithmetic mean Divisia index), etc.

9Using the formula �V total
ln( D total ) =

�V ef fect 1
ln (D ef fect 1 ) =

�V ef fect 2
ln (D ef fect 2 ) : : : =

�V ef fect k
ln

�
D ef fect k

� (since
�V x k

ln (D x k ) = L
�
V T ; V 0 �

) where

�V terms represent the additive form of the e�ects (with �V total = V T � V 0 = � Vx 1 + � Vx 1 + : : : + � Vx n ), D terms
represent the multiplicative form of the e�ects (with D total = V T

V 0 = D x 1 D x 2 : : : D x n ), where L
�
V T ; V 0 �

is the logarithmic
mean of V T and V 0 .
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However, we can recall that certain schemes (such as LMD110 used in this article) will result in perfect
decomposition, thus:
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(7)

The individual e�ects (activity, energy intensity, and structural) represent how the industry’s energy
consumption would change if the other factors did not change and therefore allow us e.g. to examine
the actual energy e�ciency improvements (via the energy intensity e�ect), in contrast to the simple
computation of the energy intensity indicator.

4 RESULTS

The results of decomposition (per Equation 7) are summarized in the Figure 2 (note the di�erent scales
of axes). While the relative picture might seem similar, the actual changes in the energy consumption
were much more prevalent in the new member countries than in the original EU-15 countries. In 2008
(compared to the base year 1997), the overall change of the energy consumption was only +0:3% in the
EU-15, but �23:7% in EU-12 (and �2; 84% in CZ). We might note the cumulated impact of the period
of crisis on the energy consumption in the industry. The changes in the energy consumption (compared
to the level of 2007) amounted approx. to�16% in EU-15 and �21% in EU-12 (and �14:6% in CZ). An
interesting point is that in the period of the crisis, unlike the both the EU-12 and CZ, only the EU-15
experienced (though rather marginal) increase in the energy intensity e�ect by the combined factor of
1.02.

The di�erences in the individual e�ects are also very prominent. For instance, in the peak in 2008
(comparing to the base year 1997), the change in the energy consumption due to the increase of the
economic activity of the industry sector would (ceteris paribus) result in the increase by the factor of
1:38 in EU-15, but by the factor of 2:79 in EU-12 and 2:53 in CZ. The structural e�ect (representing the
impact of changing the industry’s structure, i.e. shares of individual sub-sectors) played only a minor
role, as it contributed to the �8:9% change in EU-15, and �4:7% in EU-12 (�5% in CZ). The energy
intensity e�ect, indicates that the energy e�ciency improvements (not internal industrial restructuring
towards inherently di�erent sub-sectors) taking place in the new member countries were the major player
in the energy intensity convergence11. Ceteris paribus this e�ect would lead to the change of the industrial
energy consumption by the factor of 0:8 (� a reduction in consumption by 20%) in EU-15, by the factor
of 0:29 in EU-12 (and by the factor of 0:40 in CZ).

As for the most in
uential sectors in the examined industry (due to the limited space of the article, the
e�ects for the individual sub-sectors are not plotted here, but the �gures are available from the author),
it seems there are 4 commonly in
uential (from the energy consumption viewpoint) sub-sectors in both
the original and new member countries. These sectors are (in decreasing order) Iron and steel (DJ),
Petrochemical (DFGH), Non-metallic mineral products (DI) and Food processing (DA). For instance,
these sectors are among top 5 sectors with both the highest activity e�ects (which would result in the
increase of the energy consumption) and the most signi�cant energy intensity e�ects (which would result
in the decrease of the energy consumption) inall examined country groups. Overall, the major (from the
industry’s viewpoint) e�ciency improvements took place in the Iron and steel sub-sector both in original
and new member countries (though the decrease in energy consumption in 2008 and 2009 was mostly
due to the decrease in the activity e�ect).

10 In LMD1 the weights are given by ewi (t � ) = L (E T
i ;E 0

i )
L (E T ;E 0 ) =

(E T
i �E 0

i )
( ln (E T

i ) �ln (E 0
i ))

(E T �E 0 )
( ln (E T ) �ln (E 0 ))

, where L (a; b) is the logarithmic mean of a

and b in the usual de�nition, i.e. L (a; b) = ( a�b)
( ln( a)�ln( b)) , with L (a; a) = a.

11 Though it should be noted the energy intensity indicator (TOE / 1000 EUR in value added) is still about twice as high
in EU-12 (0:19) or CZ (0:22) than in EU-15 (0:11).
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Figure 2 The examined industry’s activity, structural and intensity e�ects

5 CONCLUSION

The results indicate the changes in energy consumption that can be attributed to the changes in economic
activity, were almost 5 times as high (in terms of the relative change against the base period) in EU-12
and 4 times as high in CZ when compared to the EU-15 aggregate. The period of recession was more
in
uential (in terms of the relative drop) in the energy consumption for the EU-12 aggregate than for
the EU-15 aggregate. Despite the activity e�ect, the EU-12 countries managed to reduce the energy
consumption by 36% (though CZ managed only 12% reduction), as opposed to the 14% reduction in EU-
15. Unlike both EU-12 and CZ, the EU-15 experienced (albeit marginal) increase in the energy intensity
e�ect by the combined factor of 1.02 during the period of crisis (2008 and 2009). In all examined groups,
the major activity and intensity e�ects took place in the Iron and steel sub-sector.
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each cross section in equation (2). The null hypothesis may be written as, 0 : 0iH  for all i and the alternative 
hypothesis is given by: 

 1
1

1 1

0 1, ,
:

0 1, 2, , ,
i

i

for i N
H

for i N N N
 (3) 

where the i  may be reordered as necessary. The IPS t-bar statistic is defined as the average of individual ADF 
statistics. In Monte Carlo experiments it was shown that if a large enough lag order is selected for the underlying 
ADF regressions, then the small sample performance of the t-bar test is reasonable and generally better than the 
LLC test. Fisher ADF and PP tests combine the p-values from individual unit root tests. This idea has been pro-
posed by Maddala and Wu in [12].  The null and alternative hypotheses are the same as for the IPS in equation 
(3). In fact, the power of the Z-test is in some cases more than three times that of the IPS test. It seems that this 
test outperforms the other tests and is recommended. 

2.3 Panel cointegration testing 
There is a number of procedures for computing panel cointegration tests, see [5]. We provide a brief description 
of the cointegration tests supported by Eviews 7. The Pedroni and Kao tests are based on Engle-Granger two-
step (residual-based) cointegration tests. The Fischer test is a combined Johansen test.  

Pedroni (Engle-Granger based) cointegration tests 

The Engle-Granger [2] cointegration test is based on an examination of the residuals of a spurious regression 
performed using I(1) variables. If the variables are cointegrated then the residuals should be I(0). On the other 
hand if the variables are not cointegrated then the residuals will be I(1). Pedroni [15] and Kao [8] extend the 
Engle-Granger framework to tests involving panel data. Pedroni proposes several tests for cointegration that 
allow for heterogeneous intercepts and trend coefficients across cross-sections. Consider the following regres-
sion according to [4]: 

 1 2ln ln _ 27 ln ,it i i i t i it itGDP t GDP EU ERT  (4) 

where variables are assumed to be integrated of order one (I(1)). Parameters i  and i are individual and trend 
effects. Under the null hypothesis of no cointegration the residuals �Öit ite should be I(1). The general approach 
is to obtain residuals ite and then to test whether they are I(1) by running the auxiliary regression 

 1
1

is

it i it ij it j it
j

e e e  (5) 

for each cross-section. Pedroni describes various methods of constructing statistics for testing for null hypothesis 
of no cointegration ( 1i ). There are two alternative hypotheses: the homogenous alternative  for 

all i, and the heterogeneous alternative for all i.  

Kao (Engle-Granger based) cointegration tests 

The Kao test follows the same basic approach as the Pedroni tests, but specifies cross-section specific intercepts 
and homogeneous coefficients on the first-stage regressors. In the bivariate case described in Kao [8], we have  

 2 1 1ln ln ln ln , ln ln ,it i it it it it it it it itGDP ERT GDP GDP u ERT ERT  (6) 

More generally, we may consider running the first stage regression equation (2), requiring i  to be hetero-
geneous, 2i  to be homogeneous across cross-sections, and setting all of the trend coefficients i  and 1i  to 
zero. Kao then runs either the pooled auxiliary regression  

 1
1

.
s

it i it j it j it
j

e e e  (5) 

Under H0: no cointegration, Kao shows defined variants statistics (Eviews 7, p. 702) converging to N(0; 1) as-
ymptotically.   
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The ATT computing without and with matching as preprocessing let as known, whether there exists the wage 
differences which cannot be explained by different known characteristics of men and women.  

5 Empirical Results  
Firstly, we estimated the ATT in both hospitals without matching. We estimated the wage function of male em-
ployees in the hospitals using equation 3 and the least square method and then calculated the average treatment 
effect on the treated using equation 5.  

The ATT differed between examined two hospitals. In both hospitals the ATT reached negative values. The 
female earnings were lower than male and this difference could not be explained by known different 
characteristics of men and women. In the hospital 1, ATT reached -0.08945 and in the hospital 2 only -0.0293. 
The unexplained wage differences between men and women were higher in the hospital 1. Nevertheless, if we 
assess the gender wage gap we have to take into account, that not all characteristics of male and female 
employee in the hospital are known and quantifiable. So the part of gender wage gap can be explained for 
example by the higher talent or work commitment of men. The conclusion can also be partially distorted by too 
differences in characteristics of men and women in the sample, where the wage function of men could be far 
enough of hypothetical wage function of women, if they were a men.  

Then we used matching procedure to get more homogenous sample of men and women and estimated ATT 
for this modify sample of employees. Using exact matching, we selected the subsamples of women and men with 
exactly identical characteristics. We worked with these characteristics: age, education, occupation, number of 
years in this hospital, working time, department, overtime hours and sick leave. Applying exact matching led, as 
expected, to the great loss of data. The resulting sample of employees was very small in the case of both hospi-
tals and results are more informative. In hospital 1 there were chosen only 5 pairs of employees reporting exactly 
same characteristics, in the hospital 2 only 2 pairs. Because of very small sample of data, the ATT was calculat-
ed using equation 6. The unexplained gender pay gap reached approximately 8.4 percent in favor of men in hos-
pital 1and 1.6 percent in favor of women in hospital 2.  

Finally, we use coarsened exact matching to select subsamples of men and women with the most similar 
characteristics. Also in this case the sample of employees decreased significantly. After matching procedure, the 
sample of employees was narrowed to 255 employees in hospital 1 and to 450 employees in hospital 2. Then the 
wage function of men in the sample was estimated using least square method and ATT calculated. Using coars-
ened exact matching led to decline the ATT in hospital 1 and increase the ATT in hospital 2. However, the ATT 
was very similar in both hospitals after application of matching procedure it was -0.0619 in hospital 1 and -
0.0531 in hospital 2.   
 

 Without matching Exact matching 1) Coarsened exact matching 
Hospital 1 -0.08945*   

(0.0336) 
-0.08401 
(0.3153) 

-0.0619*   
(0.0304) 

N 2592 10 255 
Men 584 5 103 
Women 2008 5 152 

Hospital 2 -0.0293   
(0.0208) 

0.0158* 
(0.0048) 

-0.0531*  
(0.0202) 

N 6070 4 450 
Men 1052 2 178 
Women 5018 2 272 

*significant at the 5% level, standard deviation in parentheses, 1) ATT is calculated using equation 6 

Table 2 Average treatment effect on the treated 

6 Discussion and conclusion 
The main aim of this paper was analyze the amount of the gender pay gap in selected Czech public sector firms, 
find out and compare the unexplained part of the gender pay gap. The gender pay gap was examined in two 
Czech hospitals using administrative data and more methods. 

The gender pay gap was different in our two compared hospitals. In hospital 1, female employees took about 
77.1 percent of men wage and in the hospital 2 about 88 percent. To extract the part of the gender pay gap that 
could not be explained be different characteristics of male and female employee, the average treatment effect on 
the treated was estimated.  





Another view on time-varying correlations: The case
of stocks and bonds
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Abstract. The aim of the contribution is to introduce an innovative approach
to conditional covariance and correlation modelling. This can be obviously
useful in multivariate �nancial time series analysis, e.g. in the multivariate
GARCH context. The proposed method consists of two steps. The �rst one is
based on the LDL factorization of the conditional covariance matrix, state space
modelling and associated Kalman recursions. Moreover, it is able to deliver a
dynamic orthogonal transformation of given stochastic vector data. The second
step of the suggested technique analyses conditional covariances of transformed
time series which is indeed simpli�ed due to its simultaneously uncorrelated
components. In the paper, performance of the introduced procedure is tested in
an empirical �nancial framework. Namely, the daily correlation links between
logarithmic returns on stocks and bonds are investigated and compared with
other estimated dynamic correlations gained by several common methods, e.g.
the moving averages, the diagonal BEKK model or the dynamic conditional
correlation (DCC) models.

Keywords: conditional correlation, conditional covariance, dynamic condi-
tional correlation, GARCH, state space modelling.

JEL classi�cation: C32
AMS classi�cation: 91B84

1 Introduction

Analysis of time-varying correlations is undoubtedly an important part of multivariate time series mod-
elling. In particular, it is worth of interest from both the theoretical and the practical point of view.
Correlations are crucial inputs for many tasks of �nancial, portfolio and risk management, e.g. an asset
allocation, a construction of an optimal portfolio or a hedging problem. This issue and related topics are
discussed in many academically or practically oriented publications, see e.g. the comprehensive works [1]
or [4] and the references given therein.

From a general perspective, the main task is to capture time-varying behaviour of conditional co-
variances with special regard to modelling of conditional correlations in the given model framework.
Moreover, such a class of models is indeed worthy of interest from the mathematical point of view.
In particular, the conditional covariance (correlation) matrix must be symmetric and positive de�nite.
Additionally, the conditional correlation matrix must have unit diagonal elements. Indisputably, such
requirements might bring really tough constraints into estimation, especially in the case of higher dimen-
sion. Hence, it is obviously more e�ective to consider various representations which naturally simplify or
completely eliminate these restrictions. In general, one can distinguish between two approaches: (i)direct
- it contains an explicit modelling expression for correlations, (ii) indirect - time-varying correlations are
simply obtained by a normalization of conditional covariances.

Section 2 introduces a general model framework (a straightforward multivariate analogy of univariate
conditional heteroscedastic models). Section 3 gives a brief overview of common estimators of dynamic
correlation links. Section 4 presents an innovative approach to conditional covariance and correlation
modelling in details. Section 5 considers an empirical �nancial application which examines bivariate
correlations between logarithmic returns on stocks and bonds and compares various achieved results with
each other. Finally, Section 6 contains conclusions.

1Charles University in Prague, Faculty of Mathematics and Physics, Dept. of Probability and Mathematical Statistics,
Sokolovsk�a 83, 186 75 Prague 8, Czech Republic, hendrych@karlin.m�.cuni.cz
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2 Model framework

Consider a multivariate stochastic vector processfX t gt2Z of dimension (n� 1). Denote F t the � -algebra
generated by observed time series up to and including timet, i.e. F t = � (X s; s � t) is the smallest
� -algebra with respect to which X s is measurable for alls � t, s; t 2 Z.

In this framework, assume the following model

X t = H 1=2
t Z t ; (1)

where H t is the (n � n) positive de�nite conditional covariance matrix of X t given F t�1 . Furthermore,
one supposes thatfZ t g is an (n � 1) i.i.d. stochastic vector process with the following �rst two moments:
E(Z t ) = 0 and cov(Z t ) = I n , where I n denotes the identity matrix of order n.

In the model (1), the conditional and the unconditional moments of X t can be easily derived:

E(X t jF t�1 ) = 0; cov(X t jF t�1 ) = H 1=2
t (H 1=2

t )> = H t ; (2)

E(X t ) = 0; cov(X t ) = E(H t ); cov(X t ; X t +h ) = 0; h 6= 0: (3)

Hence, from (2), it is evident that H 1=2
t is any (n � n) positive de�nite matrix such that H t is the

conditional covariance matrix of X t given F t�1 . From the theoretical point of view, R t (the condi-
tional correlation matrix of X t given F t �1 ) can be obtained by the straightforward normalization of the
conditional covariance matrix H t .

3 Models of conditional covariances and correlations

3.1 Basic approaches

One should start with simple multivariate moving averages (MA) in their general form, i.e.

H t =
1

M

t �1X

s=t�M

X sX >
s ; M � 2: (4)

Multivariate exponentially weighted moving averages (EWMA) are de�ned as

H t = (1 � �)X t�1 X >
t�1 + �H t �1 ; � 2 (0; 1): (5)

Both models (4) and (5) are evidently simple and, therefore, they �nd broad practical applications.
Each of them contains only one unknown parameter; e.g.M = 100 or � = 0:94 are commonly set for
daily data, see [4]. The given forms of (4) and (5) guarantee the positive semide�niteness.

3.2 BEKK model

A BEKK model is a particular case of a more general VEC model, see e.g. [4]. The simplest BEKK(1,1)
model can be generally represented as

H t = CC > + AX t�1 X >
t �1 A > + BH t �1 B > ; (6)

where A, B and C are (n � n) parameter matrices. The positive semide�niteness is guaranteed by
the construction. On the other hand, such models include lots of unknown parameters, and thus their
calibration (usually via (quasi) maximum likelihood) can be challenging. Therefore, a simpler form may
be used, e.g. the so-calleddiagonal BEKK(1,1), i.e. the matrices A and B are restricted to be diagonal.

�����V�W���,�Q�W�H�U�Q�D�W�L�R�Q�D�O���&�R�Q�I�H�U�H�Q�F�H���R�Q���0�D�W�K�H�P�D�W�L�F�D�O���0�H�W�K�R�G�V���L�Q���(�F�R�Q�R�P�L�F�V����������

�a�����������a



3.3 Constant and dynamic conditional correlations

A constant conditional correlation (CCC) model by Bollerslev [2] decomposes the matrixH t as

H t = C t RC t ; (7)

where C t is a diagonal matrix formed by time-varying standard deviations
p

hii;t and R is an (n � n)
constant conditional correlation matrix. The diagonal elements of C t can be modelled by common
(univariate) techniques for conditional variances. Moreover, the matrix R is usually estimated by a
sample correlation matrix of standardized errors 
 t = C �1

t X t . However, the assumption of constant
conditional correlations may seem unrealistic and too restrictive.

Engle [5] has extended the model (7) in a natural way to a more general case ofdynamic conditional
correlations (DCC) which are de�ned as

H t = C t R t C t ; (8)
R t = diagfQ t g�1 =2Q t diagfQ t g�1 =2; (9)
Q t = (1 � � � � )S + � 
 t �1 
 >

t �1 + � Q t�1 ; (10)

where R t is a matrix of time-varying conditional correlations with unit diagonal elements, � and � are
scalars andS is a parameter matrix and diagfQ t g is a diagonal matrix with q11;t ; : : : ; qnn;t on the main
diagonal. If Q t is positive de�nite, then so is R t . To ensure that Q t is positive de�nite, it is su�cient to
suppose that � � 0, � � 0, � + � < 1 and S is positive de�nite, see [5]. It is also usual to assume that
sii = 1 in order to guarantee the unique speci�cation of (�; �; S). The so-called mean-reverting DCC
model (8)-(10) is an analogy of the scalar diagonal GARCH model.

There exist various alternatives to Q t in (10), e.g. integrated DCC de�ned as

Q t = (1 � �)
 t�1 
 >
t �1 + �Q t �1 ; � 2 (0; 1): (11)

This model is a direct analogy of the multivariate exponentially weighted moving averages, see above.
The process forQ t has the unit root and the covariances have no tendency to revert to a constant value.
In general, the DCC models can be calibrated by two-step (quasi) maximum likelihood, i.e. the �rst step
calibrates conditional variance terms and the second one �ts conditional correlations, see [4] and [5].

3.4 Orthogonal GARCH model

An orthogonal GARCH model (OGARCH) is based on a time-invariant orthogonal transformation of
multivariate time series fX t g, see [1]. Namely, assume thatcov(X t ) = � has the spectral decomposition:

� = P �1 �(P �1 )> ; (12)

where � is the diagonal matrix of eigenvalues of the unconditional covariance matrix� and P �1 is the
orthonormal matrix of associated eigenvectors. Further, suppose that the conditional covariance matrix
of the transformation Y t = PX t given F t �1 , say G t , is diagonal and that each of its diagonal elements
follows a univariate conditional variance process, e.g. a GARCH process. According to the declared
assumptions, the conditional and the unconditional covariance matrix ofX t are

cov(X t jF t�1 ) = P �1 G t (P �1 )> ; cov(X t ) = P �1 E(G t )(P �1 )> : (13)

From the practical point of view, the calibration follows a two-step procedure, see [4]. Firstly, one
extracts the spectral decomposition ofS (i.e. a sample counterpart of �). Secondly, one estimates
suitable univariate conditional covariance models for each element of the transformed stochastic vector
processfY t g, and thus delivers the conditional covariances (or correlations) offX t g.

4 Conditional covariances and correlations via state space modelling

The idea of an orthogonal transformation, which has been introduced in the context of the OGARCH tech-
nique, can be further extended. In particular, one can assume a dynamic modi�cation of this approach.
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Following the algebraic theory, each real symmetric positive de�nite matrix has a unique LDL decompo-
sition, see e.g. [7]. Namely, let the conditional covariance matrixH t have the LDL reparametrization in
the standard form, i.e.

H t = L t D t L >
t [= ( L t D

1=2
t )(L t D

1=2
t )> = H 1=2

t (H 1=2
t )> ]; (14)

where L t is a (n � n) lower triangular matrix with the unit diagonal and D t is a (n � n) diagonal matrix
with positive elements dii;t on its diagonal. In particular, det( L t ) = 1, L t is invertible, and the inverted
matrix L �1

t is also a (n � n) lower triangular matrix with unit diagonal elements. Point out that the
decomposition (14) requires no parameter constraints forH t being symmetric and positive de�nite since
this is guaranteed by the structure.

The form of the matrix L t provides a natural orthogonal transformation of X t :

Y t = L �1
t X t [= L �1

t H 1=2
t Z t = D 1=2

t Z t ]: (15)

With respect to the declared assumptions and relations (2), (3) and (15), the transformationY t has
the following conditional and unconditional moments:

E(Y t jF t�1 ) = 0; cov(Y t jF t�1 ) = D t ; (16)

E(Y t ) = 0; cov(Y t ) = E(D t ); cov(Y t ; Y t +h ) = 0; h 6= 0: (17)

For a dynamic estimation of unknown quantities in the LDL decomposition (14) for the model (1)
with a given entire sample fX 1; : : : ; X T g, the state space modelling seems to be truly useful. The issue
of state space models and associated Kalman recursions is elaborated in various publications, see e.g. [3].

With regard to (15), assume the following dynamic discrete-time linear state space representation (a
generalized analogy of the recursive OLS estimator):

� t+1 = � t + " t ; (18)
X t = G t � t + Y t ; t = 1; : : : ; T: (19)

Denote � t the (N � 1) vector containing all unknown row elements ofL t . The (n � N ) matrix G t clearly
includes only zeroes and the elements ofX t due to (15), N = n(n � 1)=2. The state equation (18) is a
pure multivariate random walk, but one can clearly suppose some richer versions.

Moreover, recapitulate crucial assumptions of this model:
�

� 1; ((" t )> ; Y >
t )> 	

t is a sequence of uncor-
related random vectors with �nite second moments andE" t = 0, cov(" t ) = M t , EY t = 0, cov(Y t ) = N t
and alsocov(" t ; Y t ) = 0. The matrix N t is supposed to be diagonal due to (17). Further, the initial state
vector � 1 is assumed to be random with the expected valueE(� 1) = 0 and the variance var(� 1) = �I N ,
� ! 1, i.e. the so-called standard di�use prior. The covariance matrices M t and N t could be captured
essentially by constant parameter matrices which are estimated via a (quasi) maximum likelihood proce-
dure, see [3]. In the given framework, the standard Kalman recursive formulas for predicting, �ltering and
smoothing can be used to obtain corresponding estimators of� t and consequently also the transformed
vector Y t with simultaneously uncorrelated components. The conditional variancesdii;t of Yi;t can be
proceed by some advanced (univariate) methods, e.g. by means of GARCH models, see [8].

5 Empirical study: Stock and bonds

To examine empirical performance of the suggested approach to conditional covariance and correlation
modelling based on the LDL decomposition and the associated state space representation (see Section 4),
an empirical application is considered. Namely, the daily bivariate correlations between log-returns on
stocks and bonds are investigated. All mentioned estimators of conditional correlations are compared
from various modelling perspectives. In general, there is no consensus about how stocks and long term
bonds are related. Short-run correlations are obviously a�ected, e.g., by new announcements. Long-run
correlations between these two types of assets should be state dependent, e.g. driven by macroeconomic
factors. The way how the correlation links respond to these factors might be changed over time, see [4].
The daily logarithmic returns on the S&P 500 index and 30-year bond futures from 3 January 1990 to
30 April 2013 are observed, see [9] (get the quotes for ^GSPC and ^TYX, respectively).
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The estimated conditional correlations are graphically presented in Figure 1. It indicates numerous
similarities among the introduced models of conditional correlations, e.g. analogies among the state space
technique (see Section 4) and both previously mentioned DCC procedures. The diagonal BEKK(1,1),
the EWMA and especially the OGARCH estimators seem to be more volatile, but the main trends in
the correlations are comparable with the other estimators. Note that the CCC approach is not truly
competitive in this comparison due to the fact that this correlation estimator is constant, i.e. �̂ t = 0:029.
Generally, the time-varying correlations are mostly negative during the 90’s, rather positive after the
year 2000 and positive at the end of the observed period. Table 1 contains the sample correlation matrix
of the estimated time-varying conditional correlations (the used abbreviations clearly follow the labels
in Figure 1. In particular, one can see that the delivered dynamic correlations are strongly positively
correlated with the others, which is also obvious from Figure 1.
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Figure 1 The estimated conditional correlations between the S&P 500 and the 30Y bond futures.

BEKK (diag) DCC (int) DCC (mr) EWMA 0.94 MA 100 OGARCH Sspace
BEKK (diag) 1.000
DCC (int) 0.979 1.000
DCC (mr) 0.987 0.999 1.000
EWMA 0.94 0.996 0.980 0.987 1.000
MA 100 0.929 0.976 0.966 0.929 1.000
OGARCH 0.949 0.918 0.929 0.944 0.858 1.000
Sspace 0.947 0.956 0.957 0.948 0.937 0.906 1.000

Table 1 The sample correlations of the estimated conditional correlations.

For other performance measures, one can calculate various regression-based tests on portfolio returns,
w t X t , where w t is a vector of portfolio weights. Note that the conditional variance of w t X t is w >

t H t w t .
Two types of portfolio weights are considered: theequally weighted portfolio(EWP), i.e. w t = 1=n, 1 is
the (n � 1) vector of ones, and theminimum variance portfolio (MVP), i.e. w t = ( H �1

t 1)=(1> H �1
t 1).

First, the Engle-Colacito regression is de�ned asf(w t X t )2=(w>
t Ĥ t w t )g � 1 = � + � t , where � t is

an error term. The null hypothesis � = 0 is veri�ed (in the presence of an HAC robust estimator
of the standard deviation of � t ), see [6]. Second, the LM test of ARCH e�ects is based on the prop-
erty that the series f(w t X t )2=(w>

t H t w t )g does not exhibit serial correlation. The null hypothesis that
f(w t X t )2=(w>

t Ĥ t w t )g is serially uncorrelated is tested as in [8]. In addition, the Ljung-Box test statistics
�nding serial correlations in the standardized residual series are computed, see again [8].
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Table 2 delivers the previously mentioned performance measures of the particular conditional corre-
lations, i.e. the sample standard deviations ^� and p-values corresponding to the Ljung-Box statisticsQ
with 9 lags, the ARCH (LM) tests with 5 lags and the Engle-Colacito (EC) tests for both portfolios.

Q(9) �̂ EW P LM EW P ECEW P �̂ MV P LM MV P ECMV P

BEKK (diag) 0.2654 0.0090 0.0676 0.5108 0.0082 0.9865 0.1363
CCC 0.0430 0.0090 0.0000 0.2513 0.0083 0.3025 0.8774
DCC (int) 0.3911 0.0090 0.0023 0.9277 0.0082 0.7927 0.0750
DCC (mr) 0.3808 0.0090 0.0082 0.7824 0.0081 0.9035 0.2410
EWMA 0.94 0.0755 0.0090 0.2928 0.0158 0.0083 0.9993 0.0000
MA 100 0.0196 0.0091 0.0000 0.0062 0.0085 0.0030 0.0000
OGARCH 0.3821 0.0090 0.2977 0.9847 0.0091 0.3537 0.9403
Sspace 0.3382 0.0090 0.7164 0.7810 0.0080 0.9978 0.6716

Table 2 The comparison of the di�erent conditional correlation models.

6 Conclusion

An innovative approach to conditional covariance and correlation modelling was proposed. The suggested
two-step technique motivated by the principle of the OGARCH method is based on the LDL factorization
of the conditional covariance matrix and the associated discrete linear state space modelling. Jointly,
they can deliver a dynamic orthogonal transformation of given stochastic vector data. This indeed
simpli�es further conditional covariance analysis due to its simultaneously uncorrelated components. In
the considered empirical �nancial framework, the proposed method demonstrated its capabilities. Namely,
it is at least comparable with other introduced models, see e.g. Figure 1 and Table 2, and it is numerically
comfortable due to the state space modelling with the associated Kalman recursions. Finally, further
research will be focused on a construction of a one-step method using augmented discrete linear state
space modelling.
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DSGE model with housing sector: application to the Czech
economy

Miroslav Hlou�ek1

Abstract. This paper deals with multi-sector DSGE model that is estimated on Czech
economy data. The model is taken from Iacoviello and Neri (2010). There are two
production sectors: consumption/investment goods sector and housing sector. These
sectors contain various types of nominal and real rigidities and also different techno-
logical trends. On the demand side, there is �nancial friction in the form of collateral
constraint which affects borrowing capacity and consumer spending. The model is es-
timated using Bayesian techniques. The parameters are economically interpreted, the
model moments are compared to moments from data and dynamical properties of the
model are studied using impulse responses and variance and shock decompositions.
Results show that monetary policy has more pronounced effect on consumption and
output when houses are better collateralizable. Consumption shocks, housing tech-
nology and housing preference shocks played important role in �uctuation of the real
variables while in�ation target shocks and cost-push shocks in�uenced mostly nomi-
nal variables. However, recent boom and bust in housing prices was caused primary by
housing preference shocks (demand side shocks). Supply shocks were also signi�cant
but to much less extent.
Keywords: housing, DSGE model, collateral constraint, Bayesian estimation.

JEL classi�cation: E37
AMS classi�cation: 91B64

1 Introduction

Development in housing market in recent years attracted widespread attention, especially in U.S. where it was
thought as trigger of the �nancial crises. Situation in the Czech Republic was not so severe but connection between
housing market and macroeconomy also deserves more detailed examination. It is purpose of this paper. Multi-
sector DSGE model with housing market is estimated on Czech data using Bayesian techniques, the data �t of the
model is assessed and dynamical properties of the model are examined. The results from variance decomposition
show that consumption shocks, shocks to housing technology and preferences and in�ation target shocks were the
most important driving forces for �uctuations of key macro variables. On the other hand, shock decomposition
shows that high prices of houses were caused primary by housing preference shocks; housing technology shocks
and consumption shocks contributed only partly. Capability of monetary policy to in�uence consumption and
output heavily depends on loan-to-value ratio. If households have better access to credit, impact of monetary
policy to above mentioned variables is substantially increased while impact to in�ation is changed only slightly.

The rest of the paper is organized as follows. Section 2 describes the structure of the model, Section 3 brie�y
comments data and estimation technique. Results of the estimation, data �t of the model and dynamical properties
are discussed in Section 4. Final section concludes.

2 Model

The model is borrowed from Iacoviello and Neri [4] and ranks among medium-scale models. Due to shortage
of space I describe the model only verbally and refer the reader to the original paper for details. Figure 1 helps
for better orientation. There are two types of households: patient (lenders) and impatient (borrowers). Patient
households work, consume and accumulate housing. They also own capital and land and supply funds to �rms and

1MasarykUniversity, Department of Economics, LipovÆ 41a, 602 00 Brno, hlousek@econ.muni.cz
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to impatient households. Impatient households also work, consume and accumulate housing, but they are credit
constrained and their houses serve as collateral. Variations in housing values affect their borrowing and spending.

Production side of the model economy is divided into two sectors with different rates of technological progress.
The non-housing sector uses capital and labor for production of wholesale goods that are subsequently used for
production of consumption, business investment goods and intermediate goods. The housing sector produces new
houses that are added to existing stock. This sector uses capital, labor, land and intermediate goods. There are
nominal wage rigidities in both housing and non-housing sectors and price rigidity in the retail sector. The rigidities
are enabled by existence of labor unions and retailers that has some market power and can in�uence their wages
and prices. The rigidities are modeled in Calvo [3] style, the production functions have standard Cobb-Douglas
form. Monetary policy follows Taylor rule with interest rate smoothing and attention to in�ation and output gap.
Several exogenous shocks (mostly following AR(1) processes) are added so that the model can be taken to data.

Patient households Impatient households

Unions

Wholesale sectorHousing sector

Retailers

Impatient households

business investment

Patient households

laborlabor

land
capital
intermediate goods

capital

intermediate goods

consumption

houses

consumption

wholesale goods

houses

Figure 1Model structure

3 Data and estimation

The model is estimated using data for following model variables: consumption (Ct ), residential investment (IHt ),
non-residential investment (IKt ), real house prices (qt ), in�ation (pt ) nominal interest rate (Rt ), worked hours and
wage in�ation in housing (NHt , WHt ) and wholesale sector (NCt , WCt) respectively. Time series are quarterly,
they are obtained from the Czech Statistical Of�ce and the Czech National Bank databases and cover time period
1998:Q1 � 2012:Q4. The detailed description can be found on web appendix [7].

Some of the model parameters are calibrated according to Iacoviello and Neri [4] and data from national
accounts. Speci�cally, discount factor of patient households was set to 0.9957 which corresponds to the real interest
rate (1.7 %) calculated from data. Discount factor of impatient households was set to much lower value 0.97.
Loan-to-value ratio (LTV) was calibrated to 0.75 as a combination of estimated values of LTV’s for households
and entrepreneurs in Hlou�ek [6]. Full description of calibrated parameters and their values are quoted in [7].

The rest of the model parameters was estimated using Bayesian techniques. Posterior distribution of the pa-
rameters was obtained by Random Walk Chain Metropolis-Hastings algorithm. It was generated 2,000,000 draws
in two chains with 1,000,000 replications each, 90 % of replications were discarded so as to avoid in�uence of
initial conditions. MCMC diagnostics were used for veri�cation of the algorithm. All computations were carried
out using Dynare toolbox (Adjemian et al. [1]) in Matlab software.
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4 Results of estimation

This section discusses results of estimation and studies behavior of the model. Table 1 shows prior means, standard
deviations and posterior means together with 95 % con�dence intervals of selected estimated parameters. Rest of
the estimated parameters can be found in [7].

Priordistribution Posterior distribution
Parameter Density Mean S.D. Mean 2.5 % 97.5 %
Habit formation

e beta 0.50 0.08 0.40 0.31 0.50
e0 beta 0.50 0.08 0.53 0.40 0.66

Labor income share
a beta 0.65 0.05 0.71 0.63 0.78

Calvo parameters
qp beta 0.67 0.05 0.72 0.67 0.78
qw;c beta 0.67 0.05 0.75 0.70 0.79
qw;h beta 0.67 0.05 0.69 0.62 0.75

Taylor rule
rR beta 0.75 0.10 0.91 0.89 0.93
rp normal 1.50 0.10 1.39 1.23 1.56
rY normal 0.00 0.10 0.22 0.08 0.36

Technology growth rates
100gAC normal 0.50 1.00 0.42 0.37 0.47
100gAH normal 0.50 1.00 � 0:61 � 1:00 � 0:24
100gAK normal 0.50 1.00 0.13 0.08 0.19

Table 1Prior and posterior distribution of structural parameters

Parameterse ande0express habit consumption of patient and impatient households. The posterior mean ofe is
lower than prior and the posterior mean ofe0 is slightly higher than prior. Altogether, it indicates quite weak habit
in consumption and does not correspond to values usually used for the Czech economy. The labor income share of
constrained households (1� a ) was estimated to 0:29. This is slightly higher than values found in empirical studies
for U.S. economy (0:21) or Sweden (0:18); see Iacoviello and Neri [4] and Wallentin and Sellin [9]. Much higher
estimate was obtained by Hlou�ek [6] for the Czech economy (0:55) and Christensen et al. [8] for Canada (0:38).
However, these last two papers used different model structure. Estimated values of Calvo parameters indicate that
price and wage rigidities are almost equally important. This is in contrast to empirical studies which found that
wages are more rigid than prices; see e.g. Hlou�ek and Va�í�cek [5] or Andrle et.al. [2]. The reason can be again
different sector structure of the model. Parameters in Taylor rule show that the Czech National Bank pays large
attention to interest rate smoothing and also output gap. On the other hand, posterior mean of parameter of in�ation
rp is slightly lower than mean of the prior which is usually used in calibrated models.

Estimated parametersg’s together with several model equations2 can be used for computation of trends in the
model variables. The quarterly growth rates for consumption, business and residential investment and real house
prices are respectively 0.49, 0.62,� 0:33 and 0.82. According to the model, the steep trend in house prices was
mainly caused by negative technological progress in the housing sector.

Next step is evaluation of data �t of the model. Table 2 shows moments calculated from data and moments
obtained from model simulations (with 90 % probability intervals).3 Data for the real variables were linearly
detrended so that it corresponds to treatment of the variables in the model. The outcome of the model is very good.
The volatility of the variables is matched quite precisely, all volatilities fall into probability bands. The model
has only minor problems to match high volatility of real house pricesq. It is understandable because boom and
bust in house prices during recent years was unusual. Regarding correlations the data �t is again very good. The
correlations are within the probability intervals although by narrow margin in some cases. The model produces
higher correlation between residential investment and output (IH , Y) and residential investment and house prices
(q, IH ) than the data. On the other hand, correlations of house prices with output and consumption (q;Y andq;C)
are lower in the model than in the data. Autocorrelations from model simulation and from estimated VAR(1) model
are compared in Figure 2 (again with 90 % probability intervals). The model outcome is quite satisfactory, only

2Equations(12) to (15) in Iacoviello and Neri [4].
3The model de�nition of outputY is the sum of consumption and business and residential investment. Corresponding de�nition is used for

the data.
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Data Model Data Model
Mean 5 % 95 % Mean 5 % 95 %

Volatility Correlations
C 3.29 4.22 2.70 6.79 C;Y 0.94 0.89 0.73 0.96
IH 11.31 14.63 9.34 20.88 IH ;Y 0.03 0.40 � 0:14 0.80
IK 8.06 8.00 5.61 11.40 IK ;Y 0.95 0.93 0.89 0.97
q 13.49 8.46 4.83 13.52 q;Y 0.86 0.50 � 0:16 0.87
p 1.01 1.20 0.98 1.41 q;C 0.84 0.37 � 0:35 0.85
R 0.29 0.38 0.23 0.65 q;IH � 0:15 0.40 � 0:29 0.83
Y 4.27 5.07 3.30 7.59 q;p � 0:03 0.01 �0: 37 0.47

Table 2Moments from data and model

autocorrelations of consumption up to three lags are much higher in the model than in the data. Also empirical
autocorrelations of interest rate and of in�ation for one lag lies at margin of lower probability interval.
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Figure 2Autocorrelations

The dynamical properties of the model are further studied using impulse responses, variance decomposition
and shock decomposition. Figure 3 depicts reaction of model variables to monetary policy shock (increase by
one percentage point) for three versions of the model. In all three speci�cations the estimated parameters are
kept at their posterior means. In the benchmark model the loan-to-value ratio (parameterm) is calibrated to value
0.75, in the �high collateral� model the value of LTV is 0.95 which means that constrained households have better
position to get loan and in the �no collateral� speci�cation the LTV is set to 0.001 which means that houses are not
collateralizable and impatient households are excluded from �nancial markets. Reactions of the model variables
for all three speci�cations are qualitatively same but they differ in its magnitude, especially for consumption and
output. Higher LTV causes larger drop in consumption and output by 4.6 and 2.1 percentage points relative to the
benchmark. On the other hand, impact for behavior of in�ation is very similar across speci�cations.4 It indicates
that disin�ation policy is more costly when collateral effect is present and is high.

Table 3 shows variance of the model variables explained by each shock. The results are quite intuitive. Con-
sumption technology shocks explain most of the volatility of consumption and housing technology and preference
shocks are important for behavior of residential investment (IH) and housing prices (q). In�ation target shocks are
mainly responsible for variance of interest rate (R) and together with cost-push shocks also for variance of in�ation
(p). On the other hand, investment technology shocks are unimportant even for business investment (IK ). Output
is thus driven primarily by consumption technology shocks.

Finally, Figure 4 depicts historical decomposition of the real house prices into shocks during the estimated
period. This �gure shows that housing preference shocks became more important since the end of 2001; from

4Thedifference in drop of in�ation between speci�cation with high LTV ratio and the benchmark was 0.8 percentage points.
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Figure 3Impulse responses to monetary policy shock

cons. monet. housing housing invest. cost- in�. labor inter-
tech. tech. pref. tech. -push targ. supply temp.

C 79.4 4.0 0.1 0.1 0.0 1.6 3.3 4.7 6.8
IH 0.5 0.8 67.9 27.8 0.0 0.1 0.5 2.3 0.3
IK 65.6 9.8 0.6 0.5 0.2 7.3 7.2 6.6 2.3
q 8.5 0.4 38.3 51.6 0.0 0.3 0.3 0.4 0.2
p 8.2 11.5 0.1 0.2 0.0 37.0 38.2 2.5 2.4
R 14.4 2.4 0.1 0.7 0.0 2.0 76.5 1.9 2.0
Y 67.7 5.9 7.1 3.9 0.0 3.1 4.6 6.7 1.1

Table 3Variance decomposition

this year onwards it was the main determinant of rising prices of houses. The same shock was responsible for
subsequent decline during and after the crises. Housing technology shocks also contributed to the development
of house prices but in more stable manner. Consumption technology shocks also increased their importance in
explaining house prices behavior mainly from 2002. After the peak in 2008 consumption shocks diminish together
with decline of house prices. This analysis shows that both demand and supply shocks played important role but
mostly demand shocks were responsible for wild behavior of house prices.

5 Conclusion

This paper presented results of estimation of medium-scale DSGE model with housing sector on Czech data.
The model �ts the data in many aspects quite successfully. Detailed analysis of the model dynamics revealed
which shocks explain behavior of the key macroeconomic variables. Consumption shocks, housing technology and
housing preference shocks turned out as important shocks for development of the real variables in corresponding
sectors. Nominal variables were primarily in�uenced by in�ation target and cost-push shocks. If we look at
behavior of house prices, shocks to housing preferences were the main driving force, especially during turbulent
period in last ten years. Consumption and housing technology shocks also contributed but they were more stable.
Looking at single monetary shock, reaction of consumption and output is much more pronounced if loans to
constrained households are more accessible. On the other hand, impact on in�ation and other variables can be
considered as negligible. These results should be taken into consideration for formation of monetary policy.
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Figure 4Shock decomposition of housing prices
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Imprecise input data and option valuation problem

Michal Hol�capek1, Tom�a�s Tich�y 2

Abstract. During last decades the stochastic simulation approach, both via
MC and QMC has been vastly applied and subsequently analyzed in almost
all branches of science. Very nice applications can be found in areas that
rely on modeling via stochastic processes, such as �nance. However, as for
any other approach, the most crucial step is feeding the assumed model with
data and estimation of model parameters. It is a matter of fact that �nancial
processes are instable in time and often switch their regimes. Several scholars
therefor suggest to specify some parts of �nancial models by means of fuzzy
set theory. In this contribution the recent knowledge of fuzzy numbers and
their approximation is utilized in order to suggest fuzzy-MC simulation to
option price modeling in terms of fuzzy-random variables. In particular, we
suggest three distinct fuzzy-random processes as an alternative to a standard
crisp model and show application possibilities of one of them on illustrative
example.
Keywords: Fuzzy numbers, fuzzy random variable, option, simulation

JEL classi�cation: C46, E37, G17, G24
AMS classi�cation: 90C15

1 Introduction

Options, a speci�c nonlinear type of a �nancial derivative, play an important role in the economy. In
particular, the usage of options allows one to reach a higher level of e�ciency in terms of risk-return
trade-o�, whether through speculation or hedging strategy. The options holder can exercise his right,
eg. buy or sell an underlying asset, when he �nds it useful. Obviously, it is the case of positive cash

owing from the option exercising. Otherwise the option matures unexploited. By contrast, the seller
of the option has to act according to the instructions of the holder. This asymmetry of buyer/seller
rights implies the needs of advanced technique for option pricing and hedging. Denoting the underlying
asset price at maturity time as ST we can write the payo� function for European call and put options as
	 (vanilla call )

T = (S T � K )+ and 	 (vanilla put )
T = (K � ST )+ , respectively.

For example, for the call option price f t at time t < T it generally holds that f t = ed� E [(ST � K )+ ],
where a discount factor d� relates to the probability measure under which the expectation operatorE
is evaluated and � = T � t is the remaining time to maturity. Commonly, E P denotes the real world
expectation (under physical probability measure), while E Q is used within the risk-neutral world, i.e.,
where r is a riskless rate valid over time interval � . Since �nancial asset prices are often restricted
to positive values only, geometric processes are commonly preferred. If, for example,Z (t) denotes a
stochastic process for log-returns of �nancial assetS, e.g., a non-dividend paying stock, to model its price
in time we have to evaluate the exponential function ofZ (t). It follows that under Q the key formula
above can be rewritten into:

f t = e� r� E Q [(ST er� + Z Q
� � K )+ ];

where Z Q
� is a (potentially compensated) realization of a suitable stochastic process over ? such that it

is ensured that S is a martingale.

Actually, the assumption about Z determines suitable approaches for option pricing. The standard
ways to option pricing, as well as replication and hedging, dates back to 70s to the seminal papers of Black

1Centre of Excellence IT4Innovations, division of University of Ostrava, 30. dubna 22, 701 03 Ostrava 1, Czech Republic,
michal.holcapek@osu.cz

2Technical University Ostrava, Faculty of Economics, Department of Finance, Sokolsk 33, 701 21 Ostrava, Czech Re-
public, tomas.tichy@osu.cz
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and Scholes [2] and Merton [11] or Boyle [3]. While Black and Scholes [2] and Merton [11](1973) derived
their respective models within continuous time by solving partial di�erential equations (and thereafter
called Black-Scholes-Merton partial di�erential equations) for risk free portfolio consisting of option itself
and its underlying asset, Boyle [3] suggested that in order to obtain the (discounted) expectation of
the option payo� function the Monte Carlo simulation technique can be useful, i.e., instead of riskless
portfolio construction and utilization of no-arbitrage principle the risk-neutral world is assumed. It is a
well known result of quantitative �nance that these approaches are equivalent under the assumption of
complete markets, or, at least, when an equivalent martingale measure exists.

Although the original approaches slightly di�er in details the underlying process is derived from Gaus-
sian distribution and all parameters are either deterministic or probabilistic, ie. particular probabilities
are assigned to the set of real numbers. However, in the real world, it is often di�cult to obtain reliable
estimates to input parameters. The reason can be that su�ciently long time series of data is lacking or
the data are too heterogenous. Several research papers collected by Ribeira et al. [13] suggested that the
fuzzy set theory proposed by Zadeh [16] can be useful for �nancial engineering problems of such kind.

One of the �rst attempts to utilize the fuzzy set theory in option pricing dates back to Cherubini
[4]. Further results were reviewed eg. by Hol�capek and Tich�y [8]. However, except recent, but brief
contribution of Nowak and Romaniuk [12] there was no attempt to value an option with fuzzy parameters
via Monte Carlo simulation approach.

In this paper, we try to �ll the gap by suggesting three distinct types of potential underlying processes
de�ned on the basis of fuzzy-random variables. More particularly, we assume (geometric) Brownian
motion with fuzzy volatility and (geometric) Brownian motion with time t replaced either by fuzzy
process or by fuzzi�ed gamma subordinator, which allows us to rede�ne in �nance well known and
commonly used L�evy type variance gamma model [5] in terms of fuzzy-random subordinator. In the next
section, we provide brief details about option pricing via plain Monte Carlo simulation within the risk
neutral setting. Next, LU-fuzzy numbers and relevant operations with them are de�ned. After that, three
potential candidates to option underlying asset price model are suggested. Finally, a European option
price is evaluated assuming all three processes.

2 Cubic rational spline approximation of LU-fuzzy numbers

In the solving of practical problems it is useful to approximate fuzzy numbers by simpler functions. The
main reason is that the de�nition of arithmetic with fuzzy numbers naturally based on Zadeh’s extension
principle (see [6]) is complex from the computation perspective. Among the basic approximations of fuzzy
numbers there belong well known triangular or rectangular approximations (see, e.g., [1] and references
therein). Note that the arithmetic with such kind of fuzzy numbers is computationally simple, but often
does not correspond to the results obtained by Zadeh’s extension principle. Therefore, in recent works on
fuzzy numbers (more precisely, LU-fuzzy numbers that are expressed in terms of� -cuts systems), a very
popular approach to the approximation of fuzzy numbers is based on rational splines (see [14, 15])) that
helps to overcome these di�culties. The idea of approximation of fuzzy numbers using rational splines is
based on an advanced system of parameters in contrast to three or four applied in the case of triangular
or rectangular models, respectively. In the sequel we brie
y recall the basic construction of parametrized
LU- fuzzy numbers, for details, we refer to [7] (see also [14]).

Let 0 = � 0 < � 1 < � � � < � N = 1 be real numbers for a �nite decomposition of the unit interval.
Considering the di�erentiable case, a parametrized LU-fuzzy numberA is represented by the following
system of vectors of parameters

A = ( � i ; u�
i ; �u �

i ; u+
i ; �u +

i ) i=0 ;:::;N ; (1)

with the data u�
0 � u�

1 � � � � � u�
N � u+

N � u+
N �1 � � � � � u+

0 and the slopes�u �
i � 0 and �u +

i �
0; for all i = 0; : : : ; N . So, each parametrized fuzzy number is expressed as a �nite system of intervals
(� i -cuts) with slopes de�ned for each endpoint. Note that the use of slopes is crucial here and enables us
to complete the remaining � -cuts using the rational spline interpolation and to obtain a special case of
LU-fuzzy number. It is easy to see that each LU-fuzzy numbers expressed as an in�nite system of� -cuts
can be successfully approximated by a �nite system of� i -cuts with suitable slopes for endpoints.

In this paper, we consider the rational cubic splines. Recall thata piecewise rational cubic Hermite
parametric function (spline) P 2 C1[� 0; � n ] with parameters vi , wi , i = 0 ; : : : ; n � 1 is de�ned for any
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� 2 [� i ; � i+1 ], i = 0 ; : : : ; n � 1, by

P (� ) = Pi (�; v i ; wi ) =
(1 � � )3ui + � (1 � � )2(vi ui + hi �u i ) + � 2(1 � � )(wi ui+1 � hi �u i+1 ) + � 3ui+1

(1 � � )3 + vi � (1 � � )2 + wi � 2(1 � � ) + � 3 ;

where the notations ui and �u i are, respectively, the data values and the �rst derivative values (slopes)
at the nodes � i , i = 0 ; : : : ; n with � 0 < � � � < � n , hi = � i+1 � � i , � = ( � � � i )=hi and vi ; wi � 0. Note
that vi and wi are called tension parameters, and ifvi = wi , we obtain the ordinary cubic spline. Here,
we suppose

vi = wi =

(
�u i +1 + �u i
u i+1 � u i

; for ui +1 6=ui ,
0; otherwise,

(2)

which guarantees the global monotonicity (see [14]). Further, we restrict ourselves to uniform partitions
of the unit interval, i.e., � i+1 � � i is a constant for any i = 0; : : : ; N � 1. Finally, we express the system
(1) in terms of special matrices as follows

A =

 
(u�

0 ; �u �
0 ) � � � (u �

N ; �u �
N )

(u+
0 ; �u +

0 ) � � � (u+
N ; �u +

N )

!

:

The matrix expression allows us to use some of the basic operations with matrices to introduce operations
with fuzzy numbers. First, let us de�ne the operations of addition and multiplication on the set R2 by

(u1; u2) � (v1; v2) = (u 1 + v1; u2 + v2) and (u1; u2) 
 (v1; v2) = (u 1v1; u1v2 + u2v1);

where the standard operations of sum and multiplication of reals are used on the right side of the
equality. Further, let us denote by � the lexicographical ordering onR2. One could demonstrate that
the algebraic structure R2 = (R 2; �; 
; �) possesses nearly all properties of �elds. The only di�erence is
that (R 2 n f(0 ; 0)g; �) does not form an abelian group, because there is no inversion for elements of type
(0; r ).1 Obviously, R can be embedded intoR2 using f (r ) = (r; 0).

Thus, parametrized LU-fuzzy numbers can be naturally expressed using matrices overR2 in the same
respect as over an ordered �eld. Now, we can de�ne the addition and multiplication of parametrized
LU-fuzzy numbers as follows (consider thei -th column):

(A � B ) i =

 
(u �

i ; �u �
i ) � (v�

i ; �v �
i )

(u+
i ; �u +

i ) � (v+
i ; �v +

i )

!

i

and (A 
 B ) i =

0

@
min

p;q2f + ;�g
((up

i ; �u p
i ) 
 (vq

i ; �v q
i ))

max
p;q2f+ ;�g

((( up
i ; �u p

i ) 
 (vq
i ; �v q

i ))

1

A

i

where min and max are de�ned with respect to the lexicographic ordering� on P. The scalar mul-
tiplication (by reals) can be derived using the multiplication of matrices, where each real numberr is
interpreted as a matrix of the form

r =

 
(r; 0); : : : ; (r; 0)
(r; 0); : : : ; (r; 0)

!

:

Hence, we simply obtain (consider thei -th column)

(r 
 A) i =

 
(ru sgn( r )�

i ; r�u sgn (r ) �
i )

(ru sgn ( r )+
i ; r�u sgn (r )+

i )

!

i

where sgn(r ) = +, if r � 0, sgn(r ) = �, otherwise, and the following rules are applied: ++ = �� = �
and +� = �+ = �. It should be noted that all operation introduced above coincide with the operations
de�ned in [14].

1Note that (R 2 ; � ; 
 ) is an MI-�eld, where MI-�elds generalize the concept of �eld in the respect that a structure of
so-called pseudoidentities is admitted. In the case of R2 , the elements of type (0; r ) are pseudoindentities and (R n E; 
),
where E = f (0; r j r 2 R)g, forms an abelian group. For details about MI-algebras, we refere to [9, 10].
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3 Random parametrized LU-fuzzy numbers

To apply the Monte-Carlo techniques on problems with uncertainty modeled using parametrized fuzzy
numbers, we need the concept of fuzzy random variable which values are expressed by parametrized LU-
fuzzy numbers. For simplicity, such kind of fuzzy random variables will be called as random parametrized
LU-fuzzy numbers. In [14], the authors proposed to de�ned random prametrized LU-fuzzy numbers in
such a way that both the data and slopes are random variables satisfying all conditions stated for the
parametrized LU-fuzzy numbers (see (1). Similarly, we can de�ned a random matrix (i.e., its values are
random variables) with values expressed by parametrized LU-fuzzy numbers.

De�nition 1. A random matrix

X =

 
(X �

0 ; �X �
0 ) � � � (X �

N ; �X �
N )

(X +
0 ; �X +

0 ) � � � (X +
N ; �X +

N )

!

(3)

where X �
0 � X �

1 � � � � � X �
N � X +

N � X +
N � 1 � � � � � X +

0 and �X �
i � 0 and �X +

i � 0, i = 0; : : : ; N , is
called a random parametrized LU-fuzzy number.

4 Potential candidates for price modelling

As we have already argued, it can be very di�cult to obtain reliable estimates for the parameters (e.g.,
volatility or intensity of jumps) of the stochastic process Z (t). It is the reason why many researchers
suggest to de�ne the underlying process in terms of fuzzy or fuzzy-random variables. In this section, three
distinct fuzzy-random models are suggested as potential candidates to describe the option underlying
asset price process; in particular, we assume (i) standard market model (Brownian motion) with fuzzy
parameter, (ii) Brownian motion with fuzzy subordinator, and (iii) Brownian motion with fuzzi�ed gamma
subordinator.

Model 1 (standard market model with fuzzy parameter) Let � LU be an LU-fuzzy number
de�ned around crisp estimation of � . Then, we can model price returns by the following fuzzy-stochastic
model:

Z (t) = �t + � LU
p

t":

Mo del 2 (Brownian motion with fuzzy subordinator) Let xLU be a non-negative LU-fuzzy
number centered aroundt so that it can be a subordinator. Then, we get the following alternative to the
common assumption of Brownian motion:

Z (t ) = �g (t) + �
p

g(t) ":

Mo del 3 (Brownian motion with fuzzi�ed gamma subordinator) Let gLU be an LU-fuzzy
number centered around a random gamma variable. Then, we can get another alternative model by
using gLU as a subordinator to the Brownian motion:

Z (t ) = �x LU (t) + �
p

xLU (t) ":

5 Results

In order to evaluate the risk-neutral expectation via Monte Carlo simulation, we need to get models of
the preceding section into the exponential and choose a proper! LU such that the complex process will
be martingale when discounted by the riskless rate.

f t = e� r� E Q
� �

ST er� + Z Q
� � K

� +
�

�
e�r�

N

NX

i=1

�
ST er � + Z Q (i)

� � K
� +

;
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where the superscript (i) refers to the i-th scenario from a given probability space.

Comparative results of particular models for various input data are provided in Table 1. Let us assume
put options written on stock price index in the form of a mutual fund price. For the illustrative example
we derive the input data from the price observations of a Pioneer stock fund over 5 years.

Generally, we assume crisp values of initial price of the underlying asset (S0 = 100), exercise price
(K = 100), riskless rate (r = 0) and maturity ( T = 1). Model 1 is similar to BS model, except
that the volatility of underlying asset price returns is de�ned as a fuzzy random number over normal
distribution N (0:15; 0:1), with s = 0:15 being the most commonly observed value. For sensitivity reasons,
we also considerN (0:15; 0:05) andN (0:20; 0:1). By contrast, Model 2 (�rst panel) provides us the results
of Brownian motion with subordinator de�ned as a fuzzy random number over uniform distribution
U(0:5; 1:5). Within the model, a symmetry of log-returns can be assumed or it can be relaxed by setting
suitable � to obtain either the positive and the negative skew. Similarly, in the second panel, the fuzzy-
option price assuming Model 3 is depicted for fuzzy random gamma process with variance parameter 0:85
allowing again both, symmetry and asymmetry of log returns by setting suitable � .

Model 1 (BS model with fuzzy volatility � LU )
S0 = 100, K = 100, r = 0, T = 1�

� m = 0:15
�

;
�

� m = 0:25
�

� s = 0:1

 
(1:22; 227) (3:10;209) (6:76; 7023)

(22:56; � 138) (14:66;�161) (6:76; �7023)

!

;

 
(1:15; 235) (3:78; 202) (8:85; 8773)

(26:75; � 128) (17:22; �148) (8 :85; �8773)

!

� s = 0:05

 
(2:89; 221) (5:98;194) (10:05; 9849)

(19:64; � 148) (14:69;�156) (10:05; � 9849)

!

;

 
(1:04; 208) (2:90; 207) (5:73; 35241)

(14:33; � 155) (9:28; �180) (5 :73; �35241)

!

Table 1 Output table of pricing algorithm for put options when various models are considered

More complex �gure about the distribution of option values due to the particular models can be
obtained by inspection of fuzzy-histograms (see Figure 1). Apparently, both subordinators lead to very
di�erent results. While fuzz-subordinator makes the distribution clearly decreasing with slight discontinu-
ity for very low values, the fuzzy�cation of gamma subordinator leads to some sort of normal distribution.

Figure 1 Comparison of fuzzy histograms of option price for both models fuzzy subordinator on the left
and fuzzy�ed gamma subordinator on the right

6 Conclusion

Many issues of �nancial modeling and decision making require some knowledge about the future states.
However, sometimes it is very di�cult to get reliable parametrization of stochastic models. In this con-
tribution we suggested an alternative approach to option valuation problem via Monte Carlo simulation
by specifying three distinct types of fuzzy-random processes. Suggested models of �nancial returns can
have very interesting impact on option pricing and hedging. First we should note that the BS option
price should always be around the midpoint. The results there-fore indicated that increasing the fuzzy-
volatility, we get wider spread of fuzzy-option price. Similarly, we could observed the same e�ect for
additional skewness. Obviously, positive skewness had higher impact. In subsequent research It can be
interesting to study the e�ect of particular parameters on fuzzy-option price, compare it to real market
data as well analyze the convergence of fuzzy-Monte Carlo simulation.

�����V�W���,�Q�W�H�U�Q�D�W�L�R�Q�D�O���&�R�Q�I�H�U�H�Q�F�H���R�Q���0�D�W�K�H�P�D�W�L�F�D�O���0�H�W�K�R�G�V���L�Q���(�F�R�Q�R�P�L�F�V����������

�a�����������a



Ac knowledgements

This work was supported by the European Regional Development Fund in the IT4Innovations Centre of
Excel-lence project (CZ.1.05/1.1.00/02.0070) and the European Social Fund (CZ.1.07/2.3.00/20.0296).
The research of the second author was supported by SGS project of VSB-TU Ostrava under No. SP2013/3
and Czech Science Foundation through project No. 13-13142S. The support is greatly acknowledged.

References

[1] A. Ban. Approximation of fuzzy numbers by trapezoidal fuzzy numbers preserving the expected
interval. Fuzzy Sets and Systems, 159(11):1327 { 1344, 2008.

[2] F. Black and M. Scholes. The pricing of options and corporate liabilities. Journal of Political
Economy, 81:637 { 659, 1973.

[3] P. Boyle. Options: a monte carlo approach.Journal of Financial Economics, 4:323{338, 1977.

[4] U. Cherubini. Fuzzy measures and asset prices: Accounting for information ambiguity. Applied
Mathematical Finance, 4:135 {149, 1997.

[5] R. Cont and P. Tankov. Financial Modelling with Jump Processes. CRC Press, 2010.

[6] D. Dubois and H. Prade. Operations on fuzzy numbers.International Journal of Systems Science,
9:613{626, 1978.

[7] M.L. Guerra and L. Stefanini. Approximate fuzzy arithmetic operations using monotonic interpola-
tions. Fuzzy Sets Systems, 150(1):5{33, 2005.

[8] M. Hol�capek and T. Tich�y. Option pricing with fuzzy parameters via monte carlo simulation.
Communications in Computer and Information Science, 211:25{33, 2011.

[9] M. Hol�capek and M. �St�epni�cka. Arithmetics of extensional fuzzy numbers { part I: Introduction. In
Proc. IEEE Int. Conf. on Fuzzy Systems, page submitted, Brisbane, 2012.

[10] M. Hol�capek and M. �St�epni�cka. Arithmetics of extensional fuzzy numbers { part II: Algebraic
framework. In Proc. IEEE Int. Conf. on Fuzzy Systems, page submitted, Brisbane, 2012.

[11] R. Merton. Theory of rational option pricing. Bell Journal of Economics and Management Science,
4:141{183, 1973.

[12] P. Nowak and M. Romaniuk. Computing option price for l�evy process with fuzzy parameters.
European Journal of Operational Research, 201:206{210, 2010.

[13] R.A. Riberio, H.J. Zimmermann, R.R. Yager, and J. Kacprzyk. Soft Computing in Financial Engi-
neering. Springer, 1999.

[14] L. Stefanini, L. Sorini, and M.L. Guerra. Parametric representation of fuzzy numbers and application
to fuzzy calculus. Fuzzy Sets Systems, 157(18):2423{2455, 2006.

[15] L. Stefanini, L. Sorini, and M.L. Guerra. Simulation of fuzzy dynamical systems using the LU-
representation of fuzzy numbers.Chaos, Solitons & Fractals, 29(3):638{652, 2006.

[16] L.A. Zadeh. Fuzzy sets.Information and Control , 8:338{353, 1965.

�����V�W���,�Q�W�H�U�Q�D�W�L�R�Q�D�O���&�R�Q�I�H�U�H�Q�F�H���R�Q���0�D�W�K�H�P�D�W�L�F�D�O���0�H�W�K�R�G�V���L�Q���(�F�R�Q�R�P�L�F�V����������

�a�����������a

















31st International Conference on Mathematical Methods in Economics 2013 

~ 286 ~ 

stochastic process, from which other models are derived. This process is obviously stationary. The white noise 
process is an orthogonal system in�� ���S,2 �:L . 

 The general linear process has the form  
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n

ntntX �H�\�P  (1) 

where�P is the common mean of all tX  and �� ��n�\  is a sequence of real numbers that are called weights of the 
process, 10 � �\ . We can suppose w.l.o.g. that 0� �P . The stochastic process with 0� �P  is called the centered 
process. The partial sums of the series in (1) are random variables 
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The convergence of the series (1) is regarded as the convergence in the square mean. It means 

 �� ���� �� .for    ,02 �f�o�o�� nXnSE tt  (3) 

The convergence (3) is derived from the norm of the Hilbert space�� ���S,2 �:L . We will show that this type of 
convergence is equivalent to the stationarity of the process (1). If the process is not stationary then the series on 
the right side in (1), or equivalently the sequence (2) respectively, are not convergent. 

Let us take the function �� �� �� ��mSnS tt �� , mn �! . The partial sums (2) are elements of the space �� ���S,2 �:L that is 

complete with respect to the norm �� �� �³
�:

� � �SdXXEX 222

2
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Thus if  
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holds, the right side of (4) tends to zero, 0
1

2 �o�¦
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i�\ for ., �f�onm It follows the sequence (2) is Cauchy in 

�� ���S,2 �:L and hence the series in (1) is convergent. If the condition (5) is satisfied, the linear process is station-
ary. We can express the autocovariance function of the process (1) in terms of its weights  
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The condition (5) is equivalent to the fact that the sequence of the weights lies in the Hilbert space2l . The series 
on the right side in (6) is a scalar product of the sequences �� �� �� ��knn ���\�\  and   in the space 2l . With respect to the 
well-known Schwartz inequality and the fact the ��2l norm of �� ��n�\ is equal or greater than the ��2l norm of 
�� ��kn���\  we obtain 
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The inequality (7) proves that the centered process (1) is stationary the autocovariances being upper bounded by the 
finite variance 2

0 tEX� �J  of the centered process (1).  
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is the inverse to the linear filter (14) iff �� �� �� �� IBB � �\�S or equivalently 

  ,0  ,1
0

0 � � �¦
� 

��

n

k
knk�S�\�S  (17) 

n positive integer. The problem (17) is a difference equation with the initial condition. It determinates the se-
quence �� ��n�S  uniquely. The condition (8) formulated for �� ��n�S  assures �� �� �� ���> �@TB B�•�S . The important case is that 
in Example 4 when �� �� IB � �4 . Then �� �� �� ��BB �)� �S .The model of the form �� �� ttXB �H� �)  is well-known as the 
autoregressive model of the order p, abbreviation AR(p). If (14) is of the type from Example 3 and the polyno-
mial �� ��z�4  has all roots outside the unit circle then �� �� �� ���> �@TB B�•�S  is of the type of  rational lag operator 

�� �� �� ��BB 1���4� �S . 

3 Spectral properties of the lag operator 
The lag operator (9) can be also interpreted in another way. The matrix representation of the lag operator re-
quires another conception of the stochastic process. From now on we will regard the stochastic process as the 
sequence �� �� �� ��,...,,..., 211 xxXX tt � � ��X . This access is justified by the knowledge of the process up to the time t 
(future values are unknown at present time t while the previous one are available). We will consider these pro-
cess as the elements of the spaces �� ���� ���S,2 �:Ll p , �f�d�dp1 , i.e. the spaces as the classical pl (see [7], p.94) but 

there is a difference: members of the sequences from �� ���� ���S,2 �:Ll p  are functions (random variables) from 

�� ���S,2 �:L . We will denote them, nevertheless briefly pl . These spaces are complete and (except �fl ) separable. 

 In the final dimension the linear operators are represented by matrices. The situation in ifinite dimension is 
rather more complicated. However if the spaces are complete and have a countable basis the matrix representa-
tion is usual (see [7], p.208). 

The lag operator B is in this context expressed by and coincided with the matrix 
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We will make a classification of the spectrum of (18).  

3.1 The elements of the spectral analysis  
If we deal with a spectrum of a linear operator VVA �o: we study the properties of the operator 

 ,AI ���O  (19) 

where�Ois a scalar (real or complex). The set of all values�O for which the inverse of the operator (19) exists and 
its range is dense in V is called the resolvent set of the operator A, and is denoted �� ��A�U . Its complement (in the 
field of scalars) is called the spectrum of the operator A, and is denoted�� ��A�V . The basic properties of these sets 
are those �� ��A�U  is an open subset of the field of scalars,�^ �` �� ��AA �U�O�O �•�!: , and �� ��A�V  is a closed set for which 

�^ �` �� ��AA �V�O�O �•�d: . The number �� ��
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Ar
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� sup is called the spectral radius of the operator A. It generally 

holds �� �� AAr �d  . The classification of the spectrum of the operator A is as follows: 

1. The point spectrum �� ��AP�V  is created by the points �Ofor which �� �� 1���� AI�O does not exist. Its elements are so 
called eigenvalues of the operator A. 

2. The continuous spectrum �� ��AC�V : �� �� 1���� AI�O exists but it is not continuous and the range of (19) is dense in V. 
















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































